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NMPEAUCIIOBHE THUTYJbHOTO PEAJAKTOPA

B Hactosinlee BpeMsi Iporpecc B MaTeMaTHKe B OOJIBIUOH CTENEHH
CBsI3aH C Pa3BUTHEM 3JIEKTPOHHO-BBIYHCJIHTENbHHX cpelcTB. Marema-
THYECKHE METOJAbl HCCJIEeJOBaHHA NPOHHKAIOT BO Bce 00JacTH uesoBe-
yeCKoll JesiTesibHOCTH. Bce 3TO moBHIIIaeT MHTEpPEC K MaTeMaTHKe CO
CTOPOHH CMEXKHBIX HayK, HCHNOJb3YIOIUMX PasJHUYHBIH 06beM MareMa-
THYECKHX 3HAHHH, H CTAaBUT HOBHIe 33Jaud B H3yYeHHHM caMO¥i Mare-
MaTHKH. B cBI3M ¢ 2THM BO3HHKaeT NOTPeOGHOCTb B HANHCAHHH yyel-
HHKa N0 MaTeMaTH4YeCKOMY aHaJAu3y, YYHTHBAIOLIETO yKa3aHHbBE 3a-
KOHOMEPHOCTH.

To o6cToATeNbCTBO, YTO pellleHHe MaTeMATHYECKHX 3ajlauy peajid-
3yercsi Ha DBM ¢ moMmouibi0 BHIUHCHHUTEIBHBIX aJrOPUTMOB, NpeNb-
ABJSieT NOBHILIEHHHE TpeOOBaHHA K YETKOCTH aJrOPATMHYECKOro
YPOBHSL M3JIOXeHHsT MaTeMaTHuecKHX aucunniauH. OxHako Takoe wu3-
JOXKEHHEe MAOJIKHO 0a3HpOBAaTbCH- HA KJACCHYECKHX KOHUENUHAX Ma-
TE€MAaTHKH U He JOJKHO HX 3aTEMHATh.

Ot 00IlKe NPHHLUHNBI BMECTE C 3ajayeil YeTKOro, SICHOrO H J0-
CTYIIHOTO H3J/IOKEHHS H MOJIOXKEHHl B OCHOBY HalHMCaHHUA IpejJjarae-
MOH uyMTaTes 0 KHUrH. KHHra HanWcaHa ¢ yyeToM COIJIaCOBaHHOH
mexay MockoBckum H CodHICKMM YHHBEPCHTETAMH NMpPOrPaMMbl Mpe-
NOJaBaHHA NEpPBOH YaCTH MaTeMaTHYeCKOrO aHaJiH3a.

B npeanaraemoM yuyeGHHKe YAeJeHO OOJblIOE BHUMaHHE BOIPO-
CaM ONTHMH3AlLHH, HIPAIOIHM B MaTeMAaTHKE H ee IPHAOXKEHHAX
Gosblnyl0 posib. B wacTHOCTH, B KHHMre BnepBhie B yueGHOM JuTepary-
pe B 32KOHYEHHOM BHJE H3JlaraeTcsi aJrOPHTM OTBICKAHUA KaK BHY-
TPEHHEro, TaK M KPaeBOTO 3KCTpeMyMa QYyHKUHMH. B yueGHuke yneie-
HO 3HaAYMTeJbHOE BHHMAHHE H3YUEHHIO Bompoca 006 HCXogHO# HHOp-
Mall{H, AOCTYIHOH NpH pelleHHH 3anaud. Tak, Hanmpumep, MJs OTHIC-
KaHHs 3KCTpeMyMa (YHKIHH ONHOH NepeMEeHHOH aBTOPH NpenJsaraior
aNroputM, Gasupylolliuiicda Ha HHPOPMAIMH TOJBKO O 3HAYEHHAX
GyHKIHH B TOuyKax o6sacTu ee 3ajaHus. Ilpepjaraemoe pelleHHe He
onupaeTrcd Ha 3HaHHe 3Ha4YeHHI NPOH3BOJAHOH B TOUKax o6JacTH 3a-
JaHHs M TIDHTOJHO JJIsl OTHICKAHHSI 3KcTpemMyMa HepuddepeHunpye-
MbiX ¢yHkuuit. Takasg NocTaHOBKA THNHYHA NPH peilleHHH 3anad 06
ONTHMH3alHH NPOH3BOACTBEHHHIX NPOUECCOB.

[Ipn BHIGOpe MeTOAZA H3/IOXKEHHS ABTOPHl OTNPABJSIOTCA OT TOTO,
YTO BHIGOp aJrOPHTMAa DELIeHHS 3aJayd 3aBHCHT OT TOrO, KaKas HH-
dopmanus M3 TOCTAHOBKH 3TOH 3afaud MOXKET OHITh HCHOJb30BAHA.
Tak, manpumep, npu BBeIeHHH NOHATHS ONpPEeJEJEHHOTO MHTerpana



6 IlpenucioBHe THTYJBHOTO pelaKTOpa

PuMana aBTODHI OTHPAaBJAIOTCS OT KOHIENIWH H3JOXKeHHH, 0a3upYIO-
mekcs Ha HCHOJb30BAHWH 3HAaueHHH (QYHKLIHH B TOYKAX CEerMeHTa.

Dra KOHIeNIHSA, HECOMHEHHO, ABJseTcs GoJiee NPEAINOYTHTENbHOM
7O CPaBHEHHIO C KOHUenNHed BBeJEHHS OIpEJEJEHHOr0 HHTEerpanaa
Pumana ¢ moMmolbio nepBooOpasHoli, u60 OHa OTBedaeT Hjee YUCJEH-
HBIX METOJOB BBEIUHCJEHHS ONpPeNEJeHHOTO HHTErpaJa, HCIOJb3yeMBX
Ha OBM. :

B 3akiiouenyne X04y BBICKAa3aTh YBEPEHHOCTb, YTO NpejJjaraeMast
KHura Oyjaer crnocoOCTBOBAaTh NOBBLIIIEHHIO MaTeMaTHUYECKOH KYyJbTYypH
gprateqefl ¢ pa3NHYHBIMH 3anpocaMH K o6beMy MaTeMaTHUYeCKHX

3HaHHUH.
A. Tuxonos

Mocksa,
ceHTa6pp 1978 r.



NPEJUCIOBUE KO BTOPOMY H3JAHUIO

Bo BTOpOM H3maHHM KHHra MHoJBepriach CYLIECTBEHHOH mepepa-
6OTKe H COKpAllleHHIO B LEJSIX MaKCHMaJbHOrO NpHOJMIKCHHS ee Ma-
TepHajsa K TOMY KYypCy, KOTODHIH peaJlbHO MOXeT ObiTb NPOYHTAH
CTyIEHTaM NepBOro rofa o6y4yeHHs.

OcoGenHo cylecTBeHHOH nepepaboTKe OBIJIH NOJABEPTHYTH pasie-
JIBl, TIOCBSILLEHHBIE TEOPDHH BEIIECTBEHHBIX UYHCEJ, TEODHH MHOXKECTB H
TEODHH METPHUECKHX, TONOJOTHYeCKHX H HODMHDPOBaHHBIX IHpO-
CTPAaHCTB.

B kHure coxpaHeHB TPH YPOBHA H3J0XKeHHs (o6JerdeHHBH, OC-
HOBHOH M MOBBIIIEHHBIN).

Tak.e, KaK ¥ B NePBOM H3[aHHMH, TEKCT IOBHILIEHHOTO YPOBHA
BHIleJIeH B KHHTE JBYMSI BEPTHKAJbHBIMH YepTaMM, TEKCT OCHOBHOTO
YPOBHS — OJHOH BepPTHKaJbHOH uepTOH, a OCTaJbHOH TEKCT KHHIH
OTHOCHTCSI K 06JIeT4eHHOMY YPOBHIO H3JI0XKEHHS.

TIpoBefieHHEe BO BTOPOM H3JaHMM NepepaGOTKH YAYYIUMJIH BO3-
MOXHOCTH HCIIOJIb30BAaHUSI KHHIH Ha YKas3aHHBIX TpeX pasyHYHHX
YPOBHSIX H3JIOKEHHs.

Aptopn BBIpaxaloT 6JarofapHOCTL COTPYAHHKAM Kadeipsl Ma-
TeMaTHYeCKOro aHalJli3a MEeXaHHKO-MaTeMaTHYecKoro (axyJibTera
MIY u corpyanukaMm Kadeapbl oOlieil MareMaTHKH (akyJbTeTa BHI-
YHC/IUTEbHON MaTeMaTHk# W KubOepHetukn MI'Y 3a KpurHueckne 3a-
MeYaHHs 1O NePBOMY H3JaHHIO 3TOH KHHTH. ABTOphl 6/1arofapst Tak-
xke B. M. ToBopoma, B. H. Henncosa, M. C. Jlomosa u B. B. Tuxo-
MHDOBa 32 NOMOLIb NPH NOATOTOBKE BTOPOrO H3NAHHS 3TOH KHHIH.
Ocobyio GaaropapHocth aBTOphl mpuuocat A. M. [lpuaenko, npouwu-
TaBIIEeMY PYKOIIHCb BTOPOrO H3JAHHS W CHeJNaBLIeMy KPHTHUECKHe 3a-
MeYyaHHS, CIOCOOCTBYIOUIHE ee YJYUHIEHHIO.

Mocxksa,
¢despass 1985 r.



NPEAUCJIOBHUE K NEPBOMY U3JAHHIO

Hacrosmiaa kmura siBasiercsi yue6HHKOM 1O MaTeMaTHUECKOMY
aHaJu3y Io corjacoBaHHoi Mexkay MockoBckum u- CoduiickuM YyHH-
BEPCHTETaMH eIHHON nporpamme mepBoro roga oGyudenus. Ona mnou-
HOCTBIO OXBaThIBaeT Marepuasj MepBOro roja OOGyueHHs, MpPeAyCMOT-
peHHEIE mporpaMmoll aasi cryxeHToB yausepcureros CCCP u HPB,
O6y4alomUXCsl 0 CHEUHAJBHOCTAM <«MaTeMaTHKa», «MEXAHHKa» WU
«IpUKJAafAHAad MaTeMaTHKa». '

Oco6eHHOCTBIO 3TON KHHFHM SIBASIETCS TO, YTO OHA COJAEPXKHUT TPH
YeTKO OTAEASEMBIX ADPYT OT APYra YPOBHS H3JIOKEHHS: 0OJerueHHBIH,
OCHOBHOH M TNOBbILICHHBIH, Npu4YeM [JIA NOHHMaHUs Matepuana ob-
JIETYEHHOTO YPOBHSA He TpebyeTcss UTEHHs MAaTepHa/JOB OCHOBHOIO H
NOBHIIIEHHOTO YPOBHEH, a AJA TNOHHMAHHA MaTepuana OCHOBHOTO
YPOBHSI He TpebGyeTcsd UYTeHHS MaTepHajia NOBHILEHHOTO YPOBHS.

OG6JieryeHHHII YpOBEHb OTBEYAaeT NPOrpaMMe TEXHHYECKHX BY30B
CCCP c yrayG/eHHBIM H3yYeHHeM MaTEeMaTHYECKOTO aHalH3a; OCHOB-
HOH YpOBeHb M3JIOXKEHHsS OTBeYaeT NpOrpaMMe CHelHasbHOCTeH «IpHu-
KJaJHas MareMaTHka» H «(usukas yHusepcuteroB CCCP; marepunan
NOBHIIIEHHOTO YPOBHS JOMNOJIHSIET MaTepHaJsJ OCHOBHOTO YDOBHSI pas-
JAelaMHi, OOBIYHO H3JaraeMbIMH Ha MeXaHHKO-MaTeMaTHYecKHX ¢a-
KyJbTeTaX YHHBEPCHTETOB. ’

Tekcer, BbieNIEHHBIH B KHUT'e JABYMSI BEPTHKaJbHBIMH YepTaMH, OT-
HOCHTCA K INOBBHIIIEHHOMY YPOBHIO H3JIOXKEHHS; TEKCT, BEIEEJeHHBI
OJHOH BepTHKAJbHOH 4YepTOH, — K OCHOBHOMY VPOBHIO H3JIOXKEHHS;
OCTaJIbHOH TEKCT KHHTH COCTaBJISIET COjepKaHHE OOJIErYeHHOrO YpPOB-
HA H3JIOXKeHHus. ' :

Kuura comepHuT BBOAHYIO I'VIaBY, Pa3bACHAIOUIYI0 BO3HHKHOBEHHE
OCHOBHBIX DOHATHH MaTeMaTHYeCKOro aHajiu3a M O06JerdamLlyilo Boc-
NpHsSTHE NOCJERYIOIIero MaTepuana.

B knure Hamia oTpaKeHHe BO3POCIIAS POJb BHUHCIHTENbHBIX
METONOB H COZEpPIKHTCA pAJN NPHEMEPOB HpHMEHeHHMs alfapaTa Mare-
MAaTHYECKOTO aHaH3a JUIS BBIYHCJAEHHS 3JieMEeHTapHHX (YHKUMH, HH-
TErpajoB W OTHICKAHHA KOpHeH YpaBHEHHH H TOUEK 3KCTPEMYyMa.

B Bacrosimee Bpems B CCCP u HPD umeercss mennit psig yue6-
HHKOB IO MAaTeMaTHYECKOMY aHaaMu3y, CpeiXH KOTOPHIX OCOGEHHO
YAaYHBIMH, MO HalleMy MHEHHIO, fIBJAIOTCS yYeGHHKH, HalHMCaHHHIE
JI. . KynpsisuessiMm u C. M. Huxkosnbckum 8 CCCP u . Taramauu-
kuM B HPDB.



TIpeancioBHe K IEPBOMY H3IAHHIO 9

ABTOpH HacTOsLeH KHUTH, HECOMHEHHO, HCHBITAJH BJIMSHHE 3THX
npeKpacHbX y4eOHHKOB.

[Ipun HanmucaHHu 3TOH KHHTH aBTOPHI HCTIOJIB30BAJIH 9aCTh MaTe-
puana kuura B. A. Mabuna u 3. T. Ilosnsika «OcHOBH MaTematuye-
CKOTO aHaJH3ay, a TaKxkKe ONBT NPENoJaBaHHs MATEMATHUYECKOTO aHa-
JH3a B YHUBEPCHTETAX.

ABTropHl BHIpaxkaloT yGOKy10 6J1arofapHOCTb THTYJILHOMY pefaK-
Topy 2To# KHurH akaZeMuky ‘A. H. TuxoHoBy 3a 6o/bliioe KOJHUECT-
BO IIEHHBIX COBETOB H 3aMeYyaHHH.

Agropnl 6naropapsatT takxe JI. II. Kynpasuesa, Y. W. JIsmxo,
B. JI. Makaposa, [l. B. Jlofignnosa n T. BosnoBa, xpuruyeckne 3sa-
MeuaHHs KOTOPHIX CNOCQGCTBOBANH YAYYIIEHHIO 5TOH KHHTH.

Ocoboit 6JIaF01IapHOCTblO aBTOpHl orMmevator Tpya B. M. T'oBopoBa
u I'. XpucroBa, KOTOpHI# HaMHOrO npensomea pPaMKH OOBIYHOTQ pe-
JaKTHPOBAHHS.

Codus,
mapt 1978 r.



Fanasa 1

OCHOBHBIE MOHATHSA
MATEMATHYECKOI'O AHAJIU3A

B nacrosmefi riaBe, He npeTeHAyd Ha TOYHOCTH (POPMYJHPOBOK H

OTOPABJIASACH OT NPOCTeHIUMX 3afad MEXaHHKH, MBl IocrapaeMmcs 06-
PHCOBaThb OCHOBHOH KDYr NOHATHH H mpo6JeM MaTeMaTHYecKOro aHa-
JIn3a.
- 1. Haunem Hame paccMOTpeHHe C BBISICHEHHSI TeX MaTeMaTHue-
CKHX NOHAATHH, KOTOpHle HeH30exKHO BO3HHKAIOT IiPH ONHCAHMH CaMo-
ro NpOoCTeRINero BHAA ABHXEHHUS — JBHXKEHHS MaTepHAJbHOH TOUKH
BJOJIb NPAMOH JIHHUH.

Ecan mMarepmanbHas Touka asuxercs BRosab ocu Oy, a x 0603Ha-
9aeT BpeMs, OTCUMTHIBAEMOE OT HEKOTOPOrO HavyaJbHOrO MOMEHTa, TO
ANl ONHCAHHA YKa3aHHOTO ABHMIKeHHS HeOOXOAMMO 3HATh IPAaBHJIO,
MOCPEACTBOM KOTOPOrO KaXKIOMY 3HAUeHHIO BPEMEHH X CTaBUTCA B
COOTBETCTBHE KOOpJAHMHATa Y JABHXKYIeHCA TOYKH B MOMEHT Bpe-
MEHH X.

B MexaHMKe Takoe INDaBHJIO Ha3bBAlOT 3aKOHOM JBHXE-
Hu . AGCTparupyach OT KOHKPETHOTO MEXaHHUYECKOTO CMhbICJa MHepe-
MEHHBIX X M § H pacCMaTpuBasl B KauyecTBe X H Y OABE COBEPIIEHHO
NPOH3BOJIbHBIE NEPEeMEeHHbIe BEJMYHHbI, Mbl NPHIEM K TOHATHIO (QYHK-
UMM, SBJSIOLUEMYCH OJHHM W3 BaXHEHIIHX DNOHATHH MaTeMmaruye-
CKOTO aHaJsH3a. .

Ecau ussecrno npasuio, nocpedcreom KoTopozo xaxc0omy snaue-
HUtO 00HOL nepemenHOl X CTABUTCA 8 COOTBETCTEUE OnpedeseHHoe
3Ha4enue Opyzol nepemenHol Yy, TO 2080PAT, 4TO NEPEMEHHAS Y S6-
ARETCR QYUK YU el nepemennoll x, u nuwyr y=y(xX) uru y=f(x).

Ilpuy sTOM mepeMeHHYI0 X HA3BIBAIOT aPrYMEHTOM HJIH He-
3aBHCHMOH NepeMEeHHOH, a nepeMeHHYl0 y— GyHKIuel
aprymeHrTa x.

Byksy f B 3amucu y=f(x) OOBIUHO Ha3HBAIOT XapaKTEepH-
CTHKO#® paccMarpuBaeMod (YHKIHH, a 3HaueHwe y=f(X) Ha3H-
BalOT YaCTHH M 3HaueHueM (PYHKHHH B Touke x. CoBo-
KYMHOCTb BCeX YaCTHHIX 3HaYeHHH (YHKIHMH NPUHATO HAas3HIBATh 06 -
JacThl0o H3MeHeHHSA 3TOH PyHKUHH.

OrmeTHM cpasy Xe, 4YTO NpHBefeHHAss (OPMYJHPOBKA INOHATHS
¢yHKuun Tpebyer yTOYHeHHs, HOO B 3TOH (GOPMYJHPOBKE HHYEro He
FOBODHTCSL O TOM, M3 KaKOro MHOXKectBa GepyTcsi 3HAYEHHSI He3aBH-
CHMOH TepeMeHHOH X. .

MHoxecTBo, cocTosillee U3 Te€X H TOJBKO TEX UHCeJ, KOTODHE SB-
JAOTCA 3HAYCHHSMH HE3aBHCHMON HepeMeHHOH ¥, OOHYHO HA3BIBAIOT
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o6nactbio 3agaHus GyHKnuu Onucanue obaacredl 3ajaHus
¢yukuun TpeCyeT PasBHUTHS TEOPHH UYHCJIOBBIX MHOXECTB.

OTMeTHM ellle, 4TO TOHATHE QYHKUHH (TAaK XKe, KAK H NOHATHE
YHCJIa, MHOXKECTBA W IlepeMeHHOH BeJMYHHE) eCTeCTBEHHO CUHTAaTh
Ha4YaJbHBM NOHATHEM (T. €. TAKHM NOHATHEM, KOTOpPOE MOXK-
HO ONHCATh, HO HEeJb3sl CTPOro oOnpefeianTb, n60 Jobas mONBITKA
JaTh CTPOTOe ONpeJeleHHe YKa3aHHOTO HOHATHA HeH306eXHO CBeJeTcCsH
K 3aMeHe Olpele/fieMOro MOHSITHS €My 3KBHBAJIEHTHBIM). Takum 06-
pasoM, BMECTO TepMHHa «OlpefeseHHe (YHKIHH» ecTeCTBeHHee ynp-
TpeOJsATh TEPMHH IOHSTHE QYHKHHH».

OrmeruM, HakoHel, 4TO ;s 0603HaueHHs apryMeHTa GYHKUHM H
ee XapaKTeDHCTHKH MOTYT YHOTpeOJsATbCA pasianuyHble OyKBHL. Tak,
Hampumep, 3anuch x=¢(f) o003HauaeT, YTO NepeMeHHAs X SBJASETCS
¢yHKUHeH aprymeHnTta f, IpHYeM XapaKTepHCTHKa 3ToH ¢yHKuUuu 060-
3HayeHa uepe3 ¢. IIpH oxHOBpEMEHHOM pacCMOTPEHHH HECKOJBKUX
(GYHKUHMI OJHOro aprymeHTa ¢ jAjasi 0603HAUYEHHSI XapaKTepPHUCTHK STHX
$yHRUME HeOOXOAKUMO YyNOTPeOasITh PA3iMUHbBIE CHMBOJLL.

2. Yacrto NPHXOAHTCS paccMaTpUBATL TAKYI0 QYHKUHIO Y= f(x)'
aprymeHt x KOTOpO#H cam sBjserTcs (QyHkuueid sujga x=q(f) HEKOTO-
poit HOBO# nepemenHo# f. B Takom cayuae roopsT, uTO nmepeMeHHas
Yy Tmpeicrasiaser cob60H CJUOXHYI0 GYHKLHIO apryMmeHra f, a
nepeMeHHYI0 X Ha3HBAlOT MPOMEX YTOUHB M apryMeHTOM. Vka-
3aHHYI0 CJHOXKHYI0O (YHKUMIO Ha3BEIBAIOT TaKXe cynepnosnuneu
¢yHkuui f u @. Jlasg o6o3HaueHHs] yKa3aHHOH CJHOXKHOH (QYHKIHH
€CTeCTBEHHO HCHOJb30BaTb cuMBOJ y=f[p(f)].

Paccmorpum npoc:Toﬁ NpHMEp, WIJIIOCTPUPYIOUINA  BO3HHKHO-
BeHHe MOHATHA CJIOXKHOH ¢ynkuuu. Ilpeamosoxum, 4To Marepuaib-
Hast Touka M paBHOMEPHO C NIOCTOSIH-
HOH YrJIOBOH CKOPOCTHIO @ Bpaia-
ercd 110 OKPYXHOCTH pajauyca R.
HafizeM 3aKOH JBHIKEHHS MPOEKUHY
M’ touku M Ha uexoTOpyw ock Oy,
NpOXoAsIyo uepe3 ueHtp O OKpYHK-
HOCTH H JIeXKallylo B ee IJIOCKOCTH y y
(puc. 1.1). Tlpu 3TOM e€CTeCTBEHHO
NPelNoNOXKHUTh, UTO B HAYAJBHBIH MO-
MEHT BpeMeHH !=0 ABHKyHIasiCs TOY-
Ka M Haxomunach B To4ke M, mepe-
CeUEHHS OKPYXHOCTH c ocbio Oy.
O603HauuM yepes y KOODJAHHATY IpO-
ekuun M’ toukn M Ha oce Oy, a uepes x yroa MoOM, Ha KOTOpHIH NO-
BepHercsa Touka M 3a Bpems f. OUeBHAHO, YTO Y= Rcosx x=wnl, H MH
NOJyYHM, 4TO KOOpAHHaTa y npoekuun M’ npeacraBiser coGoi
CJIOXHYI0 (GYHKUHIO BpeMmeHH ¢ Buga y=Rcosx, rge x=wf. Ity
CJAOXHYI0 (DYHKLIHIO MOXKHO 3amucaTh B BHAE y¥=R cos wf. Ormerum,
YTO JABHXKEHHE IO 3aKOHY y=R cos w! B MeXxaHHKe NPHHATO Ha3BIBATD
TAPDMOHHYECKHM KoJeOHaHUEM.

Puc. 1.1
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3. Uz xypca (H3HKM H3BECTHO, UYTO BaXKHOH XapaKTEPHCTHKOH
JIBHKEHHS MaTepHalbHOH TOYKH SfBJSAETCA €e MrHOBEHHas CKOPOCThb
B KaxJblii MOMeHT BpeMeHH x. Ecan MaTepuasibHasi TOYKA HBHIKETCS
BaoJab ocH Oy no 3akoHy y=f(x), TO, GUKCHPOBAB IIPOH3BOJLHBIH
MOMEHT BPEMEHH X W KaKOe YrojiHo INpHpallleHHe BpeMeHH AX, MBI
MOKeM YTBEpPKIaTh, YTO B MOMEHT BPEMEHH X ABHXKYIIAsiCs TOHKA
uMeeT KOOPAMHATY f(X), 2 B MOMEHT BpeMeHH X-HAX— KOOpAHHATY
f(x+Ax).

Tagkum o6Gpasom, unucio Ay=f(x+Ax) — f(x) nmpencraBaser coboi
nOyTh, IPOHJEHHBIA ABHXKYIIeHCA TOYKOH 3a NMPOMEXYTOK BPEMEHH OT
x o x+Ax.

Orciofa BHITEKAeT, WO OTHOLIEHHE

Ay _ FetAD—f() (w1
Ax Ax ! ’

OOBIYHO Ha3blBaeMOe PA3HOCTHBIM OTHOIMIEHHEM, INpelcTas-
JsieT co6off CpeXHIOI CKOPOCTbHb ABHXKYIIEHCS TOYKH 3a IIpO-
MEXKYTOK BPEMEHH OT X J0 x+Ax.

MruHoBeHHOH CKOpPOCTbhIO (MIH HPOCTO CKOPOCTHIO)
JIBHXYIeHca TOYKH Ha3blBaeTCs npees, K KOTOPOMY CTPeMHTCS cpel-
Hag cKopocTb (l.1) npu cTpeMJeHHH K HYJIO TNPOMEXYTKa BpeMe-
HH Ax. -

Ecnu mcrnonb3oBaTh H3BECTHHIH M3 Kypca cpefHed IIKOJBE CHMBOJ
npefesa, TO MOXHO 3alHCaTh CJAeRYIOlllee COOTHOLICHHE HJIA MIHO-
BEHHOH CKOPOCTH U(X) B MOMEHT BPEMeHH X:

() =lim AL — jim [EEA9—F() (1.2)
ax—»0 Ax Ax—0 Ax

®Duspyeckoe MOHATHE MTHOBEHHOM CKOPOCTH NPHBOIMT K (yHAaa-
MeHTaJbHOMY MaTeMaTHUYeCKOMY MOHSITHIO NpOu3BOxHOH. AGcrTparu-
PyACb OT MEXaHHYECKOro CMEICJIA PacCMOTPEHHOH Bhe GYHKUHH y=
=f(x), MBI Ha3osem npou3sodHOl nNPou3BoALHOL YHKYUL Y=
=f(x) B OaHnoil (puxcuposanHoll Touke x npedea, cTOAWul 8 npa-
eoti wacru (1.2) (npu ycaosuu, kKoHeuHO, 4TO 3TOT npedes Cyuwect-
syer).

Hcnonb3ys nnisi 0603HayeHust NpOU3BOAHON (GyHKUHU y=f(x) B
TOuKe X CHMBOJ f/(x) uau y’'(x), MBl MOXKEeM NO ONpeAe]CHHIO 3a-
nHcaTh CleAyiolllee PaBeHCTBO:

() =lim AL —fjm JEFA9—F ()

Ax—0 Ax Ax->0 Ax

Onepaudio HaxXOXJEHHS NPOU3BOJAHON JOrOBOPHMCS Ha3bIBaTh A H ¢ -
depeHUUDOBAHUHEM. :

Hame paccMoTpenne noKasbiBaeT, YTO NPH BBIUHCIEHHH TNIPOH3-
BOJHOH (yHIaMeHTaJbHYIO POJib HTpaeT MOHSTHEe Npedesa. QyHKIHH.
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HpenBapmeanoe npeacraBJieHHe O IIOHATHH npenena (byHKIn/IPI
(}Ia H O CaMOM IIOHATHH IIpOPIBBOlIHOPI) Jaercsd B Kypce CpelIHeH INKO-
JIBL. OﬂHaKO CTporoe H mocjaeaoBaTeJibHOE H3YYCHHE NOHATHSA Ipeae-
Jla BO3MOXKHO JiHIIL Ha Oase CTpOl"OH TCOPDHH BEUICCTBECHHDLIX YHCEJI.
TaK, Hanpumep, bes CTpOI‘Oﬁ TEOPpHH BEUIECTBEHHBIX YHCEJI HEBO3-
MOXHO YCTAaHOBHTb CYLIECTBOBaHHE ABYX CJICAYIOUIHX BAaXKHEIX IIpe-
AeJIOB:

lim sint
-0

u lim (1 + 8",
-0

Hen30eXHO BO3HUKAIOIIMX, KaK MBI YBHAUM HHXE, NPH BHIUHCJICHHH
IPOH3BOAHEIX (YHKUHHA y=sinx u y=log, x

Hrak, nposejieHHOE HaMH pPacCMOTPeHHE MOKA3HIBAeT, YTO BONPOC
O CYIIeCTBOBAHHH M BBHIUHCJIEHHH NPOMU3BOJHON ymupaerci B Heo6Xo-
JAHMOCTb PAa3BHTHA CTPOTOH TEOpDHH BeLIECTBEHHHIX YHCEJN H Ha ee
6ase Teopuu NpeJesnoB.

4, 3alimeMcsl Tellepb BHUHCAEHHEM nponanonﬂux JIByX KOHKpeT-
HBIX 2JIeMEHTapHBIX QYHKOHH y=sinx H y=10g,x H BLIACHUM, KaKHe
MaTeMaThHYeckHe HPOGJeMbl HeH36eXXHO BO3HHKAIOT IIPH 3TOM.

Crauasia BLIYHCJIHM TNPOH3BOJAHYIO (YHKIHIO y=sinx B J060i
¢ukcupoBaHHOH Touke x. Has aTofi GyHKUMH PAa3HOCTHOE OTHOLUEHHE
(1.1), oueBHIHO, HMeeT BHJ,

. Ax
. . sin —
Ay __ _sin(x+ Ax) —sinx = cos <x+ Ax 2 .
Ax Ax 2 Ax
2

Takum o6pasoM, npousBoxHasi PYHKUHH y=Sinx B TOUKe X 1O Ompe-
JleJIeHHIO paBHA Npejesy

oin 2%
. Ax 2
lim {cos (x ——> _ .
Ax-0 + 2 Ax (1 3)
2

(npu ycsIOBHM, YTO 3TOT Mpejesl CylleCTByer).
MoOXHO 0XHAATh, 4TO

lim cos (x + -A2i) = COS X. (1.4)

Ax—0

3aMeTHM, OJHAKO, UTO He AJs BCAKOH 4)ynmmu f(x) cnpaBennuBo
pPaBeHCTBO

lim f <x + —AE"—> = (%) (1.5)

Ax-0

Dynryus f(x), 012 xoropoi 8 OaHHOL TOYKE X CnPasediuso pa-
8encrso, (1.5), nasvisaerca wenpepolanoi (3 touke x). Tlons-
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THe HENpPephLIBHOCTH (YHKIHH SBJISETCS OJHHM M3 BaxKHEHUIHX Mare-
MaTHdecKHX NOHATHH ¥ OyAer OCHOBAaTeJbHO H3y4yaTbCsi B CHCTEMAaTH-
YecKOM Kypce MaTeMaTHUYeCKOro aHajusa. B dacTHOCTH, B CHCTEMa-
THUECKOM Kypce OyleT AOKa3aHO, 4To (QYHKUHS Yy=COSX sBJseTCH
HeNpepLIBHON B KaXKAOH TOYKe X, T. €. B KaKJOH TOUKe X CIpaBel-
AuBO paBeHcTBO (1.4).

3aMeTHM Telepb, uTO sl BhiuucaeHHss npefena (1.3) nempocra-
TOYHO HOKAa3aTh CNPABEAJHBOCTb cooTHoweHHs (1.4). Hag sTtoro He-
06X01uMO ellle BHIUMC/AKTD CJASAYIOMUH Npefes: ‘

. Ax
sin —— )
. . i \
lim ——2— —lim-30L (f= 25 (1.6
Ax—0  Ax >0 \ 2
2

B cucremarnueckom Kypce aHajau3za OyAeT CTPOro A0OKasaHo, 4TO
npenen (1.6), yacTo HaspiBaeMHH NEepPBHM 3aMedaTEJbHH M
IpeneEsoM, CyslecTByeT  paBeH eJMHHIE. ‘

Tonbko mocae TOro, Kak OyJeT YCTAaHOBJEHAa HENPEPBIBHOCTD
¢yukuum y=cosx (1. e. paBeHcTBO (l.4)) W BHIUMCIEH NepBBIH 3a-
MeuaTesbHHIA npemen (1.6), M cMoXxeM, omupasich elle Ha TO, YTO
npefes NpOH3BEACHHS DaBeH NPOH3BENEHHMIO NPEAEJOB COMHOXKHTE-
nel, crporo yrtBepxpaarth, uro mpefen (1.3) cywectByer u paBeH
COS x HJIM, YTO TO e CaMoe, NPOM3BOAHAsi (YHKIMH y=sinx cyule-
CTBYeT U paBHa COS X. ,

[MepeiigeM Tenepb K BHLIYHCICHHIO NPOH3BOAHOH GYHKIHH Y=
=log, x, cuntas, uro 0<as~1l, U QHKCHPOBAB MPOU3BOJBHYIO TOUKY
x>0. IOns stoll GyHKUHH pasHoctHoe oTHowmeHue (1.1) umeer BHA

Ay _ logg (x -+ Ax) —logg x
Ax Ax

(Ax=£0 u BblﬁnpaeTc;i Tak, uro x-+Ax>0). Takum obpasom, NnpoHus-
BofiHass GyHKUHU y=log,x B m0Goii Touke x>0 no onpeneseHHIo
paBHa npepenay

lim log, (x + Ax) —log, x 1.7
Ax—0 Ax

(npm ycaoBum, yro ator npejen cyuectByer). IlpeoGpasyem apoGb,
croamyo B (1.7), apomenas cieRywoomne onepauuu: 1) 3amenum pas-
HOCTb JIOTapH(MOB JIOrapH(GMOM HacTHOro; 2) NPOH3BENEM yMHOXKe-
HHe W JeJleHHe Ha ONHY M Ty ke Beiudumy x>0; 3) BHeceM MHOXH-
Tedb, CTOAUMA Hepex JorapudmMoM, moj 3HaK Jorapudma, clenas
ero nokasarejeM creneHd. B pesysabraTte monyunM, uro mpepea (1.7)
paBeH

lim {-l—-loga(l +-"i)} = lim {-‘_Lloga (1‘+ ﬁ)} ~

x Ax ) x

Ax-0 | Ax Ax—+0 X
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x

-t [ 1+ 25

1

=1im{—l-loga[(1+t) t ]} (t_--——> ) » (1.8)
-0 X X

Pacemorpum orpenpHo mpenen mpu i—0 BEIpaKeHHs, 3aKIIOYEH-
HOro B npaBoﬁ 4YacCTH IOCJE€AHEero paBeHCTBA B KBaJpaTHHE CKOOKH:

lim [(1 + t)_;-]. (1.9)
-0

ITOT mpejes YacTo Ha3biBAlOT BTOPBIM 3aMeYaTeJdbHHM
npenegoM. B chcreMaTH¥eckoM Kypce aHasiu3a OyAeT ycCTaHOBJe-
HO, YTO 3TOT MpeRes DPaBeH WPPAUHOHATLHOMY UHCAY e, KOTOpOe ¢
TOYHOCTBIO JO MATHAANATH 3HAKOB TMOCJAE 3aNATOH HMeeT BHA e=
=2,718281828459045...

Kpome Toro, B cucreMaTHueCKOM Kypce OyAeT NOKasaHa Hermpe-
PHIBHOCTH q)nyunu y=log,x B KaxJ0#i Touke x>0 H, B YaCTHOCTH,
B Touke x==e. Ho Torma wus cymecrBoBaHHs paBHOro e mpejena
(1.9) 6ymer caenosath, 4TO

1
lim log,[(1 + ) 7] = log, .
>0

IMocaeanee coorHoulenne n cooTHomeHnne (1.8) mosBossior yTeep-
®nathb, uyro npenen (1.7) pasen

lim log, (x 4 Ax) — logg x
Ax—0 Ax

= _l— loga Co
X

Takum o6pasom, nocje Toro kKak OynerT BHIYHMCJIEH BTODOH 3aMe-
YyaTeJbHHH Tpeldes]l M YCTAaHOBJEHA -HENPEepEBHOCTD (YHKUHH Y=
=log, ¥ B TOUKe e, MBI CMOXEM CTPOTO YTBEpXKJaTb, UTO JOrapHb-
MHyecKass (PYHKIHS HMeeT NPOH3BOJAHYIO, IPHUEM

(Iogax)’=—x—logae npu 0< a1, x>0.

5. B kypce cpeiHeil WIKOJE KPOMe IBYyX pPacCMOTDEHHHIX HaMH
dyrkuuit y=sinx u y=10g, x usyvanuco enie cieaywine GyHKUHE:
y=cosx, y=1tgx, y=ctgx, y=x* (a— BeuleCTBEHHOE YHCJO), Y=
=g* (0<as:1), y=arcsinx, y=arccosx, y=arctgx, y=arcctgx.

Bce nepeuncieHHble (YHKIHHM UPHHATO HA3BIBATL MNPOCTei -
MUMHU 3JEMEHTAaPHH MH.

3ameyaTeNbHHIM SIBASETCS TOT (DAKT, YTO IPH BHIYMCJICHHH IIPOH3-
BOJHBIX BCEX NMPOCTEHIIHX 3NeMeHTapHHX (YHKIMHA He BO3SHHKAET HH-
KaKHX HOBEIX TDYJAHOCTeH, KpOMe TeX, C KOTOPBIMH Mbl BCTPETHJIHCh
IpU BHIYKCJEHHH NPOH3BOAHHX GYHKUEA y=sinx u y=Ilog, x. He-
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TPYAHO TMPOBEPUTh, YTO JAJA BHIYHCJIEHHS IPOH3BOJAHBIX BCeX MPOCTE-
IIMX 3J€MEHTAPHHX OYHKUHA TpebyoTcs Jub apHpMeTHUECKHEe
cBOicTBa ONMEPAllHH NDPEJeJbHOI0 Nepexofia, ABAa 3aMedaTe/bHEIX Ipe-
aena u GakKT HENPEpPHBHOCTH KaXAOH H3 3THX (YHKUHH B TOYKaX

obJsiacTell UX 3aJaHus.
OrMeueHHOe OGCTOSATENBCTBO J4€T HaM mpaBo Oe3 JajbHEHIIHX

pasbsiCHeHHH NpHBecTH TabJHIly NPOH3BOJAHBIX BCEeX TPOCTEHIIMX 3Je-
MEHTapHbIX (PYHKIHH.
1°. (x*)’=ax%"! (x>0, a — BeleCTBEHHOE YHCJIO).
2° (log, x)' = L loge (0< a1, x>0).
X
B uactHOCTH, IpH a=¢
1
(loge X)’ =TT
X

3°. (a*) =a*log.a (0<a+#1).
B vacTtHocTH, IpH a=¢e
(e*) =e*.
4°, (sin x)’=cos x.
5° (cosx)’=—sinx.

6. (tgx) =—— <x.—#—n—-+nn, rae n=0, il,iz...),
: cos? x 2

7°. (ctgx)’=——,;;;- (xs£nmn, roe n=0, +1, +2,...).

S1

o < e 1 .

8°. (atcsznx) =—m (|xI< 1)

o . ' 1

9°. (arccosx)v=-ﬁ (|x|<I)

10°, (arctgx)’:Tjrle.

11°. (arcctgx)'=—ﬁ;2—.

Crporoe o60CHOBaHHE MpPHBEAEHHOH TAGMHILI SBJASETCS OJHOM H3
BaXKHBIX 3a7lay TOH YacCTH MaTeMaTHYeCKOro aHaJsu3a, KOTOPYK MpH-
HATO Ha3HBaTh AHGPPepeHUHANBHBM HCUYHCJEeHHEM.

TpanunuoHHO# 3ajaueil ‘Kmaccuueckoro -auddepeHIHaNbHOTO HC-
YUCJICHHS SIBJISETCS M HECKOJAbKO Gojsiee 061iasi 3aaiya — BHUHCICHUE
npousBojHON JI060H GyHKuH f(x), KOTOpas MOJy4yaeTcsd W3 NEPEyHC-
JIEHHBIX BHILEe NPOCTEHIIHX 3JeMeHTapHBX (QYHKIHH NyTeM KOHEYHOTO
9yHcJa CyNepHO3HHUN W KOHEYHOTO YHCJIa ueTbipex apHpMeTHYeCKHX
JeHCTBHH (CJIOXKEHHSI, YMHOXEHHs!, BBHIUMTAHUA M JejeHHsd). Takyio
¢yHRIHIO f(X) NPHHATO HA3BHIBATH MPOCTO 3JEeMEHTApPHOH.

Hrak, smemeHTapHOH HaswBaercs GYHKUHA, KOTOpas IIO-
Jiyuaercsi M3 INIPOCTEHIIAX SJeMEHTApHHX (YHKIHH NyTeM KOHEYHOTO
yHcJa CylepHnoO3HUHE H uyeThlpex apH(pMeTHUeCKUX NelCTBHIL.



IIpumMepoM aaeMmeHTapHo#t (YHKIHH MOXKET CHYXHUTL (PYHKLHA

X410\
f(x)= 9™ ("’:2).

Il BBRIUMCAEHHST NPOH3BOAHOH JI06OH = sJeMeHTapHOH (QyHKUME
cjeflyeT NPHCOSAMHHTL K BHIIHCAHHOH HaMH TabJule TNPOM3BOILHBIX
npocTeAmHX 3JNEeMEeHTapHbHX (YHKUHH JABa mnpaBuia: 1) .mpaBuio
auddepeHIAPOBAHUS CJHOKHOH (GyHKUHH, 2) npaBuiao AuddepeHyu-
POBaHHA CYMMBI, Da3HOCTH, NPOM3BEAECHHS H HaCTHOTO (DYHKLUH.

IIpaBusno auddepeHIHPOBAHHS CJIOXKHOH OGyHKUIuM y=f(u), rae
u=¢(x), EMeeT CIeAYIOWHA BHA: eWIH (QYHKIHA u=¢(X) HMEeT
IPOM3BOAHYIO B [JaHHOH TOUYKe Xo, a OYHKUHA y=[(u) = umeer
POU3BOJAHYIO B COOTBETCTBYIOLEll TOUKe wo=¢(Xp), TO CJIOXKHAST
¢yuknus y=f[ep(x)] HMeeT NpOH3BOAHYIO B TOYKE X), NpHUEM 3Ta
npou3BojHas (0003HAYKM ee yepe3 y’) paBHA

y'=F[9(x0) |9’ (x0), (1.10)

T. €. paBHa NPOH3BEJEHHIO NPOU3BOAHON OYHKUHH y=f(u) B TOuke
U= (xo) Ha MPOU3BOAHYI0 QYHKUMH u=ip(X) B TOUKE Xo.

CnpaBen/IMBOCTb AJSI NPOH3BOAHOH CJIONKHON (DYHKUIHH q)opmynbr
(1.10) nerko ompaBaaTh ¢ NMOMOIUIBI0 HABOASIIHX COOOpaXKeHHH, HO:
crporuil BEIBOA (opmyant (1.10) He siBAsieTcss mpocThiM M O6YyAeT NpH-
BeJleH B CHCTEMaTHYECKOM Kypce MaTeMaTHUECKOTOo aHaJid3a.

lopaspo mpoume ycranaBiIMBalOTCS NpaBuaa Jud{pepeHLEPOBAHUS
CYMMbI, Pa3HOCTH, IPOU3BEJEHHSA H YaCTHOrO JIBYX (YHKUHH, KOTOpHIE
HMEeIOT BHJ,

[u(x) £o(x)]'=1'(x) =0 (x),

[u(x)o(x)]"=u"(x)v(x) +u(x)v'(x),
[ 6(®) 1 _w@e)—u@)vx)

v(x) j v* (x)

(B mocnegne#t gopmyse tpedyercs Heo6pameﬂne B HYJb (QYHKIHWE
v(x) B paccMaTpHBaeMOH TOUKeE X).

[TomBons mror, MBl MOXKeM 3aKJIOUHTh, YTO OJHOH M3 BaXKHBIX 3a-
Jlay 4yacTH MaTeMaTHYeCKOro aHaJiH3a, HA3eBaeMoll AudbepeHUHaIb-
HBIM HCUYHC/IEHHEM, ABJSETCH CTporoe OOOCHOBaHHE TabGJHLbl NPOH3-
BOJHBIX MPOCTEHIIHX 3JIeMEHTapHHX OYHKUHHA H npasui guddepen-
LHPOBAHHS CJOXKHOW (YHKIMH, a TaKXKe CYMMBI, pPasHOCTH, NPOH3BE-
JEeHUS] U 4acTHOro (YHKIHMIL.

910 060CHOBaHHE NO3BOMHT BBHIUHCIHTH IPOU3BOXHYIO JI06OH 31e-
MeHTapHOH (YHKUHH f(x), . e. moGoi dyuruun f(x), noayyaro-
eHCs H3 NPOCTEHLINX 3JIeMeHTapPHBIX MyTeM KOHEUHOro 4YHesa Cymnep-
MO3HIHA H yeThipex apudmeTHyecKux nedicTBud. IIpm 3TOM OKa3Hi-
BaeTCsi, YTO NPOU3BOJAHAS JOOH 3/1eMeHTApHONH (QYHKIMH TpeaCTaB-
AseT cobol Takme 37eMEHTapHY0 (QYHKUHIO, T. €. ouepaunus audde-
PEHUHPOBAHUS He BbIBOAMT HAC M3 Kiacca 3/1EMEHTapHBIX (QYHKIHI.
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OrMedeHHOe OOGCTOATENBCTBO ONPABABIBAET BBEAEHHE KJacca 3JeMeH-
TapHHX (YHKIHHA KakK TPagHIHOHHOTO OOBeKTa K/IacCHYeCKOro aHa-
JIH3a.

6. Eme pas ofpatHMcs K paccCMOTpPEHHIO MeXaHHYECKOH 3ajauu O
JBHXEHUH MATEePHAJIBHOM TOYKH BAOJbL HPAMOH JHHHH — ocu Oy, HO
Ha 9TOT pas HPEINONOXKHM, 4TO AJsf JIO60r0 MOMEHTA BpPeMeHH X
HaM 3aJaHa MTHOBEHHAsi CKOPOCTh f(x) ABMIXKYylUeHCH TOYKH H Tpe-
OyeTcs HAHTH 3aKOH ABHUKEHHUS 3TOH TOUKH.

ITockoABKY MrHOBEHHasi CKOPOCTb f(X) sIBIsieTCd NPOM3BOJNHOM
«$yHKIUH y=F(x), onpenensionmieil 3aKOH ABHMXKEHHS, TO 3ajaya CBO-
JMTCS K PasBICKAHHIO MO AaHHOH GyHKUHH f(x) Takodl dyuxuuu F(x),
npousBogHas [I’(x) xoropoli pasHa f(x). OTmiekasich OT MeXaHHYe-
ckoro cMmeicia ¢yHRUmi f(x) u F(x), MBl NpHAEM K MarTeMaTHUECKHUM
TIOHATHAM NepBOOOPA3HON H HEONPEIeNeHHOTO HHTerpaJa. ‘

Ilepsoob6pa3noil ¢yukyuu f(X) nHaA3bLBAETCA TAKAA PYHKYUS
F(x), npoussodnas xkoropoi F’(x) pasua f(x).

Ato onpemeneHue TpebyeT YTOUHEHHS: CJAEAYeT UETKO OTrOBOPHTD,
Ha KaKOM MHOXKECTBE JOJXKHO OBITH CIPaBEIJHBO paBeHCTBO I/ (x) =
=f(x). OrMeueHHOEe OGCTOSTENBCTBO ellle pa3 MOAYEPKHBaeT Heo6Xo-
JUMOCTb DPA3BUTHS TEOPHH MHOXECTB. YTOUHEHHe MOHATHS NePBOOO-
pasHoil 6yIeT AaHO B CHCTEMAaTHYECKOM Kypce.

3aMmeruM, uro eciu OyHKuus F(x) sBasercs uepBooGpasHOM
$yuxuuu f(x), To u dynxkuusa F(x)+4-C, rne C — npousBosbHas mo-
CTOSIHHAs, TaKXKe siBasieTcss nepBoob6pasHoil ¢yHKumu f(x) (B cuay
TOro, 4TO NPOH3BORHAs HoctosiHHO# C paBHa HYJIO).

Bosee TpymHEIM siBisieTcs oOpaTHOE yTBepxKAeHHE: Ji00be ABe
TiepBooOpasHple OAHOH M TOH xe (GYHKUHH f(x) Ha unHTepBaste (a, b)
MOFYT OTJIHYAThCA JHIIL TOCTOSIHHBIM  cjaraeMbiM. [JokazaTesberBo
3TOTO YTBepKJeHHs Tpebyer pasBHUTOTO ammapaTa MaTeMAaTHYECKOro
‘@aHaJu3a ¥ OylleT NPOBELEHO B CHCTEMATHUYECKOM Kypce aHaJjiM3a.

Onmpasice Ha yKa3aHHOe YTBEPK/IEHHE, Mbl MOXKeM KOHCTaTHPO-
BaTh CJAeAYIOWHH (akT: ecin OYHKIHS F(x) sBJASeTCS OXHOA u3 mep-
BoOGpasublx ¢yukuun f(x), To J06as neppoobpasHas GyHKUHH f(x)
umeet BuI F(x)+C, rae C — mocrosiHHAas. :

CosokynnocTs 8cex nepsoobpasHelx OaHHOU (ynkyuu f(x) Ha3bt-
8aeTca HeonpedeseHHbIM uHTe2paAsoM OT (yuKkyuu f(x)
U 0603HAUAETCA CUMBOAOM

§ F(x)dx.

TosbKO Y4TO OTMEUYEHHBIH HAMH (PAKT NO3BOJSET YTBEPKIAThH, UTO
ecnu F(x) —onHa u3 neppoobpasubix ¢yHKuuE f(X), TO Heompege-
JICHHBIH HHTEerpaJ oT GYHKUHH f(X) paBeH

§F(x)dx=F(x)+C,

tne C— mobas NOCTOSITHHAS.
BosspaTtuMcst K NMOCTaBJEHHOH HAMH 3afade 06 OTHCKAHHH 3aKO-
Ha JBHXKEHWS MaTepHaNbHOH TOUKH BIOJNb ocH Oy N0 H3BECTHOM
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MTHOBEHHOH cKopocTH f(x) 3ToH TOukH. Mpl Temepb MoXkeM yTBep-
KJaTh, YTO HCKOMBIH 3aKOH IBHXKEHHS olpelensercs QyHKuuen y=
=F(x)+C, rae F(x) —nwo6asn nepsooGpasnas ¢pysxuusa f(x), a € —
nocrosgHad. Kak Mbl BuauM, (€3 JONOJHHTENbHBIX YCJIOBHH 3aKOH
JBHJXKEHHS IO MTHOBEHHON CKODOCTH ONpefe/isieTcsl HEeOJHO3HAYyHO: C
TOYHOCTBIO A0 nocrosinEoro ciaraemoro C. [lns ompedeneHus MOCTO-
sigpol C NOMXHO OHITh NMPHBJIEYEHO HOMOJHATEbHOE YCJO0BHE, 00bIY-
HO 3aKJIoyalolieecss B 3aaHHH KOODAMHATH Yo ABHKYLIEACH TOUKH
B HEKOTOPHIl MOMEHT BpeMeHH xo. Mcnoabsys 3TO ycjioBHE, MBI Ib-
JyauM cooTHowenne yo=F (xo)+C, u3 kotoporo C=yo— F(Xo), Tak
YTO OKOHYAaTe/JbHO MCKOMBIH 3aKOH JABH2KEHHS HMEET BHI

y=F(x)+yo— F(x0).

7. PaccMorpuM BoHpoc 00 OTHICKAHMH NEPBOOOPAsHBIX H Heompe-
JeJeHHBIX MHTErPajioB OT HEKOTOPHX ajeMeHTapHbIX (yHkuui. Tax
Kak (yHKnms f(x) =cosx sBjisercs npoH3BOAHOH ¢yHKuuH F(x)=
=sinx, To ¢ynruus F(x)=sinx sBiagerca ofHOH M3 nepBOOGPasHBIX
dyrkuuu f(x) =cosx, u noromy Jmio6as mnepBooOpasHas QyHKUHK
f(x) =cosx mmeer Bug sinx-+C, rpe C—nocrosnnas. Takum. 06-
pasom,

Scosxdx:sinx+ C.

Tonbko 4YTO TIPOBEJeHHOE pacCyxjJeHHe HMeeT OOIIMH XapakTep..
MoxHO yTBep¥aaTh, uTo Jbasd ¢(opmyna AudpdepeHIHaJbHOrO HC-
yucaenua F/(x)=f(x), yrBepxaamwomias, 4to QyHKuus f(x) sABIsETCT
npousBoAHoi (yuKiuu F(x), nopoxkaaer SKBHBAJEHTHYIO eil (opmy-
Jy HHTerpajbHOro ucuuciaehus §f(x)dx=F (x)-+C, yTBepxAaOMLy,
YTO HeompeJeseHHHH HHTerpan or ¢yskuuu f(x) pasen F(x)+4C,
rae C— n106ast nOCTOSIHHAS.

Takum oOGpasoM, BbiNHCaHHasi Bbille TaG/HIA NPOH3BOAHBIX INPO--
CTEHIIMX 3JeMEHTAapHbIX GYHKIHH MOpPOXKJAAaeT SKBHUBAJEHTHYIO ek
Ta6JIHIy BAaXKHBHIX HEONpEeXeJEeHHBIX HHTErpasoB, KOTOPYIO MBI NMpPHBO-
LUM HIXE.

a1
o, oy = .
1 j‘_x xs a+1+c (as= 1
20, j‘—d;—=logex+(} (x >0).

30, Sa"dx= “_LC (0<awl
log. a

B wacrHOoCTH, IDH a=¢
j' edx=e*+C
40, Ssin xdx = —cosx+ C.
50, S cos xdx =sin x+ C.



20 I'n. 1. OcHoBHBIE MOHATHSA MaTeMaTHUECKOrO aHaJju3a

69, ‘g-——dx—:tgxﬁ—C (——ﬂ—+nn<x<—“—+nn, rae n=0, 41,
cos? x 2 2
\
1_1—2,...),

79, S ‘-dgx—"z—ctgx—kc (n < x<mt-an, rae n=0, 1, +2,...).
Sin® x
80.5'71‘1_".;;=arcsinx+c (Jxi<1).
9o, ST%_xarctgx—{—C.
- .

ITpuBesennasi Ta6iHLa B CHCTEMATHYECKOM Kypce aHanusa Oyaer
JONOJIHeHa ABYMS BaXXHeHIIHMH NpaBWiaMH HHTErPHPOBAHHA (HHTe-
TPHPOBaHHEM IOCPEJNCTBOM 3aMeHbl NEPEMEHHOH W HHTErpPHPOBAHHEM
410 4acTaM).

3nech Mbl He 6GyneM MNPHBOAHTH (GOPMYJHPOBKY 3THX NpPaBHJ, a
JIHIIb OTMETHM, YTO HanucaHHasfg tabaulla BMecTe ¢ 3THMH TNIpaBHJja-
MH COCTAaBJAET BaXXHHIH BBIYHCJAHTENbHBLIH anmapaTr TOH YaCTH Mare-
MaTHYECKOTO aHaJiy3a, KOTOPYI0 NPHHATO Ha3biBaTh HHTErpansb-
HBM HCUHCJEHHEM.

Caenyer, ofHako, cpasdy Ke NOAUEPKHYThb, YTO AJSA BHIYHCJIEHHS
MHOTHX Ba)KHHIX HEONpEeJeNeHHbHIX HHTErpajloB 3TOr0 ammapara oOkxa-
3piBaercs HejpocTaTouHo. Hampumep, aroro amnmapata HeZOCTaTOYHO
JJIS BHIYHCJIEHHSI HEONpPEJeJeHHOr0 HHTerpaJsa

ye—de, (1.11)

MTpaoOUlero BaXKHYIO POJib B TEODHH BEPOSATHOCTEH M B JPYTrHUX pasje-
Jax TOYHBIX HaykK.

HMurerpan (1.11) cayxuT npuMepoM MHTErpaja OT 3JeMEHTapHOIL
YHKIMM, He SIBIAIOLIETOCs 3JeMeHTapHOH ¢yHkuued. Takum obpa-
30M, B OTJIHYME OT omepaunn AuddepeHUUPOBAHHSA, ONEpALUA HHTE-
TPHPOBAHHA BHIBOAMT HAC M3 KJacca aJieMeHTapHHX ¢GYyHRuuH. 310 06-
CTOSTEJIBCTBO MOJYEPKHBAET YCJIOBHOCTb CAMOIO MOHATHS 3JEMEHTap-
HO# (YHKIHMH KaK TPaAHHHOHHOTO OGBHEKTa KJAaCCHYECKOTO aHaJM3a.

HenocraroyHoCTh OMHCAHHOTO HAMH anmapara CTAaBHT Ha IOBECT-
Ky JHS 3aja4y O CYIUECTBOBAHMH M O BBIUHCJEHHH NEepBOOGPasHOH H
HEONPEeIeJIEHHOTO HHTerpaja oOT JIo60# ¢yHKIuM f(x), TOJBKO He-
npepLHBHOH B KaxKAOH Touke x 06JaCTH CBOEro 3afaHmus.

OxaspiBaercsl, TaKylo 3afady MOXKHO PEIIMTb NPH FOMONIH APYro-
TO NOAXOLA K NMpobjeMe HHTErpHPOBaHUS (BYHKIMH, K BLIICHEHHIO KO-
TOPOro MHl cefidac W mepeijgem:

8. CHoBa mpeanoJoXHM, 4To (GYHKUHS f(x) mpeiAcTaBAsieT coBoii
MTHOBEHHYIO CKODOCTb JBHXKYIIEHCH BAOJAb ocH Oy MaTepHanbHOMN
Touku. IlocTaBuM uenb — BBIYHC/AHTL NYTh, NPONAEHHBLIA 3TOH TOYKOH
32 NPOMEXYTOK BPEMEHU OT X=a J0 x=Db. '
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Il1s o6JlerdeHHs paccyXJeHHH GyieM CUMTaTh, YTO CKOPOCTh f(X)
HeoTpHLaTeNbHA AJISl BCeX 3HAUEHHH BpeMEHH X.

Jls pellieHHs NMOCTaBJEHHOH 3afayd pa3oObeM NPOMEXKYTOK Bpe-
MEHH Ha MaJible NPOMEXYTKH, OrpaHHYeHHbie MOMEHTaMH BPeMEHH

a=x<x<X9< ... <xn_1<xn=b.

EcrecTBeHHO CUHTaTh, YTO Ha KaXJOM MaJOM INPOMeXYTKe Bpe-
MEHH OT Xu-1 80 xx (R=1, 2,..,n) ckopocTs f(x) MeHseTCH M@IO
(uto 3aBegoMo Gyler HMeTb MECTO BCSKHH pa3, Koraa f(x) smjsercs
HenpepbiBHOH B Kaxpao# Touke x). Ho Torma npuO/HXKEHHO MOXHO
CYHTaTh CKOPOCTb f(X) NOCTOSIHHOH HAa KaXAOM NPOMEXYyTKe [Xp—,
xr] u paBHO# 3naueHnio f(&), riae & — HekoTOpoe 3HAUEHHE BpeMe-
HE H3 OPOMEXYTKA [Xp—1, Xr].

Takum o6pasoMm, nyTb S[xp—1, ¥z], npolinennsifi ABHXKYIIe#CS
TOYKOH 3a IPOMEKYTOK BPEMEHH OT Xip—1 IO Xp, NPHOJTHAKEHHO MOXK-
HO CYMTaTh DaBHBIM npou3BefeHuio f(Ex) Ha AIHHY AXp=Xp — Xp
npoMexyrka [xz—1, xx]. HTaK,

S [xa—1, xx] = [ (Er) Axp.

B Ttakom cayuae mytw’' Sla, 0], npoiineHubii mMarepHaJbHOH TOY-
KOH 32 Bech NPOMEXYTOK BPEMEHH OT x=a R0 x=0b, Gyner npub/H-
JKEHHO pPaBeH cyMMe

Sla, b] =F(&1) Axi+f(E2) Axot-...4-(En) Axn. (1.12)

CymmMmy, crosmyio B npaBoit yactu (1.12), npuHATO Ha3HBaTh HH-
TerpajdbHOH CYMMOH.

EcrecTBeHHO 0XHI4Th, YTO TOYHOE 3HaueHHe nytd S[a, b] MH
NOJIYYHM, NePeXOJsl B HHTErpajbHOH cymMMe, CTOsHle!l B MpaBoi yacTH
(1.12), ¥ npemeny npd CTpeMJIeHHH K HYJI0 HauGoJabluel H3 IJuH
Axp (mpH 3TOM, KOHEYHO, o0lliee YHCJIO 7 YAaCTHYHBIX T[POMENKYTKOB
6yaeT HeOTPAaHHYEHHO BO3DACTATh).

Hcnoan3yss cumBoa npeaena W obos3Hauas uepes d HauGoapliee
u3 uncex Axy, Ax, ..., Ax,, TONAYYHM, 9TO

Sla, b] = lim {f (&) Ay + [ () Ayt oo + F(E) A} (1.13)

PasyMeercs, Tpe6yeT YTOUHEHHS = BOINPOC O TOM, 4TO MBI IIOHH-
MaeM IOJ MPEAeJOM HHTerpajlbHOH CyMMBI, CTOSIIIHM B IIpaBO#l ua-
cru (1.13). Ha sror pas onepauusi mnpeespbHOro nepexosa BCTpe-
yaeTcs B HOBOR M Gojee CJI0XKHOH ¢GopMe, yeM UPH BLIYHCJACHHH
o6blyHOrO npefena ¢ynkiuuu lim f(x).

XX,

Crporoe omnpefeneHHe u H3ydeHuwe cBolicts mnpefena suia (1.13)
Oyner LaHO B CHCTeMAaTHUeCKOM Kypce aHaju3a. 3JeCh Ke Mbl yKa-
XKeM, UTO B MaTeMaTHKe npedea, croswjuii 8 npasod  wacru (1.13),
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Hasvisaercs onpedenennolm UHTEezpaaom OrT pynaxyuu f(x)
8 npedesax or a do b u o6o3nauaerca cumsorom

5f(x) dx. (1.14p

a

Hrak, onpejleleHHbIH HHTErpaJl (1.14) paBeH myTu S[a b, ‘npoﬁ-
JEHHOMY [IBHXKYyIUeHCs cO CKOPOCTHIO f(X) MaTepHAJNbHOH TOYKOH 3a
HPOMEXYTOK BpPeMeHH 0T x=a J0 x=bh.

BMmecTe ¢ Tem 0YeBHAHO, YTO HHTerpajbHasi CymMa, crosllasi B
npaBo#l wactu (1.12), reomeTpuueckHn npeAcTaBasieT co6OH CYMMY
nJomanel IpsAMOYroJibHUKOB, OCHOBAaHHAMH KOTODHIX CJy3KaT OTpes-
KH Axy, a BHICOTaMH — OTPe3KH ANUHHL f(Er).

VubiMu cioBaMH, HHTErpasbHas CyMMa, CTOSIUast B NPaBOH yacTe
(1.12), paBHa muomanw cryneHyaTodl Qurypsl, oOGBeAeHHOH Ha

v 1

\\\ | 4 ‘.
Ly

0] ] |2 ges| &30 5 @ 0 . A‘A 1
g, & E, £, a | x zthx
Puc. 1.2 | Prc. 1.3

puc. 1.2 xupHoit Junuedi. EctecTBeHHO 0XHIaTh, YTO NPH CTpemJe-
HUHM K HYJ0 AJuHE d Hauboablero u3 yucesn AXp IUIOMaAb YKasaH-
HOH cryneuanoﬁ ¢urypsl 6yeT CTPEeMHTbCS K IVIOLIAIM KPHBOJH-
HeHHOW Qurypsl, Jexauiedl nox rpaduxkom QyHkuuu y=f(x) Ha OT-
peske a<{x<Cb (Ha puc. 1.2 s1a ¢urypa sawrpuxoBaHa). D1y ¢ury-
Py NPHHATO Ha3HBAaTh KPHUBOJUHEHHOH Tpameuuei.

Takum obpasoMm, onpegeneHubit unrerpan (1.14) paseH nuowaam
YKa3aHHOH KPHBOJHMHEHHOHU Tpaneluy.

KoHeuHO, mpoBejeHHBIE HAMH HarJsiAHBE pacCcyXKAeHHS TPeGYIOT
yTOYHeHHsi. B vyacTHoCTH, B cHCTEeMaTHueCKOM Kypce aHajiu3a HajJe-
XHT YTOYHHTb CaMO IOHSITHE IJOUIAAK KDHBOJIMHEHHOH Tpameuud w
BOO6Ille MJIOLIAAH IJOCKOH (HTYpHI.

Hrak, ¢ noHsiTHeM ompelenenHoro uuterpana (1.14) ceasaHbl Ase
byHaaMeHTaNbHBle 3afauyM: (u3pYecKass 3ajadya O BHIYUCJIEHHH NYTH,
NPOHJEHHOTO ABHXKYIIEHCH CO CKOPOCTHIO f(X) MaTepHaJbHON TOUYKOMA
3a NPOMEXYTOK BPeMeHH OT x=a J0 x=b, u reomerpnueckas sajga-
Ya O BHYHCJCHUH [JIOHIAAH KPHBOJHHEHHOH Tpalelyy.

9. Teneps Hacrajio BpeMsl 3aHATHCH BOHPOCOM O CBSI3H OIpee/eH-
Horo MHTerpasa (1.14) c BBeljeHHBIM paHee HeONpeAeNE€HHBIM HHTe-
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rpasom (uiaH ¢ mepBooGpasHOi), a TakXKe BONPOCOM O CMoco6ax BHI-
YHCJIEHHS] ONpe/eJeHHOr0 HHTErpasna.

O6o3nauum uepe3 F(x) ompenesneHHB!l WHTErpas oT QyHKUHH f(x)
8 mpeXenax OT a4 J0 X, Iie @ — HeKoTopoe (GHKCHPOBaHHOe 3HAYEHHE
apryMeHTa, a x— nepeMeHHoe 3HaveHue. MuwMu cinosamu, mnoJo-
UM *

F (x)=jxf(t) dt. (1.45)

C reoMeTrpuyecKofl TOYKH 3peHHS 3TOT HHTerpaji, Kak 3TO MOKa-
3HiBaeT NPOBeJeHHOe BHIIIE PACCMOTPEHHE, PaBeH IJIOWIAZH KPHBOJH-
HelHOH Tpameuuu, Jexaue#dl nox rpadukoM ¢yHKuuH y=f(x) Ha
cermente [a, x]. Ha puc. 1.3 ara kpusosuHeliHas Tpaneuus oGBe-
JeHa XUPHOH JIHMHHEH.

Hcnosb3ys HarasigHble reoMerpuyeckHe coobpakeHus, yOeIuMcs
B TOM, YTO BBeleHHast HaMmu ¢yHguusg (1.15) sBasercs ofgHOH H3
epBoo6pa3Hnx (yHKnuH f(x), T. €. ybeauMcs B TOM, uto F/(x)=
=f(x).

Ilyete Ax — HekOTOpOE HOCTATOYHO MaJsIoe NpPHpAlleHHe aprymeH-
Ta x. OueBmiHo, pasHocTe F(x-+Ax) — F(x) mnpencraBaser co6o#t
VIOIIAAb «Y3KOH» KPHBOJHHEHHOM TpameluH, 3alUTPUXOBAHHOH Ha
puc. 1.3. C gpyroit cropoHs, ecau ¢yHKIHUS f(X) HenpephiBHA B
KaXJoH TOYKe ¥, T. €. eCJH 3HadeHHe 3TOH (DYHKUHMH 0NpH MaJjJoM H3-
MeHeHHH apryMeHTa MeHsieTcsl MaJjo, TO YKa3aHHas MIollaib «y3KOH»
KDHBOJIHHEHHOH TpanelluH MaJo OTauyaeTcs oOT Ivouwand f(x) Ax
OpSIMOYTOJIbHHKA C OCHOBaHHeM Ax M BhICOTOH f(Xx).

Orcrona caepyer, 4To npH MajoM Ax pPasHOCTHOEe OTHOLICHHE

F(x 4+ Ax) —F (x) (1 16)
Ax ’

MaJIO OTJIHYAETCS OT BHICOTHL f(X) YKa3aHHOTO HPAMOYTOJbHHKA, T. €.
upegen npu Ax—0 pasnocrHoro oruouwenust (1.16) o6si3an 6uTh pa-
BeH f(x). BMecre c TeM, mo ompepeneHuio, yKasaHHHH mnpegea pa-
BeH npousBoauoi F’(x).

Hrak, Mp yGepuauce B TOM, urto F’(x)=f(x), T. e. dyHKIHUS
(1.15) saBnsercst oxHoit u3 mepBoo6pasHbix GyHkuum f(x). Ho Torna
Jio6as nepsoobpasHas GyHKIMH f(x) paBHa

fb(x)sz(t) dt+C, (1.17)
rae C — nocrogHHAad.

[IpoBenenHble HAMH pPAacCyXAEHHS HMEIOT IpeABapPHUTeJbHBI Xa-
paKTep, HO IPH HAaJHYHH PA3BHTOIO aNnmapaTa MaTeMaTHYeCKOro aHa-

* IlepemeHHyI0 IOJ SHAKOM ONpEJENEHHOTO HHTErpaja MH O603HauaeM uepes
¢, 4TOGH He NMyTaTh € C BEDXHHM NpPeJe/IOM MHTErPMDOBAHHA X. -
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JIH3a WM JIErKQ NpHJAaTbh CTPOTHH XapakTep H CTPOro JAOKa3aTh, 4TO
y Jr060# ¢GyHKHHE f(X), TOJBKO HENPEPHIBHOH B KaXXAOH TOUKe X, CY-
HecTByeT nepBooOpasHast (a 3HAYHT, H HEONpPeJeJeHHHIH HHTerpals),
npuueM Jilo6as nepBoobpasHas 3ToH (YRKIUH onpepessieTcs paBeH-
ctBom (1.17). :

Pasencreo (1.17), B cBotw O4epefls, NOSBOJSET YCTAHOBUTL CBAL

MEXJY ONpEeAeJeHHBIM HHTErpaJoMm Sf(x) dx u moSo#t nepsoobpas-
a
ot @ (x) Jyuxkuuu f(x}.
[nsi ycraHoBJeHus Takoil cBsi3M Bo3bMeM B paBeHctBe (1.17) B
KayeCcTBE BEPXHEro Mpejena WHTETPHPOBAHHS CHavaja yYuCIo b, a
3areM yucjo a. Ilpu aTOoM nonydum

b b
(D(b)z'(i(t)dt—i—C:Sf(x)dx+C,f (1.18)

(D(a)z.s'f(t)dtq-C:C (1.19)

a

(u60 mHTErpad ff(l‘) dt, o4eBHAHO, PaBeH HYJIO).

A a
Buiunras uz paBencrBa (1.18) pasencrBo (1.19), MBl nmoaydyum
sHameHnTyio bpopmyny Hboworona—Jlefi6unuua

ff(x)dx=q>(b)—-q>(a),

CBOAAINYIO BONPOC O  BHIYHCJEHHH - OHPEAeNEHHOTO  HMHTerpaJa
b v
jf(x)dx K BBIYHCJICHHIO PA3HOCTH 3HaueHHH /1060 nepBoobpasHoOi

a
@ (x) dyukuuu f(x) B Toukax b u a.

Crporoe oGocHoBaHue ¢Gopmynsl Hpiorona — JlefiGnuma sapiasercs
OJHOH W3 BaXKHBIX 3aflay MAaTEMAaTHIeCKOro aHaJau3a.

10. 3ameruM, OAHAKO, YTO TOUHOE AaHAJHTHYECKOE BhbIpaXKeHHE
s 1epBooOpasHOf MOXKHO [OJYYUTH JHLIb AJs Yy3KOro KJjacca
¢ynakuumi. IMostomy wsanuume dopmynant Helorona —— Jlefibuuna He
CHHMaeT BONpoca O TPHOJHKEHHBIX crocobax BBIUHCAEHHA Olpejie-
JIEHHOrO HHTErpasa.

[Ipocrefiuil ¢cnoco6 NpUOIHKEHHOTO BBIUHCJIEHHSI ONPEACJEHHOTrO
HHTerpasa (Tak Has3blBaeMBIH METO X Hpﬂl\goyFOHbHHKOB)

OCHOBAH Ha 3aMeHe BHIYHCJASEMOTO HHTerpaJsa Vf(x)dx UHTErpanb-

a .
HOM cyMMO#, crosilieil B npaBo#i yactu (1.12), y KOTOpO# BCe TOYKH
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Er SIBISIIOTCS CePeAMHAMH COOTBETCTBYIOIIHX CErMEHTOB [Xn—1, Xx|, a
JJHHB BCE€X YKA3aHHBIX CErMEHTOB, T. €. Bce UHCNa AXp=Xp — Xp_1,
paBHHI IPYT ApPYTY.

B cucremMaTHueckoM Kypce = aHanu3a OyleT [JOKas3aHO, 4TO HpH
onpefie/ieHHBX Tpe6OBaHUAX bHa dyukubio f(x) omubka, coBepluae-

Masi Ipd 3aMeHe HHTerpasa jf(x) dx yxkasaHHO# crelHaJbHON HHTe-
a

‘rpajbHOf CyMMOH, HMeeT MOPANOK A3, Tle n—YHCJIO YaCTHYHBIX
CErMeHTOB. ' )

3ameuaTeJIbHHIM SIBJASETCS TO OOCTOSITENBCTBO, UTO METOJ NPAMO-
YroJbHUKOB (KaK M MHOTHE Jpyrue MeTOAnl NPHOJHKEHHOrO BBIYHUC-
JIGHHSI ONpPEJEJEHHOTO HHTerpasja) JHomyckaeT YAOOHYIO peasH3alHIio
Ha OBM. 3710 ob6crositenbcTBO W paBeHcTBO (1.17) gmenaior aTH Me-
TOAB 9QdEKTUBHBIM CPEACTBOM BBHIUHC/ACHHS T1epPBOOOGPA3HBIX M. HE-
OnpeJe/eHHbX HHTErpaJos.

Huxke MBI NpHBOIUM pPe3yabTaT BbluHCeHHs Ha IBM no merony
NpSIMOYroJIbHUKOB TaK HasblBaeMoro HHTerpasa IlyaccoHa

tZ

F(k):fe 2 gt
8

AJd 3HaueHHs1 x u3 cermenta 0<Cx<<l.

PesyapraTel BHUHCHEHHH coOpaHbl Hamu B Tabu. 1, B KOTOpO# B
IIepBOi KOJIOHKE CTOMT apryMeHT x HMHTerpana IlyaccoHa, BO BTOPOi
KOJIOHKe YyKaszaHa [JIMHAa A YaCTHYHOrO CermMeHTa (WJM wara), B
TpeTbell KOJIOHKe NpHBEJeH pe3yJbTaT BbIYHCJAEHHS, a B YETBEpTOH
KOJIOHKE YKa3aHO YHCJO 1 YACTHYHBIX CErMEHTOB *.

Takum o6pasom, aas unrerpana Ilyaccona, He sBAsIIOLIErOCs, KaK
yKa3aHO Bhbllle, 3JeMEHTapHOH (yHKIHeH, ¢ momompio IBM u mpo-
CTEHIINX NpUOJHKEHHBIX METOJOB 6e3 Tpyaa MOryT ObiThb coOCTaBJje-
Hbl TabJHUB €ro 3Ha4YeHHH, AeJalOLIHe HCIOJb30BAHHE 3TOr0 HHTE-
rpaja cToJib Xe JOCTYNHBIM, KaK H HCIIOJIb30BaHMe JIOGOH 3JeMeH-
TapHOH (QYHKIHH.

11. Hapsiny ¢ npu6GiHXeHHBIMH MeTOZAMH BBLIYHC/IEHHS HMHTErpa-
JIOB BaXKHYIO DOJIb B COBPEMEHHOH MareMaTHKe HrpaloT NpubIHKeH-
Hble METOABI OTHICKAHHSI KODHEH pAa3/IMUHBIX YPaBHEHHH.

Paccmorpum npocrefiliee ypasHeHHe

f(x)=0. : (1.20)
B cucremaTHuecKOM Kypce aHanuza GyleT [0Ka3aHO, YyTO NPH ONpe-

* Tlpu aTOM clleAyeT YUMTHIBATE OMEGKH OKDYIVIEHHs, BOSHHKAIOLIHE TDH Hepe-
BOJIe YHCeJs, B3SITHIX B JECATHYHOH CHCTEME CUHCJIEHHMS, B JBOHYHYI0 cHcremy SBM
H O6GpaTHOM NepeBoje UHCel, NOJyYeHHHIX B [BOHYHOM CHCTEME CUHCJCHHS, B JHeCs-
THYHYI0. BeslencrBue yKasaHHBIX OIHGOK OKPYIJIEHHS H3 JIeCATH BHIIKCAHHHX NOCJe
3anATOH JAECATHYHBIX 3HAKOB MOXHO TapaHTHPOBaTb NPABHJBHOCTL NEPBHX INECTH
3HAKOB (OCTasibHHIE YeTHpE 3HaKa B TabJ. 1 B3ATH B CKOGKH). :
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TaGauuga 1
x h F (x) n
0,0999999642 0,0099999964 0,039827 (9885) 10
0,1999999285 0,0099999964 0,079260 (0074) 20
0,2999998927 0,0099999964 0,117911 (8581) 30
0,3999998569 0,0099999964.. 0,155422 (3028) 40
0,4999998212 0,0099999964 0,191463 (1319) 50-
0,5999997854 0,0099999964 0,225747 (6439) 60
0,6999997497 0,0099999964 0,258037 (1805) 70
0,7999997139 0,0099999964 0,288145 (4843) 80
0,8999996781 0,0099999964 0,315940 (7870) 90
0,9999996424 0,0099999964 0,341345 (6679) 100
0,0999999642 0,0009999996 0,039827 (8248) 100
0,1999999285 0,0009999996 0,079259 (6848) 200
0,2999998927 0,0009999996 0,117911 (3861) 300
0,3999998569 0,0009999996 0,155421 (6952) 400
0,4999998212 0,0009999996 0,191462 (4058) 500
0,5999997854 0,0009999996 0,225746 (8192) 600
0,6999997497 0,0002999996 "0,258036 (2789) 700
0,7999997139 0,0009999996 0,288144 (5284) 800
0,8999996781 0,0009999996 0,315939 (7992) 900
0,9999996424 0,0009999996 0,341344 (6698) 1000

JeJIeHHBIX TpeGOBaHUAX, HalaraeMbix Ha (yHKUHIO f(X), KOpeHb x=
=c ypaBHeHus (1.20) moxxer ObITb HaliieH KaK MpejAes] NOCJIe0BA-
TeJbHOCTH HTepauuit x, (n=1, 2, 3,..), nepsasi U3 KOTOpPHIX X; Oe-
peTcsi B3 HEKOTODOTrO JOCTATOYHO UIHPOKOrO JAHuanasoHa, a Bce Mo-
cJeNyIOLIMe Lar 3a WaroM OnpefessiioTes no gpopmysne

Sl —1,9,3, ... (1.21)
I’ (xn)

YKasaHHBIH MeTOJ NPUGIHMEHHOTO BLIYUCJEHHS] KOPHS YPaBHEHHS
(1.20) nasmiBaercs mMetoaoM HpioToHa (wim METOAOM Ka-
caTeJbHB X). DTOT MeTOJ [IONYCKAe€T OYEHb y1L06Hle peaju3a-
nuo Ha DBM.

B kauyectTBe KOHKDETHOro MpHMepa paccMOTpuM ypaBHenue (1.20)
¢ yuxuuest f(x) Buma f(x) =x"—a, rlie a — NOJOXKUTEJIbHOE Bellle-
CTBEHHOE UHCJO0, a k=2 — 1ejioe NOJOXKHTEJIbHOEe uMca0. JJasg TakoR
dyuruun f(x) NOJIOHTENBHEM KOPHEM ypaBHeHHS (1.20) 6ymer siB-

JATBCS YHCJIO /a (T. €. KOpeHb CTeNeHH R U3 MOJOKHTEJbHOTO Be-
[IEeCTBEHHOrO YHCJ/Ia a).
@opmyna (1.21), ompepesnsiomlas nociefoBaTefibHble HpHONHKE-
HHf MetoAa HpioToHa, Ha 3TOT pa3 IPHHHMAET BHJ
k—1 a
K1 = —— Xn+ n=1,2,3,...). (1.22)

k—1
kxy

Xnt1=Xp—

(Uro6sr ybemuTscss B 3TOM, AOCTATOYHO yuecThb, uto [’ (X)=kx"1)
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d>opMyna (1.22) npenacraBasier coboft 3¢ HeKTHBHBIN JierKo peasiu-
3yeMbii Ha DBM anropuT™M BBIYHCJIEHHS KODHS CTENEHH R H3 IOJO-
JKHUTEJNBHOTO YHCHAA 4.

IIpuBefeM npumep BHIYHCJIEHHH, NpoBeleHHbIX Ha IBM mo 3to#
dopmyie.

Besikoe monoxuTeNpHOE BelIeCTBEHHOE UYHCJO @ INPeICTaBUMO
(v mpHTOM eXHHCTBEHHHIM cnocoGoM) B Buiae a=2%, rxe [—uesoe
YHCJIO0, a X yAOBJeTBOpsier HepaBeHcTBam 1/2<{x< 1. Bygem kaxasiii
pa3 BuOHpaTh 3a nepBoe npubiuxkeHue x; uucao x1 =20k rpe k—
CTeNneHb H3BJEKaeMOro KOpHs, a cHMBoJ [//R] oGosHauaer welyiwo
qacThb uuciaa l/k.

PesynbraTel BHIYHC/AEHUH CcOOpaHbBl HAMH B NPHBOJUMYIO HHXKe
TabJs. 2, B KOTOPOH B IePBOH KOJIOHKE CTOSIT YHCJa @, U3 KOTOPHIX H3-
BJIEKaeTCsl KOpDeHb, BO BTOPOH KOJOHKE YKa3aHBl CTeNeHH Rk wuaBJe-
KaeMblX KOpHeH, B TpeTbeHl KOJIOHKE NpHBEIeH pe3yJbTaT BLIUHCJIE-
HHH, a B 4YETBEPTO#l KOJOHKE YKa3aHO YHCJIO CAEJaHHBIX HTepalHi.

Ta6auna 2

k,—
a k Y a n

2 1,41423181

2 1,732049942

2 1,999999046

5 1,148697853

5 1,245730400

5 1,319507599
10 1,071773529
10 1,116123199
10 1,148697853

B CON R WON R W

S UG UL UL

12. M paccMOTpesaH NOCTAHOBKY BaXXKHCHIIMX 3ajad MaTeMaTH- -
4ecKOro aHaJjJu3a, OTHPABJSISICH OT IIpocTefliliell MexaHHYeCKOH Mope-
JIM — JABUKEHHS MaTepHaJbHOH TOYKH BHOJb NPSAMOH JHHUH. Takas
MOJieJIb €CTeCTBEHHO NPHBesa Hac K HeOOXOAUMOCTH NOCTPOEHHS IH(P-
depeHUHaNbHOTO M HHTErPAJBHOTO HCUHC/AEHHS (QYHKUHH f(X) OX-
HO# He3aBHCHMOH II€epeMeHHOH.

[lpu omucanuum GoJsiee CJAOXKHBIX 3afay €CTECTBO3HAHHS BO3HHKAET
noHstee GOYHKUMA HECKOJbKHX HE3aBHCHMBIX IIePEeMEHHBIX Xi,
X9, ..., Xm. TakK, HampuMep, TeMIepaTypa u HarpeBaeMoro Tteja mnpel-
craBJjsieT coboi (PYHKIHIO uYeTbipeX He3aBUCHMBIX II€pEMEHHBIX: TpeX
KOODAHHAT Xi, Xo, X3 TOUKH 3TOTO TeJa W BpeMeHH f. DTy (DYHKIHIO
eCTeCTBEHHO 0603HAUHTh CHMBOJIOM u=f (X1, Xg, X3, {).

Jlnsg (GYHKUHH HECKOJbKHX HE3aBHCHMBIX NEpPeMeHHBIX eCTeCTBEH-
HO BBECTH NOHATHE NPOH3BOAHOM NO Kam[OH H3 NCPEMEHHBIX (TaKYIO
NPOK3BOJAHYIO HAa3HBAlOT YaCTHOMH HpOI/ISBOlIHOI/I no JaHHOH
nepeMeHHOM).
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Baxuoll 3amauefi s MOCHEAYIOIIEro PasBHTHA MaTeMaTHYECKOTO
anajusa #BASETCS IOCTpoeHHe JAU(P(PepeHIHaJbHOr0 H HHTErpaljbHO-
ro HCUHCJeHHH (YHKOHUI HECKOJIbKHX NepEeMeHHHX. '

Hagkonen, MaTeMaTHuYeCKHH aHa/lu3, NOHHMaeMbl# B COBCEM IUH-
POKOM CMEIC/Ie, BKIIOuaer B ce06s TEOPHIO TaK HasbiBaeMBIX aubpde-
peHIlHaNbHBIX ypaBHeHH# (T. e. YPaBHeHHH, COIepXKAIUHX HCKOMBIE
(hYHKIHM [OJ 3HAKaMH NPOH3BOJAHBIX).

B nocnenHue HecSTHIETHS LIMPOKOE DPa3BHTHE NOJYYMJIH TEODHH,
Hexoasuue H3 O6GOGIEHHOH TPAKTOBKH CaMOrO IOHATHA (DYHKIIHH,
NIOHATHA TPOW3BOJHON M IOHATHA pelleHHs JubbepeHIHanbHOro
ypaBHEHHsI, CBSI3BIBAIOLETO NPOH3BOAHLIC (DYHKIIHH.

CosjiaHHe MaTeMaTHYeCKOTO aHajiu3a SBJSETCS OJHHM M3 BelHu-
YaflInX JOCTHXKEHHH gesoBeueckoro pasyma. OHO NO3BOJHJO OT pac-
CMOTpEHHS! OTHENbLHHIX DA3PO3HEHHBIX (DU3HUECKHX H IreOMeTPUYECKHX
3agauy (Takux, Kak IaJieHHe Tesa NQJ AeACTBHEM CHJIB THAXKECTH, BbI-
yKcAeHHe TJIOLIaaH, Jexaliell noj napabosoll) NepedTH K PasBHTHIO
O6GIINX METONOB pelueHHs GOJBLUIMX KaaccoB 3anau. Paspurue marte-
MAaTHYECKOTO aHa/lu3a, B CBOW ouepelb, 0Ka3aJo OrpOMHOE BJIHSHHE
Ha IPOrpecc HayK# U TEXHHKH.

KnaccuueckH#i MareMaTHYeCKHH aHa/lH3 TpeICTaBJasieT CcoOoH
oueHb yAOGHYIO HAeaJU3UPOBAaHHYIO MOJesb, OCHOBAHHYIO Ha TOM, 4TO
MBI pacroJjiaraeM TOYHBIMH 3HAaYeHHSIMH BCeX HCXOJHBIX BEJIHYHH H
MOKeM HaiTH TOYHBle 3HAYEHHS BCEX BBLIUYHCJSIEMBIX BEJHUYHH.

3aMeTHM BMeCTe C TE€M, 4TO, OTNPABJAAChH OT 3TOH MOJEJH, MHI,
KaK HPaBHJIO, MOXeM OLEHHUThb NOTPEIMHOCTb, BO3HHKAIOUIYI0 BCIEA-
CTBHE TOTO, YTO MCXOJHBIE BeJHYHHB 3aJaHBl HaM C HEKOTOpOH
OIIHOKOH W BCEe BHIUMCJEHHS MOTYT OBITh NPOBEJEHBI JIHIUb C OIpefe-
JIEHHO! TOYHOCTBIO.

TakuM 06pa3oM, anmnmapaT MaTeMaTHYeCKOro aHaJjdH3a MOXKET OHITh
HCIIOJIb30BAH JUISt NOCTPOEHHS YHC/IEHHBIX METOAOB M OLEHKH HOrpenl-
HOCTeH.

IlogBoast uTOr, CHCTEMATH3HPYeM IEepBOOUepelHble M Haubojee
BajKHbIE npoﬁJIeMbl BLISIBUBLIHECS B pesynb'ra're MPOBEICHHOTO HaMH
NpeJBaPHTENBHOTO PaCCMOTPEHHS.

1. YrouHeHHe TOHATHH BEIIECTBEHHOTO YHCJIA, MHOXKECTBA H
bynkuuu.

2. PasBuTHe TeOpHH NpeNesoB H CBSI3aHHOTO C 3TOH Teopuedl mo-
HSITHS HENIPEPHIBHOCTH (DYHKIHH.

3. Ilocrpoenne anmapara aubdepeHNINANbHOIO M HHTErpaJjbHOTO
HCUUCNEHHH.

4. TlocTpoeHHe TeOpDHH oOmIpele/€HHOTO HHTErpaja Kak Mpejena
CYMM CIelHaJbHOTO BHZA. :

5. PasBurHe npuOGAHIKEHHEIX METONOB BBHIUHCJEHHS OIpeAeJCHHBIX
HHTErPaJioB H NPHOJTHXKEHHBIX METOJOB pelleHHs ypaBHeHnﬁ

6. BrlsicHeHHe HEKOTOPHIX TeOMeTPHUYeCKHMX NOHATHH (TaKHX, Kak
nJaouaab NJI0CKOH (Uryphl, HIHHA IYTH).



Fanasa 2

BEILECTBEHHDBIE YUCJIA

B npeampaymeil riaBe Mb yOeJHJaHCb B TOM, YTO Da3BHTHE TeO-
PHH BELIECTBEHHBIX * yuces HeoOXOAHMO AJ CTPOrOro M MNOCJeL0Ba-
TEJIPHOTO H3YUEHHS NOHSATHS Hpeliefa, SIBASAIOUIErocs OJHHM H3 BaX-
HeHIIHX MOHATHH MaTeMaTHUYECKOTO aHaJH3a.

H606X0}II/IMa$I HaM TeopHA BEUIeCTBEHHBIX 4HCeJ, H3JlaraeMmas B-
3TOH IJaBe, BKJIouaer B cebsl onpejeseHHe ONepalHil ynopsiAodeHHus
CJIOKEHHSI M YMHOXKEHHS 5THX 4YHCeJT U YCTAHOBJEHHE OCHOBHBIX
CBOHCTB YKa3aHHbIX onepaum‘/’l, a TaKXe J0Kasare/bCTBO CYILLeCTBO-
BaHMs TOYHHIX TPaHell y MHOXECTB YHCeJ, OrpaHHYEHHBIX csepxy U
CHH3Y.

B konue rJyasml faercs IpejcTaBJeHHE O AONOJHUTENBHBIX BOIPO--
CaX TEOPHH BEIeCTBEHHBIX YHCeJ, He SBJAKIIHUXCA HEOOXOZUMBIMU
JJIS. IOCTPOEHHS TEOPHH NpPENeJIOB M BOOOIIle Kypca MaTeMaTHYeCKQro
aHaJH3a (IOJIHOTA MHOXKECTBa BeLeCTBEHHBIX yHcea B cMmblcie I'nib-
6epra, akKCHOMaTHYeCKOe INOCTPOEHHEe TEOpHH BelleCTBEHHBIX HHCed,
CBfI3b MeXJy pas3JuYHbBIMH CcHOcO0aMM BBelEHHsl BeleCTBEHHBIX:
yHce).

Cawmnbiit nocnennuit naparpad - IJiaBel NOCBSILEH  3JeMEHTapHBIM
BONpOCAaM TEOPHH MHOXKECTB, G6JIM3KO NPHMBIKAIOLIHUX K TEOPUH Beile-
CTBEHHBIX YHCe.

§ 1. MHO)KECTBO YHUCEJI, HPEB,CTABHMHX
BECKOHEYHbBIMHU NECATUYHbBIMHU JPOBSIMH,
H ETO YNOPAJOUYEHHE

1. CpofictBa panHOHaJbHBIX uMcea. [loHsiTHE palHOHAJBHOIO YHC-
Jla H OCHOBHHlE CBOHCTBA PAalHOHAJbHBIX YHCEJ M3BECTHH M3 Kypca
cpefiHell WKOJAH. B HacrofmeM nyHKTE MBI JaeM CHCTEMAaTH3alMIo
XOpOILIO H3BECTHBHIX M3 Kypca CpelHeH IIKOJH BOIPOCOB TEOPHH pa-
IHOHANBHHX YHCEJ.

Payuonaarvrnoeim mnaseleaercs uucao, npedcrasumoe (Xora
661 00Hum cnocobom) 8 sude OTHOULEHUS asyx yenrolx wucea, T. €. &
sude dpobu mjn, ede m u n — yeavie yucaa u n0.

* BmecTo TepMHHA <BELIECTBEHHOE HHCJO» 4aCTO YNOTPEGASIOT —TEPMHH «efi-
CTBHTEJIbHOE YHCJIO».
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PannonanpHele uucaa o6gazaloT  CcleAYOIHMH 16 OCHOBHBIMH
cBofictBaMHu *, (Ilpu (popMYJHPOBKE STHX CBOHCTB MBI BMECTO TEpPMH-
#Ha <«paluOHaJbHOe YHCJAO» yHoTpebisem OCojee KpaTKHH TepMHUH
<UHCJIIOY.)

1°. JIwo6ule nBa 4ncaa ¢ U b CBSI3aHH OOHHM H TOJLKO OJHHUM K3
Tpex 3HAaKOB >, < HWJAM =, NpHUeM ecan a>b, to b<a., MuBME
CJIOBAMH, CYUIECTBYET IIPABHJIO, MO3BOJSIOUIEE YCTAHOBHUTH, KAKHM H3
'VKa3aHHHIX TPeX 3HAKOB CBfI3aHBl JBAa JNAHHHIX YHCJIA. DTO IPaBHIO
Ha3BBAeTCHd N PABHJOM YONOPALOYEHHST **

2°. CymwecTByer NpaBuJIO, MOCPEACTBOM KOTOPOrO JIOOHM YHCIAM
a u b craBuTCA B COOTBETCTBHE TPEThE UHCJO C, HA3HIBAEMOE HX
CYMMOH H o603HauaeMoe CHMBOJIOM C= a+b***. Onepanust Ha-
XOXK/eHHS] CyMMB! HA3bIBAETCH CJHOXEHHEM,

3°. CyuecTByer npaBHJ/IO, IIOCPEJICTBOM KOTODPOro JIOGHLIM YHCIaM
4 ¥ b cTaBHTCSA B COOTBETCTBHE TPETbE UHCJIO ¢, Ha3bIBaeMoe MX
npousBefeHHEeM H 0003HaUaeMoe CUMBOJOM c=a-b **** QOne-
pauus HAXOXKAEHHs MPOH3BENEHHS HA3BIBAETCH YMHOXEHHEM.

[IpaBuno ynopsizoueHusi obsafaer CAELYIOUIHM CBOHCTBOM:

4°. U3 a>b u b>c BHITeKaer, ut0 a>¢ (CBOACTBO TPaH3HTHBHO-
-CTH 3HaKa >); 3 a=b u b=c BHTeKaer, uT0o ga=¢ (CBOKCTBO TpaH-
3UTHBHOCTH 3HaKa =).

Omnepauust cjoxkeHHs1 00/afaer CAEAYIOLMMH 4YeTHIPbMSI CBOMHCT-
aaMn

a+b=b—|—a (KOMMYTaTHBHOCTb HJIH II€PECTAHOBOUHOE CBOMi-
CTBO).

(a+b)+c=a+ (b+c) (accouHaTHBHOCTL HJIH COUETATEIbHOE
«CBOHCTBO).

7°. Cywecrsyer yucsio 0 takoe, uto a-+0=gq pas aob6oro uucia a
(ocobasi posib HYJIs1).

8°. Insa xaxmoro tmc.rra a cyuiecTsyer npomaononomﬂoe eMy YH-
<J0 a’ Takoe, 4yTo a-+a’ =

AHAJIOrHIREIMH ‘{eTblprSI cBOHcTBaMH o0Jsafgaer omepauus YMHO-
JKEeHHUs:

* Bce mpHBOAMMEE HaMH CBOHCTBA PallHOHAJIBHBIX WHCEN MOLYT GHITh NOJyYEHH
H3 CBOHCTB LIEJBIX YHCEJ.

** [IpaBuyi0 ynopsIO4YeHHS DPALHOHAJBHBIX HHCEJ (GOPMYJHPYETCS TaK: [Ba He-
OTPHLATENbHHX uYHCIa a=m;/n; 0 b=my[n;, y Kotopeix n,;>0 u ny>0, cBsA3aHH
TeM Xe 3HAKOM, YTO ¥ JBa HEJbIX YHCJA My-Np H Mg Ny, [Ba HENOJOXKHTEJbHHX
YHCJHAa @ U b CB#3aHBl TeM JKe 3HAKOM, 4YTO M JBa HEOTPHNATEJbHBIX uHcia |b] u
[a]; ecan a weorpHuaTesbHO, a b OTpHUATENBHO, TO a>>b.

*** [IpaBuiao 06pa30BaHﬁ9{ CYMMHl JABYX pAalWOHaJbHHIX uHCeNl a@=my/ny H

my my my-ng - ma-ny
b=myfny onpeaensieTcsi paBEHCTBOM ~—— 4 —— = ————————,  KOTOpO8
ny ny ny-ng
qI0JIy4aeTCsl ¢ [IOMOLIBIO M3BECTHOrO HpHEMa NpuBefeHHs K OOIleMy 3HaMeHAaTello.
*xik [IpaBunmo o6pa3oBaHHSI NPOM3BENEHHS JABYX pANHOHAJBHBHIX UHCeN a=
my mgy my - My
=my/ny B b=my/n, onpenensieTcst PaBeHCTBOM —— «—— =" .
ny flp MmNy,



§ 1. MHOXeCTBO yuCeJs, IPEACTABHMBIX GECKOHEUHBIMH APOGAMH 3}

9°. a-b=>b-q (KOMMYTaTHBHOCTb).

10°. (a-b)-c=a-(b-c) (accouHaTHBHOCTD).

11°. CymectByer uuciao 1 takoe, uto a-l=a pmas mwoboro duc-
Jla a foco6asf poJib €THHUIK).

12°. Oas xaxjoro umciaa a==0 cyuiectByer ob6paTHoe eMy YHCIO
a’ Taxkoe, uto a-a’=1.

Omnepanuu CIOXKEHHS] M YMHOXKEHHS CBSI3aHBl CJCAYIOLIMM CBOH-
CTBOM:

13°. (a-l—b) c=a-c+b-c (muCTpUOYTHBHOCTL HJH pdcnpeneﬂu-
TeJbHOE CBOMCTBO YMHOXKEHHS OTHOCHTEJIBHO CYMMEL).

Crnenylolllne JABa CBOMCTBA CBA3BIBAIOT ONEPAalMIO YIOPANOYCHHH
C onepanuell CJAOXKEHHS HJIH COOTBETCTBEHHO YMHOXKEHHS:

14°. s a> b BHITEKaeT, uto a4c>b-+-c.

15°. i3 a>b u ¢>0 BHTeKaer, uto a-c>b-c.

Ocobast poJib NPHHAMJIEKHAT NOCAEAHEMY CBOHCTBY.

16°. KakoBo 6H HH OBLJIO YHCJO @, MOXKHO UHCJIO 1 IIOBTOPHTH
cjaraeMbIM CTOJb pa3, 4TO CyMMa npeB3oiiger a *.

Ilepeunciennble 16 cBOWACTB Ha3HBAalOT OCHOBHHB MH IOTOMY,
YTO BCe JApyrue aJire6paHyeckne CBOHCTBa, OTHOCAIIMECH K omepa-
UM CJOXKEHHSl W YMHOXEHHMS W K COYETAaHHIO pPABEHCTB M Hepa-
BEHCTB, MOTYT OLITb H3BJEYEHbl KaK JIOTHYECKHE CJIEJCTBHS H3 yKa-
3aHHHBIX 16 cBO¥CTB.

Tak, HanpHMep, H3 OCHOBHBIX CBONCTB BHITEKAET CJEAYIOIIee YacTo
HCIOJb3yeMOe B JajbHeHIIeM CBOHCTBO, MO3BOJISIOUIEe IIOYJIEHHO
CKJIaJbIBATh HEPABEHCTBA OIHOTO 3HAKa:

ecau a>b u ¢>d, 10 a+c>b-4d.

B camom jgene, u3 HepaBencts a>b u ¢>d u us cpoiictB 14° n
5° BeTekaer, uto a-t+c>b-+c¢ u b+c>b+4d, a us aByx nocaeAHHX
HEepaBEHCTB U cBoiicTBa 4° BHITEKaeT, uTo a-+c>b+4-d.

2. HepocraTo4yHOCTh PALMOHAJBHBIX 4MCEJ AJS H3MEPEHHs] OTpe3-
KOB YHCJOBOH OCH. [[02080puUMCA HA36I8ATH HUCAOBOL OCLIO NPAMYIO,
Ha Koropoii evibpane. onpederennas Ttouka O (nawaro orcuera),
macwrabuetti orpesox OF, Oauny koTOpozo moel npunumaem pasHoit
eduruye, u noaowuressroe Hanpasaenue (06viuno or O x E). Odge-
BJJHO, KaXKAOMy DALHOHAJbHOMY YMCJY COOTBETCTBYET HAa YMCJIOBOH
OCH ompejesieHHasi TOuKa. B camoM nese, M3 Kypca cpeiHeH LIKOJIBI
H3BECTHO, KaK IOCTPOMTb OTPe30K, JJHHA KOTODOrO cocramiser 1/n
YacTh JJIHHB MacmrabHoro otpeska OFE (n— n1060e 11e/10€ I0JIOXKH-
TeabHOe yHcno). CiemoBaTebHO, MBI MOXKEM MOCTPOMTh H OTPE3OK,
JAJIHHA KOTOPOTO OTHOCHTCS K JJHHE MacliTaGHOrO OTpe3ka Kak
min, rie m H n— a06ble LeJble NOJOXHTeNbHEE upcaa. OTJ0XHB
TAaKOH OTpe3oK - BOpaBo (BJaeBo) oT Toukd O, MBI HOJYYHM TOUKY
1(141 (M22) )COOTBeTCTByxomylo pauHoHAJbHOMY dHCIY Mm/n (—m/n)

puc. 2.1

* D10 cBOHCTBO 9acTO HA3HIBAIOT aKCHOMON ApxHmena.
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3aMeTuM Tenepb, 4TO He KaXJo# Toyke M uuc/IOBO# OCH COOTBET-
CTBYeT palHOHANbHOe YyHcao. Tak, HanpuMep, eciu Touka M BHOpa-
‘Ha TakK, YTo AJHuHa oTpe3ka OM pasHa Auwaronanm KBajpara, CTOpO-
HO# KOTOPOro CJAyXKHUT MacmtabHbft oTpe3ok OFE, TO NOCKOJAbKY IJIHU-
‘Ha macwtabuoro orpeska OF papua enuuuiie, no teopeMme Iludaro-
pa mauHa x orpeska OM gBisiercs KopHeM ypaBHeHust x?=2 M, KakK
[0Ka3aHO B Kypcax cpejnHefl WIKOJB, He SIBJISIETCA  PAlHOHAJBHBIM
gucaoM. Ho 310 ¥ o3nauaer, uro ykasaHuo#i Touke M He cOOTBET-
CTBYET pallHOHAJbHOE YHCJIO.

Oy a
R o Emm TR AT

Puc. 2.1 Puc. 2.2

EcrecTBenHo, BO3HHKaeT MOTPeOHOCTh PACWIMPHTL MHOXKECTBO pa-
A{HOHAJILHBIX YHCEJ W BBECTH B paccMOTpeHHe 6oJjiee IIHPOKOE MHOXKe-
CTBO YHCeJ Tak, YTOOB KaXKAOH TOUKe YHUCJIOBOH OCH COOTBETCTBOBAJO
‘HEKOTOPOE YHCJIO H3 3TOr0 60Jjiee IIHPOKOrO MHOXKeCTBa (MJH, 4TO
TO e caMoe, uTOGHl ¢ MOMOUILI0 3TOro GoJsiee IIKPOKOrO MHOXKECTBA
YHceJ MOXKHO GBUIO BHIDA3HTh AJMHHY Jwoboro orpe3ka OM uucioBoi
-OCH) .

Y6enquMcsi B TOM, YTO MOCPEACTBOM uH3MepeHHs orTpedka OM kKax-
Jo# Touke M UMCNIOBOH OCH MOXHO IOCTaBHTb B COOTBETCTBHE BIIOJ-
He onpefesieHHYI0 GECKOHEUHYI0 JeCATHYHYIO ApPO6b.

Mycts M — mo6ast Touka yHCJ0BOH ocd. Pagm onpeneseHHOCTH
TIPEANOJOXKUM, 4T0 Touka M jexut HanpaBo ot O. Ilposegem mpo-
1ecc uaMepenusd orpeska OM npu noMomM MacmTaGHOrO OTpes-
ka OF

CHayajia BBISICHHM, CKOJBKO pa3 lesdbll MacliTabHBl OTPE30K
ynoxurcst B orpeske OM *. Moryt npeACTaBUTLCA [ABa CJAyyas:

1) Orpesok OFE yknanwiBaercss B otpeske OM uenoe uucio ao pas
« HekoTopbiM octaTkoM NM, menwiuum OE (puc. 2.2). B stom cay-
yae LeJ0e YHCJIO0 Qo NPEeRcTaBiaser cobol pesy IbTaT H3MEPEHHs 1O
HeJOCTaTKy C TOYHOCTHIO 10 yucaa l.

2) Orpesok OE ykaaawBaercs B orpeske OM uenoe uucio ap
pa3 6e3 ocTaTKa B 3TOM cayyae mnpouecc H3MEPeHHS MOXKHO
.CYHTaTh 3aKOHUEHHBIM M lieJIO€ PAlHOHAJIbHOE YHCJIO o CUMTATL JJIH-
HOl orpeska OM. ®opmasJbHO MBI MOXeM YTBEpXKAaTb, UTO B 3TOM
«ayuae Touke M cooTBercTByer GecKoHeuHas JecATHYHas Ipobb
.0,000..., KOTOpast OTOXKIECTBJIAETCS C IeJbIM palHOHAJbHBIM YHC-
JIOM Qp.

* B cualy akcHOMH Apxumena IJIA OTPe3Ka, KaKOBH OH HHM OBUIM JBA OTpeska
AB u CD, 1noBTOpPUMB OfMH H3 3THX OTPE3KOB CJaraeMhM JOCTAaTO4YHO = GoJibluoe
YHCJO pa3, MH HOJYYHM OTPE3OK, MJHHA KOTOPOTO NPEeBOCXOAHT JJHHY BTOPOro
«OTPe3Ka.
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B nmepBoM cJayuae npolilecc H3MEpEHHs CJIeAyeT NPOJOJNKHTH H BHI-
SCHHTb, CKOJbKo pa3 1/10 wacts macwrabroro orpeska OF ykaambi-
Baercss B orpeske NM (sBasiomeMcsl OCTATKOM H3MepeHHs ¢ I0-
mombio Menoro otpeska OFE). CuoBa MOryT npeiacTaBuUThCH  HBA
caydasi:

1) 1/10 yacrs OE yknapwiBaercsi B orpeske NM a; pas ¢ HeKoTo-
peim ocratkoM PM, mensmam 1/10 wactn OE (cm. puc. 2.2). B srom
cjyyae palHOHaJbHOe YHCJIO Qo, @ IPEACTaBAAET COOOH pe3ysbTaT
usmepenuss OM 1o HeZOCTATKY C TOYHOCTBIO Ao umesa 1/10.

2) 1/10 gacry OE yknagrBaercsi B orpeske NM uenoe uymeno a,
pas 6e3 ocTaTkKa. B aToM cayuae mpouecc uaMepeHHS MOXKHO
CUUTATb 3aKOHUEHHBIM H DallHOHAJbHOE YHCJO (o, @1 CUHTATH JJIHHOH
orpeska OM. ®opmanbHO MBI MOXKEM YTBEPXKAATh, UTO B 3TOM CJaY-
yae Touke M coorBeTcTByeT GecKOHeUHasi JecsiTHUHAas  ApoOb
a0,a:000..., OTOKECTBIsIEMAsA C PALLHOHAJBLHBIM YHCIO Qo,Q).

ITpononkas ykasaHHBIE DAacCyKACHHs jajiee, Mbl NpPHAEM K JIBYM
BO3MOKHOCTSIM:

1) nu6o onmcaHHb mpolecc u3MepeHus o6OpBeTCs Ha N-M Liare’
BCJI€/ICTBHE TOTO, 4TO TOoYKe M COOTBETCTBYET DPaUMOHAJIbHOE YHCJO
@0,a103 ...An (B 3TOM caydae Touke M cooTBercTByeT GeckoHedHad
JdecaTHyHas Apobb ao,@1ds ... 2,000 ..., KOTOPYI0 MBI OTOXAECTBJAAEM C
pauuoOHaNbHBIM YUCIOM 0,810y ... Q) ;

2) nu60 onucaHHBIA NPOUECC H3MepeHHsh HHUKOTAa He 0BOpBeTCH H
MBL TIONYYHM OECKOHEUHYIO NOCJAEA0BATENbHOCTh PAlMOHAJNbABIX UYHCE

Qo; Go, Q1 ...; Qo,@183...An; ..., (2.1)

NpeAcTaBJATIOUIMX COGOH pesysbTaT H3MepeHHs MO HeJOCTATKy OTpes-
1

ka OM c tounocteio go 1, —, ...

T T

Kaxnoe u3 uucen nociemoBaresbHoctH (2.1) MOXeT GbITb noJty-

YeHO OGpHIBAHMEM Ha COOTBETCTBYIOLIEM 3HAaKe GECKOHEUHOH AeCSiTHU-
HOH Apobu

9 o s e

Qo, 1Ay ...Gn ... (2.2)

Takum o6pasom, B cayuae 2) touke M uuCJ0OBOH OCH OTBedaer
BIIOJIHE ONlpeae/ieHHas GecKOHedHasi fecsiTHyHast apobp (2.2). MoxHo
CKasaTh, 4YTO H B cAydae 1) Touke M orBeuaer GecKoHeYHast HMeCSTHY-
Has Apo0b (2.2), HO B 3TOM cay4yae y 3TOH ApPoGH BCe: AeCSTHUHBIE
3HAKH C HOMEPOM, GO/IbIIMM 7, PaBHH HYJIO, T. €. yKa3aHHas Apobb
B cayuae 1) mMeeT BHA ao, a1as ... 4,000 ..., -

IIpuBefenHble HAMH DACCyX/ACHHsS NPUMEHHMEl W IS CJyYasi, KO-
raa rouka M gexur seBee ToukW O, TOJBKO B 3TOM CAYyHAe €CTeCT-
BEHHO CUMTATh, YTO BCE IJEMEHTH NOCJaefoBaTesbHOCTH (2.1) u 6ec-
KOHeyHast Ap06b UMEIOT OTPUIATENbHBIH 3HAK..

Hrak, Mpl yOefMauch, 4TO ONHCAHHHIH HaMH npouecc U3MepeHHA
HO3BOJISIET NTOCTABUTb B COOTBETCTBHE KaXAOH Touke M uHCJI0OBOH OCH
BNOJIHE ONpele/]eHHYI0O OEeCKOHeUHYI0 HecATHYHYI0 Apobb. 10 06-

2 3ak. 72
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CTOAITEJNBCTBO €CTECTBEHHO NPHBOJHUT HAC K HEOOXOZHMOCTH PacCMOT-
peHns uuces, IPEeICTAaBUMEIX GECKOHEYHBIMH AECHTHYHHIMH JADOOSMHU.
3ameuanne. KoHeyHO, onmucaHHBII HaMM MPOIECC H3IMEPEHHA
orpeska OM MOXKHO BHIOH3MEHHTb TaK, UTO OH OYNET NPHBOAATH K
PacCMOTPEHHIO He OECKOHEUHHIX NECSTHUHHIX, a, Hanpumep, GeckoHed-
HhIX ABOHMYHB X HIU OECKOHEYHHIX TPOHYHEX apobeir. JKeaa-
HHE paccMaTPHBaTh GECKOHEYHble AeCATHYHBIE APOOHM BHI3BAHO JHIIbL
TOH 0c060# POJIbIO, KOTOPYIO TPAAULHOHHO HIrpaeT AecATHYHas CHCTE-
Ma cuucsieHusl. PasBuTHe 2JEKTPOHHOH BHIYHCJHTENbHOH TEXHHKH IO-
BHICHJIO POJIb JBOHYHOH H TPOHUYHOH CHCTEM cuHc/aeHus, ubo (B cuay
KOHCTPYKTHBHBIX ocoferHocTeli DBM) atu cucreMbl cunciaenus Gogee
yAOOHH B IPAKTHKE HCHOJb30Banus DBM.
3. Ynopspouenne MHOMKecTBa OECKOHEYHBIX HECATHYHBIX JPOGei.
Bo BBOAHOII riaBe MBI yKe OTMeYaJid, YTO MOHSTHE YHC/IA OTHOCHTCSH
K TaK Ha3hlBaeMbIM Ha4YaJbHBM HNOHATHAM (T. e. K NOHSATHAM,
KOTOpHIE MOryT OBITh pa3bsCHEHbl, HO He MOryT OBITh CTPOrO Ompe-
JeseHbl, u60 BCAKas MOMBITKA JAaTh CTPOTOe ONpPEHENEHHE TaKOro Io-
HATHA Heus30eXHO CBefeTCsl K 3aMeHe ONpelesisieMOro MNOHATHA eMy
3KBHBAJIEHTHBEIM). MBI BBeZeM NOHATHE BELIECTBEHHBIX YHCEJ, OTIPAaB-
JS5ICh OT MHOXeCTBa GeCKOHeYHBIX AECATHYHBIX Apobeil.

PaceMOTpEM MHOXKECTBO BCEBO3MOMKHBIX GECKOHEUHBIX JEeCATHUHBIX
Apobe#i (KaK MOJOXKHUTENbHBIX, T. €. B3ATHIX CO 3HAKOM -, TaK H OT-
PHUATENbHBIX, T. €. B3ATHIX CO 3HAKOM —).

Mul 6ynem npuaepKUBATHCS CAEAYIOIIETO MJIAHA.

Ilns MHOXKecTBa BCexX UHCeJ, NPEACTAaBHMBIX GECKOHEYHBIMH Aecs-
THYHBIMH ApPOGAMH, MBI BBeJeM ONlepanuio ynopspouenus. [locse 370-
ro Mbl y6eammcsi, 4To AJA BBEJEHHOH HaMH OmepaluH yNOPSAOYCHHS
OCTaeTcst CIpaBeJIUBbIM TO K€ caMoe CBOHCTBO 4°, KoTopoe copmy-
JHPOBAHO B 1. 1 AA palHOHAJbHBLIX YHCeJa (T. e. CBOMCTBO TpaH3H-
THBHOCTH 3HAKOB > H =)

Hannuue TOJBKO OJHOTO 3TOr0O CBOKMCTBA MO3BOJIHT HAM [0KAa3aTb
3aMedaTeJIbHYI0 TeOpeMy O TOM, UTO Y MHONMCeCT8a 4ucen, npedcrasi-
MbLX DeCKOHeuHbiMU O0eCATUUHBIMU OPOBAMU U OZPAHUUEHHBIX CEepXY
(uau cooTseTcTBeHHO CHUBY), cyuiecTsyeT uucao, npedcrasumoe Gec-
KOHe4HoU OecaTuuroti OpobbI0 U ABASIOUeecs To4uHOl sepxueli (uiu
COOTBETCTBEHHO TOUHOL HUJNCHEL) ePAHbIO YKA3AHHO2Z0 MHONECTsa
qucen.

Iocne 2TOrO BBOAATCH ONEpALHH CJIOKEHHS H YMHOMXKEHHS 4dHCel,
NPeJACTaBUMBIX O€CKOHEUHBIMH NECATHUHBLIMH APOGSAMH. DTO 1aeT Ham
BO3MOXHOCTb BBECTH 8eUeCTEEHHbIe HUCAQ KAK TaKue 4ucad, KOTopobie
npedcrasumel Geckoneunsinu OecaTuunsiymu Opobamu u 0L KOTOPbLX
YKasaunHoim Hamu cnocobom onpedenenst onepayun ynopadodenus,
CAOXCEHUS U YMHONeHus. JlOKasaHHasi HaMHM TeopeMa O CYILeCTBOBa-
HAH TOYHBIX I'paHedl MO3BOJHT JOKa3aTh CYuyecTB08AHUE CYMMbL U
npoussedenus ABYX JIOOHX BEIIECTBEHHBIX UHCes, a TAKKe CIpaBef-
JIMBOCTB JIJIsl 3THX YHCEJ TeX XKe CaMbiX 6 oCHO8HbIX CBCICT8, KOTO-
pHe chOpPMYIHPOBAHH B I. 1 AJii PAlHOHAJIBHEIX UYHCEJ.
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IlpucTynum K peajmu3alui yKa3aHHOro IJaHa.

B 3TOM myHKTE MBI BBeleM MAJs UHCEN, NPEACTaBUMBIX OeCKOHed-
HBIMH JIECATHYHBIMH JPOOSiMH, ONEPANHIO YNOPSAAOUEHHS H YCTAHOBHM,
9T0 3Ta omepauds objamaer c¢BOHCTBOM 4°, chOpMyJHPOBAHHOM B
@. | Aad pauHoHAJBHBIX YHCeJa (T. €. CBOACTBOM TPaH3HTHBHOCTH 3HA-
KOB > H =). )

Paccmorpum npoussossnoe wuucio, npedcrasumoe OecKOHeuHQL
decartuunoil 0pobsio, orauunoil or 0,000.... 310 uucro mu 6ydem Ha-
36l60T6 NOAOMUTEAbHOLM, eCAU OHO npedcTasumo OecKoHe4Hol
decaruunoli Opoboro, 83aTOL O 3HAKOM -, u OTpUYaTeAbHbLM,
ecau OHO npedcrTasumo Geckonednol OecATu4Holi Opobbro, 83ATOU €O
3HaKOM —.

Hucaa, He seasroujuecs nososxcurenrsvHoimu, mvl 6ydem HA36L8aTH
HENOAOHUTEAbHBIMU, A HUCAQ, HE ABAAOWLECS OTPULATEAbHbL-
MU—HEOTPUYATENbHbLMIL

Cpasy Xe OTMETHM, YTO BCe pallMOHaJbHble YHCJIa OTHOCATCS K
MHOXKECTBY 4YHCeJ, NPeJCTaBUMBIX OECKOHEYHBIMH JeCATHYHBIMH ApO-
6smu. IlpesncrapiieHHe NaHHOrO DaLHOHAJBHOrO 4YHCJa GECKOHEUHOR
JAECATHYHOH APOOBIO MOXKHO NOJYYUTD JBYMS COCOGAMHU:

1) B3siB TOuky M, OTBeYaIOUIYI0 NAHHOMY PalMOHAJLHOMY YHCIY
Ha YHCJIOBOH OCH, H NPOH3Bens H3MepeHHe oTpeska OM ¢ nomotuib
MaclTabHoro oTpe3Ka crnoco6oM, yKasaHHHM B M. 2; ‘

2) B37B OOLIKHOBEHHYIO 1po0b M/n, NpeACTaBJASIOULYIO JaHHOEe pa-
UHOHANbHOE YHWCJIO, H NOJAEJHB YHCJIHTEJNb M Ha 3HaMeHarteldb 7Nt
«CTOJOUKOM>» *. :

Mpl mpesncraBisieM yurtatenio y6eIMThCA B TOM, 4TO 06a 3TH CIO-
co6a 3KBHBANEHTHHl ApYyr apyry. Tak, npu J060M H3 YKa3aHHBIX
€I0CO60B pallMOHAJBHOMY uHCIy 1/2 craBHTCS B COOTBETCTBHEe Oec-
KoHeuHast gecsitmyHasg Apobs 0,5000..., panuonanbHOMy umeny 4/3 —
OecKOHeuHast gecsiTuuHas Apobn 1,333....

IIpexne uem mepefiTn K GOPMYyJHPOBKe TpaBuAa yHOPSAOYCHUS
YHCes, NPEeICTABUMEIX OGECKOHeUHBIMH JECSITHYHBIMH APOOSMH, pac-
CMOTPHM BONpOC O INPEACTaBJeHHH B BHAe GECKOHEUHBIX HECSTHUHBIX
ZpoGell TeX palMOHAJNBHBIX YHCEN, KOTOPble NPeACTABHMBI B BHJIE KO-
HEYHOU JecATHYHOH Apo6H.

3aMeTHM, YTO TaKMe palMOHAJbHble YHCJAA JONYCKAalT KB a
MpeACTaBJ/JCHHUS B BHIe GECKOHCUHBIX IeCATHUHBIX Apobeit. Ha-
fIpHMeEp, palHOHaJbHOe uyucao 1/2=0,5 MOXKHO NpeacTaBHTL B BHAE
JABYX OECKOHEUHBIX JeCITHYHHX Apobei:

1) 1/2=0,5000..., 2) 1/2=04999... .

BooGuie, pamuoHanbHOe 4HCIO @=ao, A1Gs ... Ay, TIE a0, MoX-
HO 3amHCaTh B BHAE ABYX GeCKOHEYHBIX HECSTHYHBIX Apobeii:
1) a=ao, @102 ...a,000...,  2) a=a,,a1as ... an— (@n — 1)999....

* B xypce cpenmeli IIKOJB JOKa3bIBAETCH, ¥TO NPH TAKOM [EJEHHH noJy4aercs
0653aTeJIbHO NepHO LMY CKA A GeCKOHEYHAS AeCATHIHAS npo6b,

ox
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EcrecrBeHHO, MBI JOJIKHBL OTOXAECTBHTh YKa3aHHbie JBe 6ecKo-
HeyHble JeCATHYHble JpOOH (T. e. CUHTATh, 4TO OHH MPEACTABJASIOT
OJHO M TO XK€ BellleCTBEHHOE YHCJIO).

PaccmorpuM Temepb JBa NPOM3BOJIBHBIX BeIeCTBEHHBIX 4YHCAA &
H b W TMpeAnosONRUM, YTO ITH YHC/IA NPEACTABIASIOTCS OGECKOHEUHBIMH
JeCATHUHBIMH ApOOsSMH

a=-+aqg, 10z ... Ay ..., b=ib0, b1b2 bn veey (23)

rje M3 ABYX 3HAKOB -+ H — B KaxkJIOM IpeACTaBJeHMH Oepercss Ka-
KOH-TO OJMH.

HckaouuM yxe pacCMOTPEHHMIH BhIE cayudall, korpa obe Gecko-
HeuHble jgecaTuuHble Zpofu B (2.3) HMeEOT OAUHAKOBLiE 3HAKH H CJY-
XKar AByMf pAa3JHUYHBIMH IPeACTABJEHHSAMH OIHOTO M TOrO JKe palHo-
HaJILHOTO YHCJa, NPEACTAaBHMOTO KOHEUHOH JaecsiTH4HOH Apolbio. Ilo-
cJle HCKJIOUeHHS 3TOro CJydyasli JOTOBODHMCS HasbiBaThb JBa YHCIA @
H b paBHBIMH, ec/H UX NPEACTaBJEHHS B BHIAEe OECKOHEUHBIX AeCATHY-
HBIX jpoleft (2.3) MMEIOT OXNMHAKOBBIE 3HAaKH 4 €CJHM CHPaBENJIHBa
GecKOHeYHast 1[€HOUKA PaBeHCTB

a0=b(;, alzbl, a2=b2,...,an=bn,.... (24)

Hrax, mor Hasvisaem 0sa uucaa ¢ u b pasnemu, eciu ux
npedcrasaenus 8 sude 6ecKoneunvlx decaTudHbix dpobeti (2.3) umeror
o0unaxossie 3HAKU U ecau AubO CnpagefiuBa Yenouka PABeHCTs
(2.4), aubo 6Geckoneunole decatudnvie dpobu e (2.3) caysxcar Osyms
npedcTasAeHuAMU OOHO2O U TO20 e DAUUOHAALHOZ0 YUCAQ, NPedcTa-
BUMO20 KOHEUHOU OecaTu4uHoll dpobsio.

IlycTs fnaHbl ABa HepaBHBIX 4YHC/AA @ W D, MpeACTaBHMBIX Gecko-
HCYHBIMH NECATHYHBIMH JPOOSIMH. YCTAaHOBHM NpaBHJIO, II03BOJSIO-
lee 3aKJIOUYHUTb, KAKUM H3 JBYX 3HAKOB, > MAH <, CB3aHbLI 3TH
qucJa.

Hoecosopumes naseiars modyrem uucaa a, npedcTrasumozo
beckone4Hoti decaTuunoil Opobbsio, uucio, npedcTasumoe TOL e ca-
Mot GeckoneuHOLl OecaTUuHO Opobvio, 4TO U 4UCAO A, HO 8ce2da 83-
10l €O 3HAKOM +. ’

Monynb uucna a Gynem o6o3Hauatbh cumsosom |a|. Yucao |al
BCErja sIBJSETCS HEOTPHILATENbHbIM.

PaccmoTpuM oTnenbHO TPH BO3MOMHBIX cayyas: 1) cayuaii, Koria
a u b o6a HeoTpuuaTenbHH; 2) cayyail, Korna o6a uucaa a M b or-
pHIATeNbHB; 3) caydall, KOTAa OHO H3 YHCEN @ W b HEOTPHIATENBLHO,
a [pyroe OTPHLATENBHO.

1) Iyctb cnavana a u b 06a HeoTpHULAaTedbHB H HMEIOT
ApeJCTaBJeHHs a=Qg, Aidy ...; b=0by, b1by.... Tak Kak uucia @ U b He
SIBJISIOTCSl PaBHBIMH, TO HapyluaeTcs XoTsi Obl OMHO W3 paBeHCTB (2.4).

OGosHauum yepe3 X HAaWMEHBIUHA M3 HOMEPOB 7, AJASL KOTOPOTO
HapyluaeTrcs PaBeHCTBO dn=0,, T. €. NPEANOJOKHM, 4TO

ao=bo, a1=0by, .., an_1=by_;, ar==bs.
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Torza MBl OyaeMm cudTath, Yyt0 a>b, ecnu ar>bx, u Gynem cun-
TaTh, uT0 a<b, ecnm ar<<by. . ,

2) Ilycrs Tenepb 06a uuena a u b orpunare asun. Torxa
MBI OyIeM cuuTaTh, uto a>b, ecmm |b|>|al, u a<b, ecan |b|<
<lal| *.

3) Ilycts, HakKOHelL, OZHO YMCJIO (HAampHMED, @) HEOTPUILLATENLHO,
a gapyroe uuciao (b) orpuuartenpsHo. Torga, ecTrecTBeHHO, MBI Oyaem
cuMTaTh, 4TO a>b.

Hrak, MBI IOJHOCTHIO CHOPMYJHPOBAIH MPaBUJIO YIOPSILO-
YeHHS YHCeJ, IPEJCTaBHMBIX OECKOHEYHBIMH [ECATHUHBIMH JpO-
6sMHu.

Uto6Hl cpenarb cHOpMyTUPOBAHHOE NPABHIO GE3YIPEYHEHIM C JIO-
THYECKOH TOYKH 3peHHs (WJIH, KaK TOBOPST B MaTeMaTHKe, KODPEKT-
HBEIM), JOKaXeM CJeAyIOUlyIo JeMMYy.

Jlemma., Ecau a=ap mas.... 0y ... — APOU3BOALHOE HEOTPUUQ-
TeabHoe uucao, a b'=bg, biby....b,_1b,000... u b"=by bibs...
b (b —1)999... npu b,>0-—08a pasauunblty npedcTasACHUA
O00H020 U TO20 e pPayuoHassbro2o 4ucia by, biby..b,, TO Yycaosue
a<b’ axeusasentno ycarosuro a<b”, a ycrosue a>b’ sxsusasreHTHO
ycaosuro a>b".

OTa JeMMa HO3BOJIA€T NPH YHOPSALOUEHHH IABYX HEPABHBIX UYHCEN
He 3a00THTHCS O TOM, KaKoe H3 IBYX BO3MOXKHBIX NPEACTABJIEHHH B
BuJe OECKOHEUHOH [EeCATHYHOH APOOHM B3SITO AJsI UHCJA, IpeACTaBH-
MOTO KOHEUHOH JAeCSITHYHOH ApoObIo.

HokasatenabcTBo. Jas MOJHOrO A0Ka3aTelbcTBa JEMMBbl Clie-
AyeT JOKa3aThb YeTwpe yTBepxkiaeuusi: 1) us a<b’ Borekaer a<b”;
2) u3 a<b” Buitekaer a<b’; 3) uz a>b’ BhHTekaer a>b"; 4) wus
a>b" Britexaer a>b’. .

Mpi orpanuuEMcst J0KasaTeJbCTBOM YTBepKaeHui 1) u 2), ubo
yTBEPKAEHUA 3) W 4) MOKa3HIBAIOTCH AHAJOTHUYHO.

_Ilyers a<d’. Torpa no npaBmiy ynopsiAoyeHust HalgeTcs HOMep
k Takoi, yro

ao=b0, a1=b1,.;.,ak_x=bk_1, ah<bh (25)
(B 3THX COOTHOIIEHHAX CJEAYeT CYHTATh BCE bnyi, Dnis, .. PABHBIMH
HYJ10) . . '

Cpasy e sameTuM, yto k<, u6o npu R>n HePaBeHCTBO aj< by
He MOXKeT BBUIOJHATHCA, TakK Kak 0<Cap<<9, a bp=0.

. Ecam mpu atom k<n, To, nockonbKy npu k<n Bce HecATHUHbBIE
3HaKH 10 Nopsiika Ry b’ u b” coBmapaioT, ycaosusi a<b’ u a<b”,
OYEBHIHO, 9KBHBAJIEHTHHI. \

Ocraerca paccMoTpeTs cayuail k=n. B s3Tom cayuae cooTHOmeHus
(2.5) npuuumaior BuI ao=by, ai=0b,..,Qn 1=bn_i, an<b,. Camoe
NOoCJeHEe HEPABEHCTBO 5KBHBAJEHTHO HEPABEHCTBY an<ibn,— 1.
Ecau npr atoM an<bn, — 1, 10 no npasuny ynopsamouenus a<<b”.

* Tlpu 3TOM MH Y9YHTHBAaEM, YTO JJId HEOTDHLATeJAbLHHX a4 H b mpasu-
JI0 yNOpPSI0YEHHs yXKe onpefeJeHo (cM. caydai 1)).
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Ecau Xe B yKa3aHHOM TOCJelHEM HepaBeHCTBe a,=b, —1, TO
Bce JecATHUHbBIE 3HAaKH Yy uucen a U b” o mopsiaka n coBmajalor.
IMockoawpKy v uucyia b” Bce mecsAiTHUHBIE 3HAKH MOPsiAKa, GOJblIEro 7,
paBHBl [EBSITH, TO B B 3TOM caydae a<<b”, ubo y umcna a Bce mecd-
THYHBIE 3HAKH TOPSIAKA, GOJBIUEr0 n, He MOTYT ObITh PaBHH AEBATH
(B cuay TOrO, YTO @ He paBsHO b').

Urak, yrBepxaeHne 1) mokasaHo.

Ilepeiinem Kk Jgoka3aTenbCcTBY yrTBepxKAeHust 2). Ilpexmosoxum,
yro a<<b”. JloroBopuMcsl O CJAEAYIOINUX 0603HAYeHHUIX OeCKOHeUHBIX
JeCATHYHHX Apobeil, mpeacTaBasiiouux ynciaa b’ u b”.

b'=by, by’by ... by ..., b =bo",0,"by” ... b, ...

B stux npexcrasieHusx
by’ =by” =bo, by’=b,"=b1, ..., b1 =b"n_y =bu1, b,/ =b,, b, =br—1.

Unbimu CJlOBaMu, CiipaBe€LJnBa Lelo4yKa COOTHOIIEHHH
bO/: bOI/, b[/——‘— blll’ vy b,n—l — b”n—l, bn,> bn”-

C npyro#i CTOpoHH, NOCKOJAbKY a<b”, naiimercs HoMep Kk Takxo#,
YTO CIpaBeRJUBA IENOYKA COOTHOLIEHHI

ao="bo", a1=b\", ..., ap1=b"r_1, ar<<by".

O6o3Hauum yepe3s M HauMMEHbIIHH H3 ABYyX HOMEpPOB 71 H R
H CONOCTAaBUM MexXJy co0oif JABe nocjeJHHE IENOYKH COOTHOLIEHHH.
Hcnonbsys cBolicTBa TPAaH3UTHBHOCTH 3HAKOB > K = JJIF LEJbIX YH-
cesl, MBl IOJYYMM IIPH 5TOM CJEAYIOMYIO HEeNOYKY COOTHOLIEHHH:

ao=by, a1=b\, .., am 1 =b"m_1, an< b’

IlonyyeHHBle COOTHOINEHHSI HA OCHOBAHHMH NPaBHJa YIOPSJOYEHHS
BEUIECTBEHHBIX YHCEN YCTAHABJHBAIOT CIPaBeJJUBOCTb HEPABEHCTBA
a<b’. Tem caMbIM yTBepXKJeHHE 2) TaKXKe JOKA3aHO.

Enie pas noguepkHeM, uTO [JOKa3aHHas JieMMa IO3BOJseT IPH
YIOPALZOYEHHH JBYX 4YHCeJ, IPeACTABUMBbIX OECKOHEYHBIMH JeCsATHY-
HBIMH JpOOGSIMH, NOJb30BATbCS JIOOBIM K3 ABYX IpeACTaBJeHHH B
- BHJle 0eCKOHEYHO! MeCATHUHOH Jpo6GH I/ pPalHOHaJbHBIX YHCEI,
NPEeACTABHMbIX KOHEUHOH JeCATHYHOH APOOBIO.

- Jlerko y6eiuThCs B TOM, YTO CHOPMYJHPOBAHHOE IPaBUJIO YIO-
PANOYEHHS B NDHUMEHEHHH K JABYM palHOHAJbLHLIM UHCJAaM, Npef-
CTaBJEHHBIM B BHAe OeCKOHEUHBIX JAECATHYHBIX ApobeH, MPHUBOILHT
K TOMY XK€ De3yJabTaTy, YTO H IpexHee I[PaBHJIO YIOPSJOUYEHHS
pallUOHAJBHBIX UHCEJ, IPeACTaBJEHHBIX B BHJAEe OTHOLUIEHHSA JBYX
LeJbIX YHCeI.

B camoM jnese, A0OCTAaTOYHO paccMOTpeTh cjay4all OBYX HeOT -
PHILATENAbHBL X pauHoHaJbHBIX uuces a u b. Ilycts a>b co-
IJ1acHO TNpEXHEMY NPaBH/y YIOpPAJAOueHHs PpalBOHAaJbHBIX YHCeJ],
U IyCcTh a=do, &1z ...On ...; b=bo, bibs...by ... OTHOXKHB panuo-
HaJIbHBIE YHCAa @ B D Ha 4uCJIOBON OCH, MBI MOJYYHM OTBeuawllHe
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uM TOUKH M; u M,, npuueM, mockoJapKy a>b, orpesok OM,; Gob-
mwe orpeaka OMs,. M3 onucanHoro B 1. 2 mpoiecca H3MepeHHs OT-
pe3Ka YHCJOBOH OCH BBITEKAET, YTO LEJO€ YHCJIO Qolids...A; TOKa-
3BIBaeT, CKOMbKO pa3 10~* uacte MacwiraGuoro orpeska OF yxaa-
nbiBaetcs B orpeske OM;, a nenoe wucao bobibs... b, mokasniBaer,
ckoJibko pa3 10~* uacte OE ykinagpiBaercss B orpeske OM,. Tlo-
CKOJIBKY 0oTpe3ok OM; Gosbiue orpeska OM,, To Halijercs HOMep
k TaKOﬁ, YTO QoQ -na«h—l':—“bobl---bk—l, a apty ...ak>b0b, ...bk, HO
3TO W O3HavaeT, 4ro @>b corjiacHO NpaBHJIy YNOPSAOYEHHS UH-
cesl, IpeJCTAaBHMBIX GECKOHEUHBIMH JIECATHYHBIMH JPOOSIMH.
JlokaxeMm Tenepb, 4TO AJad C(HOPMYJHPOBAHHOrO HAaMH IIpaBHJA
YINOPSNOUEHHS] YHCEN, NPEJCTABUMBIX OCCKOHEUHBIMH JAeCATHUHBIMH
JApoOsiMH, OCTaeTcst cnpaBefJUBHIM CBOICTBO 4°, NpuUBeJeHHOe B M. 1
JJIsi PallHOHAJNbHBIX YHCEN, T. €. JNOKaxkeM, uTo 044 A06blx Tpex 4u-
cer a, b u c, npedcrasumoix Geckorneutoimy OecaTuunbimu OpPOOGAMU,
u3 cnpasediusoctu uepasencrs a>b u b>c¢ swirexaer cnpasediu-
80CTb HepasencTsa a>>C (C80ICTE0 TPAH3UTUBHOCTU 3HAKA >), 4 U3
cnpagedausocTu paseticte a=b u b=c sbirekaer cnpasediusocTs
pasencrsa a=c¢ (C8OLCTB0 TPAHZUTUSHOCTU BHAKA =).

CBOMCTBO TPAaH3WTHBHOCTH 3HAaKa = Cpa3y e BBHITEKAaeT W3 chpa-
BeJIJIUBOCTH COOTBETCTBYIOUIEIO CBOHCTBA JAJIS IEJBIX YHCEJ.

JloxaxkeM CBOHCTBO TpaH3WTHBHOCTH 3Haka >. Ilycts a>b, b>c.
Tpebyercss BOKa3aThb, 4TO a>cC. '

PaccMOTpHM TpH BO3MOXKHEIX caydas: 1) ¢ HeoTpuuarenbHo; 2) ¢
OTPHIATENBHO, @ HEOTPHLATENbHO; 3) ¢ OTPHUATENbHO W @ OTPHIlA-
TEJbHO.

1) Ilycrp cnavana ¢ HeorpHuaresbHo. Torma b Tak:ke HeoTpHla-
TeJNbHO, U060 ecan Obl b GBLIO OTPHUATENBHO, TO B CHJIY NMpaBWjia yuo-
PANOYEHHST MBI NOJYYHIH GBI, UTO ¢>b, ¥ 3TO NPOTUBOPEYHJIO Obl ye-
JoBuio b>c¢. Jlanee, MOBTOPSs Te K€ PACCYRACHHS, MB TOJy4YHM,
YTO H @ HeOTpHUaTeJbHO (HGO B NPOTHBHOM CJiyYae Mbl TNOJYYHIH
6B, 4TO b>a, U 9TO NPOTHBOPEUMIO Gbl YCJIOBHIO a>b).

Hrak, B paccmaTpuBaeMom cayuae Bce TPu umcia a, b ¥ ¢ Heor-
pHIIaTeabHBl. 3alHCcaB NPEACTaBJAEHHS THX UHCcea GeCKOHEUHBIMH Je-
CATHUHBIMY APOOIMH
a=ao, mas...; b="by, biby..; c=co,€iCs..., MBI NONYYUM, UTO B CHJY
ycaoBusi a>b naiigercs HoMep R Tako#, uTo

_ ao=bo, ay=by,..,ak1=br_1, ap>by. (2.6)
AHalorHUHO B CHJY YCJIOBHSI b>¢ Halimercs HOMEp p TakoH, 4To
bo=co, bi=cy, ..., bp_1=Cp_y, bp>cp. 2.7)

O6osnauum yepes 7 HaHMEHbLIHHA W3 ABYX HOMepoB 2 u p. Toraa,
O4Y€BHIHO, M3 CcoOTHOWeHHH (2.6) u (2.7) m W3 crnpaBeATHBOCTH
CBOHCTBA TPAaH3UTHUBHOCTH 3HAKOB > M = JJIsi IEJEX YHCEJ BHITe-
K3eT, 49TO Qo= Cq, @3 =C1, ..., Am—1=Cm1, Gn>Cm, @ 3TO U O3HAUaET (1O
NpaBuIy yNOpPSLOYEHHsT), YTO A >C. '
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2) IlycTs Temepb ¢ OTPHIUATEJbHO, @ HeoTpuuaTesnnHo. Torma (He-
3aBHCHMOE OT 3HaKa uHc/l1a b) HepaBeHCTBO @>¢ CHPaBeLIHBO B
CHJIy NpaBHJIa YNOPSJOUYEHHS.

3) Paccmorpum, Hakomen, cayuai, Korja o6a yMcia @ M ¢ OTPH-
LaresbHEl. 3aMeTHM, YTO B 3TOM caydae W b orpumarenbHo (u6o B
IDOTHBHOM CJIyYae Mbl MOJY4YMAM Obl H3 IpaBuja ynopsaodeHHs, 4TO
b>a, u 310 npoTHBOPEUNIO OBl yCAOBHIO a>b). _

Hrak, B paccmarpuBaeMom caydae BCe TPH uHCia a, b u ¢ OTpH-
narespHel. Ho B Takom cayuae (B cuiy npaBusia ymopsgouenus) He-

aBeHcTBA a>b, b>c osKBHBajeHTHH HepaBeHcTBaM |b|>|a| u

Tc|>|b[. W3 nocnennux AByX HepaBeHCTB (B CHJy CBOKCTBA TpaH-
SHTHBHOCTH 3HakKa >, yXe JOKa3aHHOTO HaMH B cayuyae 1) mias He-
OTPHIATeNbHBIX YHCeJ) BHITEKaer, uro |c|>|al, a 3To u o3mauaer
(B cuy mpaBm/ia YNODPSAOYEHHS ‘OTPHLATENLHBIX UYHCET @ H C), 4TO
a>c. Tem caMbIM J0Ka3aTeJbCTBO CBOMCTBA TPAaH3HTHBHOCTH 3HaKa
> MOJIHOCTBIO 3aBEPIIEHO.

§ 2. OTPAHMYEHHBIE CBEPXY (WJIH CHU3Y)
MHO)KECTBA YHCEJI, MPEJCTABHMbIX
BECKOHEYHbIMH JXECATHYHBIMH APOBSIMH

1. OcHoBHble mnOHATHSI. PaccMOTpDUM COBEpIEHHO IIPOM3BOJIBbHOE
MHOXKeCTBO {Xx} 4HCEJ, NpPeNCTABUMBIX OeCKOHEUHBIMH JAeCATHYHBIMH
ApOGAMH. :

‘OtpeNibHbie 9HMCJIA, BXOJSLIAE B COCTaB MHOXKeCTBa {x}, Mbl GyjeM
HasbBaTh JIeMeHTaMH 3TOr0 MHOXKEeCTBa.

Bciogy B aToMm naparpacde Mol 6yzeM Tpe6oBaTh, 4yTOOBI paccMmar-
pHBaeMOe MHOXKeCTBO {x} comepajo XOTsi Ol OAHH 3JEMEHT (Taxoe
MHOXKECTBO NIPUHATO HA3HIBAaTh HEM Y CTH M).

BBezeM BaxkHOe NOHATHE OrPAaHHYEHHOCTH MHOMKECTBA CBEPXY
(unu COOTBETCTBEHHO CHH3Y). .

Onpexenenue 1. Muooecrso {x} uucea, npedcrasumoix 6€CKO-
Heunbimu OecATUYHbIMU OpPOGAMU, HA36IBAETCE O2PAHUYEHHDbLM
ceepxy (COOTBETCTBEHHO O2PAHUYEHHBIM CHUBY), ecau cy-
ujectsyer rakoe npedcrasumoe OGecKoHedHol OecATu4HOl Opobsio 4u-
cro M (coorsercreenno Taxoe npedcrasumoe 6eckoneuHol OecaTuy-
HOU Opob6sio wucro M), 410 KAXObLL dLemenT x mHoxecTéa {x} ydos-
AETBOPAET HEePaBeHCTsY

XM (coorsercrsenno x=m). (2.8)

IIpu stom wucao M (uucio m) nasvisaercs eepxHeti ePanbso
(huscnell epaHbr) mHoiecrea {x}.

Koneuno, n060e OrpanuyeHHoe CBepPXy MHOXKECTBO {X} nMeer Gec-
KOHEYHO MHOro BepXHHX rpaneit. B camom pnene, ecan uncio M — og-
Ha M3 BEPXHHMX IpaHeli MHOXecTBa {x}, To Jw6oe unciao M’, 6oabuiee
ynciia M, Takke sBJsiercs BepxHell rpaHbio MHOXKectBa {x} (u6o H3
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crnpaBeJIMBOCTH HepaBencTBa (2.8) Oymer caemoBath, yro x<IM').
AnajiorHuHOoe 3aMeYaHHE MOXKHO CJIeJIaTh B OTHOILEHHH HHMXKHHX rpa-
Hel OrpaHHYeHHOTO CHH3Y MHOXecTBa {x}.

Tak, HanpuMmep, MHOXKeCTBO BCE€X INPEACTAaBHUMHIX OGeCKOHEUHBIMH
JECATHUYHBIMH APOOSMH OTDHIATENbHHIX YHCEJ OrpaHHYeHO CBEPXY.
B kauectBe BepxHe#l rpaH M Taxoro MHOMKECTBA MOMKHO B3SITh JIIO-
60e HEeOTPHIATEJbHOE UYUC/JI0. MHOMKECTBO BCEX HENbIX MOJOXKHTENb-
HEIX umcen 1, 2, 3,.. orpaHnyeHo cHu3y. B kauecTBe HUKHeH rpaud
5TOTO MHOXeCTBa MOXHO B3fIThb JII060e YHCJIO ™M, YyIOBJETBOpsOllee
HepaBeHCTBY M< 1.

EcrecTBeHHO, BO3HUKAeT BONPOC O CYIIECTBOBAHMH HaHMeEHbIIEH
#3 BEPXHHMX IpaHell OrPAHHUYECHHOTO CBepXYy MHOMXKeCTBa H HanboJibileH
M3 HHXKHEX TpaHell OrpaHHYeHHOro CHH3y MHOXKECTBA.

Onpenenenne 2. Haumenvuwias uz 6cex 8epxnux epauei
02PAHUYEHHO20 C8epXYy MHONcecT8a {X} Ha3bléAeTCs TOUHOU. 8epPX-
Hel 2PAHbIO 3TO20 MHONECT8G U O0003HAYAECTCH CUMBOAOM K=
=sup {x} *. '

Hauboavuian uz ecex HuMCHUX epaneil 02PAHUYEHHO20 CHU3Y MHO-
#ecTsa {X} HA3LIBAETCA TOUHOL HUMHED 2PAHbIO 3ITO20 MHO-
secrea u oboznawaerca cumgorom x=inf {x} **. :

Onpenenenre 2 MOXHO COPMYJIHPOBATH H TO-APYTOMY, a MMEHHO:
Yucao x (uucao x) Haseleaercsn TO4HOU eepxted (TO4HOL

MU He ) epansio ozpanutennoeo ceepxy (CHu3y) muoocecrsa {X},
ecau solnoanenst caedyrowue dsa rTpebosanus: 1) xaxcOeild srement
x mHoxcecrsa {x} yodosaeTeopaeT HEPABEHCT8Y XX (x>=Xx); 2) Kako-
80 ObL Hu ObL20 wuCAO X', Mmenvuiee X (66avulee x), HalideTca xoTs 6ol

00un 31eMenT X MHONcecTsa {x}, yoosaeTsopsiowul HepasercTsy x>
>x(x<x).

B arom onpenenenuu tpeGoBaHue 1) yTBepKaaeT, 4TO UHCJIO X
(uucro x) sABJAETCS ONHOH W3 BePXHHX (HHKHHX) rpaHeii, a Tpe6o-

BaHHe 2) TOBOPHT O TOM, YTO 3Ta I'DaHb SABJSETCS HaHMeHbuiei (HaH-
Gonbuie#) U yMeHbineHa (yBesanueHa) ObITb HE MOXKe?P.

2. CywectsoBanue TO4HMX rpaned. CyuiecTBoBaHue y J1060r0
OrpaHHYEHHOro CBepXy (CHH3Y) MHOXKECTBa TOYHOH BepxHell (TOYHOMH
HHXKHEH) I'DaHuW He SIBJSETCS OYEBUAHBIM M TpeGyeT AOKA3aTeJNbCTBA.
JlokaxeM cJeyIOULYI0 OCHOBHYKO T€OpeMy. .

OcnoBnasa teopema 21. Ecau Muomecrso {x} wuucens,
npedcrasumblx GecKOHeuHoIMU OeCATUYHbIML OpPOBAMU, 02PAHUYLEHO
ceepxy (COOTBETCTBEHHO CHU3Y) U COOEPHCUT XOTA 6b. 00UH 3NEMEHT,
TO Y 3T020 MHONCECTBA CYUW,ECT8YET TOUHAS BepxHAA (COOTBETCTEEHHO
TOUHAR HUNCHASL) 2PAHb.

* sup — nepeole TPH OYKBBl JATHHCKOTO CJIOBA supremum  («CympemyM»),
KOTOPOe TIEPEBOAHTCS KaK «HauBHICUIEe», _
** inf — nepshie TpH OykBH JaTHHCKOro caosa infimum («undpumym»), Koro-

poe nepeBOAUTCSH KAK «HAHHUSLICE».
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JokaszaTeabcTBO. Mu ocraHoBHMCH JHIIL Ha J0Ka3aTelb-
CTBe CYLIECTBOBAHHSA TOYHOH BepXHeH rpaHH y J1060ro OrpaHHYeHHO-
ro CBepXy MHOXeCTBa, HOO CyIleCTBOBaHHe TOUHON HHWKHEH rpaHH ¥y
JI0GOT0 OrpaHHYEHHOrO CHU3Y MHOXKECTBa HOKa3BIBAeTCS COBEPLICHHO
2HaJIOTHYHO.

Hrak, mycTe MHOXKECTBO {X} OrpaHMYEHO CBEpPXY, T. €. CYLIeCcTBYeT
Takoe 4HCa0 M, UTO KaXKIHf 3JeMeHT X MHOXKecTBa {X} yZOBJIETBO-
pseT HepaBeHCTBY x<M.

" Moryr npeIcTaBAThCA ABa CiaydYas:

1°. Cpenu 3jeMeHTOB MHOXecTBa {x} ecTb XO0Ts 6Bl OXHO He-
orpunareibHoe uHcao. 2°. Bce sneMeHnTH MHOXecTBa {X} sABJfA-
I0TCA OTPHUIIATEJIBHBIMH YHCJaMH. DTH CJAydaH MBl PacCMOTPHUM OT-
JeJIbHO.

1°. PaccMOTpHM JIHIIb HEOTpPHLATENBHBIE YHCHIA, BXOAALIHE B CO-
cTaB MHOXecTBa {x}. Kaxmoe u3 3THX umces npeacraBuM B Buae Gec-
KOHEYHOH NecsATHUYHOH IpOo6GH H PacCMOTPHM liesible YacTH 3THX Hecs-
THYHBEIX gpoGell. B cuny HepaBeHcTBa <M Bce Le/ble uacTH He Ipe-
BOCXOAAT uucaa M, a mo3ToMy Halifercd HauO6oOJbUIasg M3 IENHX
gyacTell, KOTOPYI0 MH 0603Ha4uM uepe3 Xo. CoXpaHHM Cpeiun HEOTPH-
IaTeNbHBIX YHMCEJ MHOXKecTBa {X} Te, Y KOTOpPHIX Illejiass 4acTb paBHa
Xo, 1 OTGPOCHM BCe OCTaJibHble YHCJa. ¥ COXPAHEHHBIX YHCEJ PaccMoT-
PHM IlepBHE JecATHYHble 3HAKH nocie 3ansgtoii. HauGouplinit U3 sTux
3HaKoB 0603HayuM uepe3 X;. CoxpaHHUM cCpelud HEOTPHIATEIbHBIX YH-
cen MHOXecTBa {x} Te, Y KOTOPHIX LleJlasi yacTb paBHa Xo, a MepBHIi
JeCATHYHHIA 3HAK paBeH Xi,  OTOPOCUM BCe OCTaJjbHble uyucjaa. ¥ Co-
XpaHeHHBIX YHCeJ PacCMOTPHUM BTOphle AeCATHUHBIE 3HAKH MOCJTe 3a-
naroii. Hanbonpmuii u3 3THX 3HaKOB 0603HauuM depes X.. [Ipomoui-
Xasl aHaJOTHYHBIe PacCyXJeHHs xajlee, MBl INOCJEJOBATEILHO OIIpe-
JeJTUM JeCSITHYHble 3HaKH HEKOTOPOro 4Mcja X:

. ;=?Co, )_6-1;2 .« ;n IR (2.6)

JlokaxeM, 4TQ 3TO YHCIO X M SBJASETCS TOYHOH BepXHEHl TPaHbIO
MHOKecTBa {x}. ﬁm{ 3TOr0 JOCTATOYHO JOKa3aTh jABa YyTBep-
kKaeHus: 1) KaXABIA 3JeMEeHT X MHOMKeCTBa {X} yIOBJETBOpsieT He-
PaBEHCTBY X< X; 2) KakoBO OBl HM OBLJIO UHCJAO X', MeHbIee ¥, Hai-
gercsl XoT Obl ONMH 3JeMEHT X MHOXeCTBa {x}, YIOBJETBOPSIONIM
HepaBeHCTBY x> x’.

IokaxeM crHauana yrBepxpeHHe 1). Tak kKak ¥ 1o mocTpOeHHIO
ABJSAETCS HEOTPHIATEJNbHBIM YHCJIOM, TO JIOGOH OTPUILATEJNbHBIH 3Je-
MEHT X MHOXeCTBa {X} 3aBeOMO YJOBJIETBOPSIeT HepPaBeHCTBY X<X.

ITosToMy HaM [A0CTaTOYHO JOKa3aTh, 4TO J0GOH HEOTPHIATENb-
HBIIl 3JIEMEHT X MHOXeCTBa {X} yIOBJIeTBOpsieT HEPaBEHCTBY X< X.

ITpeanosoxHuM, 4TO HEKOTOPBIA HEOTPHIATENbHBIH 3JEMEHT X=
=Xo, X1X2 ..X n ... HE YNOBJETBOPsIET HepaBeHCTBY x<_X. Torma x>X u
IO NMpaBU/y YHODPHLOYEHHs HaiileTcs HoMep R TakoH, UTO xy=X,,

Xy =Xy, .oy Xke) = Xp—1, Xp > Xp. Ho mocaennue coornomenuss mpo-
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THBOpeYaT TOMY, UTO B KauecTBe X Oeperci HaubOoJabmWuif Hs
JECATHUYHBIX 3HAKOB X; T€X 2JEMEHTOB X, V¥ KOTOPHIX Liejasi 4acTh H
nepsbie £ — 1 3HAKOB mOCJe 3alATOH COOTBETCTBEHHO PaBHH Xo, X1, ...
ooy X1,

ITonyuennoe npoTuBOpeune NOKasHBaeT yTBepxKieHne 1),

Jlokaxem Ttenepb yrBepxieHue 2). Ilycrs x'— nwoboe umcso,
yAOBJETBOpsAIONEe ycaoBHIO x'<X. Tpebyercss n0KasaThb, 4TO CYILECT-
ByeT XOTsi OBl OJMH 3JEeMEHT X MHOXKecTBa {X}, YIOBJIETBOPSIOUHN
HepaBeHCTBY x>x'.

Ecau unciao x’ siBjiseTcsi OTPHLATENbHBIM, TO HEPABEHCTBY X>x’
3aBeOMO YIOBJIETBOpSiET HEOTPHIATEJIbHBIN 3JIEMEHT X MHOXeCTBa
{x} (mo mpennosoxkeHHIO XOTs OBl OJWH TAKOH 5JE€MEHT CYIIECTBYET).

Ocraercs paccMoTpeTb cayda#, KOrja 4ucJIO X', YAOBJIETBOPSIO-
ulee ycaoBuio x' <X, ABJIsETCS HeoTpuuaTedbHBIM. [lycts ¥/ =xy, X ...
w.Xn ... I3 ycnoBus x’<X¥ M U3 npaBuia YNOPSLOYEHHS BLITEKAET,
YTO HalifleTcss HOMED M TaKoH, 4To

’ - ’ —_— ’; — ’ -
X0 =Xy X1 =1Jqs < s X1 = Xm—i1y Xm < Xppe (2.10)

C npyrofi cTopoHB, H3 mocTpoeHusl uncaa (2.9) BeITEKaer, 4TO AJA
Ji6oro HoMepa M HaHWAeTCs HEOTPHLATENbHBIH JIEMEHT X= Xg, X;Xs ...
. Xn ... MHOXeCTBA {x} Tako#, y KOTOPOro Lejasi 4acTb ¥ BCe NEepPBHE
M 3HaKOB IIOCJe 3andAToOH Te Xe, 4To y uyuciaa X. MIHBIMH cioBawmi,
U1 HOMepa m HaHjeTcsl 3JIeMEeHT X TaKoH, AJs KOTOpOro

x():xo, X1=)C1, ooy Xme1 = Xm—1, xm:xm- (2.11)
ComnocraBasas (2.10) u (2.11), MBI nosyuum, 4TO
’ ’ ’ ’
Xo= X0y Xy =XK1y « -+ s Xm—1 = Xm—1y Xm > Xm,

a 3TO H O3HayaeT (B CHJY IIpaBW/Ja YHNOPAAOYEHHs), yTO Xx>X'
YrBepxaeHue 2), a ¢ HUM H BCS TeopeMa AJjs ciydas 1° JoKasaHHI.

2°. AHa/OrHYHO JOKa3HIBAeTCSl CYILIECTBOBaHME TOUYHOH BepXHei
FPaHd W BO BTOPOM cCJyyae, KOTJla BCe 3JEeMeHThl X MHOXKecTBa {x}
SIBJSIOTCS OTPULATENbHBIMH YHCIaMH.

B stoM c/lyyae MBI NPeACTaBHM BCE 3JIE€MEHTHl X OTPHIlATENbHBIMH
GeCKOHeUHBIMH JAeCATHYHBIMH APOGSIMH H 0603HAYHM dYepe3 Xo HaH-
MeHbIIYIO H3 IeJbIX 4YacTed 3THX Apobel, yepes X, — HaMMEHbIIHH H3
NepBBHIX JECSITHYHBIX 3HAKOB TeX ApoOeH, Iejas 4acTb KOTOPHIX paB-
Ha Xo, 4epe3 Xp-— HaMMEHbINHH W3 BTODPHIX JECATHUHBLIX 3HAKOB TeX
ApoGei, menas 4acTb W NepBbIA NECATHYHHIA 3HAK KOTOPHIX COOTBET-
CTBEHHO PaBHBI Xo U X1 U T. I.

_ Takum o6pasom Mbl onpeesHM HENOJNOXKHTENbHOE YHCIO
X=—Xgy Xy Xg oo Xy oo. .

B nmosHO# anasorum co caydaeM 1° poKasbiBaeTcs, UTO 5TO YHCJIO
X sABJsieTCS TOUHOHM BEepXHeH TIDAaHBI0 MHOXKECTBA {X}, T. e. JOKa3hl-
BaeTCsl CNPaBelIMBOCTb yTBepkaeHHd 1) u 2), chopMysupoBaHHBEIX
TpH paccMoTpeHHHu cnyyas 1°. Teopema mokasana.



44 I'zn. 2. BemecTBeHHbe 4HCAA

§ 3. NPUBJIMXEHHE 4YHCEJ, NMPEIACTABHMbIX
BECKOHEYHbIMH AECATHYHbBIMHU JPOBSIMMH,
PALLHOHAJIBHBIMH YHCJIAMH

JokaxeM TPH JIeMMB O NPHOJHKeHHH YHceJ, NpeACTaBHMEIX Gec-
KOHEUHBIMH JECSITHYHBIMH JPOGSMH, pallHOHAJBHLIMH UYHCAAMH.

Cuhavana y6emuMmcs B TOM, YTO IIPOH3BOJbHOE UHCIO @, NMpeAcTa-
BHMOe 6GeCKOHEeYHOH HecsTHYHOH Apo6blo, MOXKHO C Halepe] 3ajaH-
HO# TOYHOCTHIO MPHOJU3UThL PAIlHOHAJBHBIMH UHCIAMH.

Panu onpefeseHHOCTH OyieM CYHTaTb @ HEOTPHUATENBHBIM H
HpeACTaBHM €ro Apobbio a=ap, a1dy ... Ay ... .

O6pbiBasg yKa3aHHYI0 [JpoOb Ha r-M 3HaKe IOCJe 3alsTOH, M
HOJIYYHM pallHOHAJBbHOE YHCJIO Qp, @1Qs ... An, IPHYEM M3 IIpaBHJIA YHO-
PANOYEHHS uMCEJ, MPEACTaBHUMBIX OECKOHEYHBIMH JeCATHUHBIMH JPO-
05IMH, cpa3y Ke BBITEKAeT, UTO

Qo, Q1Q2 ... An <A,

YBeJHYHB YKa3aHHOE palfoHaJbHOE 4YHCIO0 Ha. 107", MBI nmojayyum
Apyroe palHOHAJBLHOE YHCJIO dp, Gidg..GAn+ 107", KoTOpOe (B CHIY
npaBujia YNopsiiodeHHst) o0s13aHO YAOBJIETBOPSATH HEPaBEHCTBY

a<ag, a1ay...an+ 107,

Urak, paa moboro HoMepa n Mbl HAlULIH JBa PalMOHAJbHBIX YHC-
Ja o =dag, @183...4, H Qe=dy, Q10Q3...0n+10~" Takue, 9T0 01 <A<
" ag—a;=10"".

Y6enuMcsa B TOM, 4TO AJst J0O0ro Halepen B3SITOrO INOJOXKHTENb-
HOTO pallHOHAaJILHOTO UUC/a €, HAYHHAsh C HEKOTOPOTO HOMepa n, cmpa-
BEIJHBO HepaBeHCTBO 107" <e.

B camoMm jpene, B cuiy akCHOMBI ApxuMena HaHAeTCsl JIMIIb KOHEY-
HOe YHCJIO HaTypaJbHBIX YHCeJ, He IpeBOCXoAsfmuXx uucesa l/e. 3Ha-
YHT, JHULIb JJ KOHEYHOro YHCJIa HOMEPOB 7 CIPABEAJHBO HEPaBEHCT-
Bo 10n<l/e, uau 1077>¢. s BCceX OCTAJBHBIX HOMEPOB 7 CIpaBel-
JIHBO IIPOTHBOMOJIOXKHOe HepaBeHCTBO 107"<{g, uTO UM TpeboBaNOCh
JOKA3aTh.

Mbl IpUXOJHM K CleAYIOLIeMY YTBepPIKIAEHHUIO.

Jlemwma 1. [aa awbozo npedcrasumozo 6eckonedHoll 0ecaTusnoil
0pobsi0 uucra a u 4106020 Haneped 634TO20 NOAOHCUTEALHOZO PAYUO-
HAAbHO20 HUCAQ & HAUOYTCA 080 PAYUOHAALHBIX HUCAQ 0y U Gy TaKUe,
Y7o o <A<l U ag—a<e.

JlokaxeM ellle ABe JieMMbl, XapaKTepH3yIollHe TYCTOTY pacupere-
JIeHHs DANUOHANbLHHIX YHCEN CPelH NPOH3BOJBHLIX WHCE], NpeiCcTaBH-

MBIX GeCKOHEYHBIMH HECSITHUHBIMH APOOSIMH.
' Jlemma 2. Kakosor 661 nu 6oiau dea npedcrasumolx 6eCKOHeYHbL-
mu Oecartuynoimu Opobamu wucia a u b raxue, uro a>b, naiidercs
POYUOHAABHOE HUCAO a, 3AKAIOYEHHOe MexncOy HUMU, T. e. TaKoe, 4TOo
a>a>b (a caedosarensro, nHaldercs u Geckoneunoe MHONECTBO PaA3-
AUHHBLX PAYUOHANLHBIX HUCeN, 3AKAIOYeHHbIXx mextdy a u b).
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INokaszaTeabcTBO. JloCTaTOYHO pPaccMOTPEeTh Chaydai, Korxa
06a uhciia @ U b HeoTpuHaTeabHH, HOO caydadl, Korda a H b
HemOJOXHUTeJbHBbl, CBOAUTCA K YKa3aHHOMY ClydJan IOCPeICT-
BOM Mepexoja K MOLYJAM, a cjyya#l, KOoTAa b OTPHUATENBHO, & 4 TO-
JIOXKHTENbHO, TPUBHAJEH (B KauecTBe ¢ MOXKHO B3fTb HYJb).

Hrtak, nycts a>b u 06a uucaa a U b HeoTpuuaTeapHel. ITpeanoso-
UM, 4TO =g, Aidy...0n ...; b=bg, bibs..by.., IpHUEM B ciyuae,
€CJH @ SIBJISETCH PAIMOHAJbHBIM YHCJIOM, NpPEJCTABHMBbIM KOHEUHOH
JecATHYHOM APOOBIO, 10roBopuMcsa OpaTh NpejacTaBjeHHe @ NeCATHY-
Hol ApoBBIO, 3aKAHYUBAIOLIEHCA GECKOHEYHBIM YHCIOM IeBATOK.

Tax kak a>b, To HalileTcs HoMep k TakoH, 4T0 Go=bo, a1=Dby, ...
Qp-1=br—1, ar>Ds.

B cusly mpuUHSTOR HaMH JOrOBOPEHHOCTH BCE AECATHYHBIC 3HAKH n
1pu n>k He MOryT ObITb PaBHBI HYJIO. :

O603HaUMM yepe3 p HaWMeHbIUMH H3 HOMEpOB 1, GOMbWHX k, MJs
KOTOPHIX an520. Torna 4mucyio @ MOXKHO 3aNUCATh B BHAE

a=4a, alaz “ae ah_OO o Oap--. (ap>0).

b}

C noMOIIpI0 NpaBHiIa YIOPSi/IOUEHHS JEerkKo NMPOBEPUTD, YTO PaLHO-
HaJlbHOE YHCJIO

a=do, A1z ... 600 ...0(a,—1)999 ...

YAOBJETBOPsieT HepaBeHCTBAM «>a>b. JlemMa JokasaHa.

Jlemma 3. ITycro x; u xy — 06a 3a00HHbIX 4UCAG, NPEOCTABUMDbLY
OecKoneynbIMU QecaTudHbimu dpobanu.

Hycrs daree 0aa 2106020 NOAOHUTEALHO20 PUYUOHANLHO2O HUCAA
& HQUdYTCcA 08a PAYUOHANALHLLX YUCAG Y1 U Yo TAKUE, 4TO

Yi<X1<Yg; Vi< Xo<Yg; yo—y1<&.

Toeda uucaa x1 U X3 pasHui.

HdokaszaTedbcTBO. JONycTHM NPOTHBHOE, T. €. IIPEAINOJIOXKHM,
9TO0 X;74Xs. He orpaHuumBas oOLIHOCTH, GylJeM CUHTATh, UTO X1 <Xp.
B cuny nemmbl 2 Ha¥AyTCs ABA PALHOHAJNbHBIX UHCJIA @ H Og TaKHe,
qTOo

x1<a<lae<Xo.

[Iycte Tenepp y; 4 ys—KaKHe YyroJHO palHOHaJbHBIE YHCJA,
YAOBJETBOPSIONIHE HEPABEHCTBAM Y1 < X1 <Yy, Y1 <X2<Yo2.

M3 HanucaHHBIX BHIIE HEPABEHCTB W CBOHCTBA TPAH3UTHBHOCTH 3Ha-
KOB > H = noayuuM y;<<a<ag<<ys. Ho Ttorma ys—vyi>0o—ai, 4TO
TPOTHBOPEYHT TOMY, YTO PAsHOCTh Yy—Yy: MOKeT OHITh CjlejiaHa MEeHb-
e J60ro Hamepen B3SITOrO MOJOXKHTEJLHOTO pallHOHAJbHOrO 4YHCIa
e. Jlemma pmokasafa.
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§ 4. ONNEPALLUYH CJIO)XEHHUA H YMHO)XEHHA.
ONUCAHHE MHO)XECTBA BEIIECTBEHHbBIX YHUCEJ

1. OnpepeneHne onepauui cloxXeHHss H yMHOXeHus. OnucaHue mo-
HATHA BEHNIECTBEHHbIX YHCeJ, XOpOLIO M3BECTHO, KaK CKJA4ALIBAIOT AB&
yucsIa, NPeACTaBHMBIX OeCKOHEYHBIMH AECATHYHBIMH JApPOGSIMH, KOrja
Tpebyercst BHIUHCJIUTL HX CYMMY Ha IpPaKTHKe.

Jast Toro ytoGHl CJAOKHTH IBa TAKHX YHCJAA @ U b, 3aMEHSIIOT HX C
TpeGyeMOHl TOUHOCTbIO PAlMOHAJBHBIMH YHCJAMH W 3a NPUOIMKEHHOE
3HaUYeHHEe CYMMBbI 4YKices @ U b 6epyT CyMMY YKa3aHHBIX PallHOHAJbHBEIX
uyces. [Ipu 3TOM coBeplIeHHO He 3a00THATCH O TOM, C KaKOH CTOPOHEL
(mo HemocTaTKy HAM NO H3OBITKY) B3fAThle pPalliOHa/bHble YHCJA TIPH-
6auxKanoT a u b.

DakTUYeCKH YKa3aHHBIN NpPaKTHUYECKHH crmocob CJOXKeHHs guced,
NpeACTaBUMBIX OECKOHEUHBIMH JECSITHYHBIMH JIPOGSIMH, NMpeANoJaraer,
4TO YeM TOYHee palHOHaJbHBle 4HucJa o H § npubamxkalor (¢ Jo6ok
CTOPOHBI) YHCJA @ H b COOTBETCTBEHHO, TeM TOYHee cymMMa a -+ mpu-
6aukKaeT TO NpeACTaBUMOe GeCKOHEYHOH AECATHYHOH JpOObIO YHUCJIO,
KOTOpOe JOJIZKHO SIBJISITbCS CYyMMOH 4HCesa a u b.

JKenanue onpaBaath yKa3aHHBIH NPAKTHUECKHH CHOCOO CJOXKEHHUST
€CTeCTBEHHO NPHBOJNT K CJAELYIOLIEMY ONpeLeseHHIO.

Onpenenenue 1. Cymmod 0syx npedcrasumoix 6eCKOHEUHbL-
mu decaruunoimu Opobamu wucea a u b nHasvisaerca Takoe npeocrasu-
moe 6eckoneynoli 0ecaTudnol Opobbio 4uUcar0 X, KoTopoe OAsl At0bblx
payuonarsHolx wuces ai, o, Pi, P2, Y00B84ELTEOPAIOULUX COOTHOULEHUSM
a<a<ay Pr<b<Py ydosaersopser nepasencTsam

ar+pr<x<ar+ Po.

3T0 4uUcA0 X 0603HAUAIOT CUMBOAOM G+ b.

B n. 2 Gyjger n0KasaHO, 4TO TaKOe YHCJO X CYLIECTBYET W NPHTOM
TOJbKO OfHO. TaMm e OyJeT yCTaHOBJIEHO, YTO TAKHM YHCJIOM SIBJIS-
eTCsl TOYHasi BePXHssi IPaHb MHOXKecTBa {a;+ B;} CYMM BCeX pauHo-
HaJIbHBIX YMCeJ o; H Pi, YHOOBJETBOPSIOIIHX HepaBeHCTBAM «a;<da,
Bi<b, HIK TOUHAA HUKHSAS TPaHb MHOKecTBa {ay+ B2} CyMM Bcex pa-
IHOHAbHLIX YHCEN ag M Pg, YAOBJIETBOPSIIOLIHX HEPABEHCTBAM 4 <y,
b<Be.

B n. 2 6yser noxasaHo TakXe, 4YTO B NPHMEHEHHH K ABYM palUO-
HaJbHLIM YHCJIAM AaHHOe HaMH ONpeleieHHe TNpPHBOAHT K TOMY Xe
pesyJbTaTy, YTO H CTapoe ompejeseHHe CyMMBl PallHOHAJIbHBIX YHCEJ..

ITepeiinem Temnephb K onpeneseHHIO NPOU3BENEHHST ABYX UHCEJN, MpPe-
CTaBUMBIX OECKOHEYHbIMH JeCATHYHBIMH ApoGsivu. CHauana onpefe-
JUM NpPOH3BeJEHHe IBYX INOJOXHUTENbHBIX YHCEJT @ U b

Onpenenenune 2. IIpoussedenuem 08yx npedcrasumorx
noaoscuTeAbHuIMU becKkoneunbimu OecaTuurbimy Opobanmi wuces a u b
HasvliBaercs Takoe npedcrasumoe Oeckoneunoil Oecaruuuoil Opobsto
HUCAO X, KOTOpOe 0as A06bIX PAYUOHANLHLIX HuUCer ai, Og, Bi, Boy -
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yoosaersopsouux cooTHoueruam 0o <a<ay, 0<Pi<b<P,, yodos-
AETEOPALT HePABeHCT8aM a1« Pi<x<dg-Po.

IJT0 4ucs0 x 0003HAUAIOT CUMBOAOM Q- b.

B n. 2 6ymer yCcTaHOBJIEHO, YTO TaKOe YHCJO X CYUECTBYET H IPH-
TOM TOJbKO OJHO. TaKHM 4YHCJIOM X SIBASIETCH TOUHAs BEPXHSAs IPaHb
MHOKecTBa {a;-f} NpOHU3BEJeHHI BCeX DALHOHAJbHBIX UMCEN a1 H Py,
yAoBaeTBOpsomux HepaBeHcTBaM 0<a;<a, 0<Bi<b, wuim TouHas
HHXKHSAS PaHb MHOXeCTBa {ag-Po} NMPOHM3BEACHHH BCEX PALHOHAJIbHBEIX
YHCeJ 02 M P, YAOBJETBOPAIOUINX HEPABEHCTBAM A<y, b<Po.

Upoussesenue uyuces 0600 3HAaKa OMPEENSETCS MO CJAedyione-
MY TpaBHIY:

1) mns mo6oro mpeacTaBUMOro GeCKOHEYHO! JecaTHUHOH APOoOhIO
9HCJIa @ I0JarawnT, 49To

a-0=0-a=0;

2) Ans MPOM3BOJBLHBIX OTJHYHBIX OT HYJS H NPeICTABUMBIX 6ecKo-
HEUHLIMH DeCATHYHBIMH Apo6siMu 4uces a u b mosaraior

ab— lal-[bl, ectt a u b onHoro 3Haka,
—|a|-|b|, ecth @ u b pasHEIX 3HAKOB.

B 0. 2 Oymer ycraHoBJIeHO, UTO B NPHMEHEHHH K ABYM pallHOHAJb-
HbIM YHCJaM JaHHOe HaMH ONpeAeseHHe TNPOH3BENEeHHS INPUBOAHT K
TOMY K€ Pe3yJabTaTy, YTO H IpexkHee ONpelencHHEe NMPOU3BEACHHS pa-
UHOHAJBHBIX YHCEJ.

Tenepn MBI pacrmosaraeM BceM TeM, 4TO HEOGXOAMMO AJs ONMHCA-
HHUS IIOHATHS BellleCTBEHHBIX YHCEJ. v

Jlozosopumcs Ha3618aT6 BeujeCcTBEeHHbLMU HUCAQ, NPeOCTABU-
Mble OeCKOHedHbIMU QeCATULHbIMU OPOOAMU, NPU YCAOBUL, 4TO OAL ITUX
“ucen YKA3AHHbIM Bbiuie CROCObBOM Onpedenenvl TPU Onepayuu: Yynops-
JOUeHUSl, CAOMCHUS 1 YMHONCEHUS.

Tak kax Bce H3JoXeHHOe B § 2 u 3 (M, B 4acCTHOCTH, OCHOBHAf
Teopema 2.1 u neMMbl 1—3) cnpaBedsiMBO AJS IPOHU3BOJNLHBIX YHCEU,
TPEACTABUMBIX OECKOHEYHBIMM JPOOSMH, IJisi KOTOPHIX OmNpefieseHa
TOJNILKO OJiHA OnepauMs YHOPSAOYEHHs, TO BCE HSJOXEHHOe B 3TUX
nwaparpadax cOpapBeJJHBO H JJsl IPOH3BOJIbHHX BEIECTBEHHBIX YHCEJI.

B nanpnefimem GyxyT paccMaTpUBATBLCA YHCJA, TNPEJCTABHMBIE
GECKOHEUHbIMH [eCATHYHBIMA JPOOSIMH, IJs KOTOPHIX KpOMe oOlepa-
LHH YNOPSNOYEHHst ONpE/IeJICHB TaKkKe M ONEPAIHH CJHONKEHHT H YM-
HOXKEHHUS.

Taxue uncna B COOTBETCTBHH €O CHOPMYJIMPOBAHHBIM HAMH IOHSA-
THEM MBI B JaJibHeldlleM OyIeM Has3blBaTh BeHIeCTBEHHBIMH.

2. CywecTBOBaHHE M €JHHCTBEHHOCTb CYMMBI M TNPOH3BEJECHHUS Be-
TECTBEHHBIX YHCEJI.

TeopeMa o cymecTBOBaHUH CYMMB BEN[ECTBeEH-
HBX uyHCeN. [Jan awboix eeujecreennoix qucenr a u b cyujecrsyer
BEULECTBEHHOE HUCAO X, ABASIOULCECS UX CYMMOL.
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JokasarteabcTBo. PUKCHpyeM NPOH3BOJbHBIE pallMOHAJbHEE
Yhcaa g ¥ Po, YAOBJETBOPAIOIINE HepaBeHCTBaM a<ag, b<Py, u pac-
CMOTPHM BC€BO3MOIKHbl€ palHOHA/JbHBIE YHCAA o) U Bi, YAOBJET-
BOPSIOIiNE HEPABEHCTBAM a1<4a, Bi<b.

Y6eauMmcsa B TOM, uTO MHOxecTBO {1+ PBi} Bcex cyMM ai+pBi, oT-
BEUalOINX YKA3aHHBIM Bbllile BCEBO3MOXKHBIM pallHOHAJNbHBIM a H Pi,
OrpaHHYEHO CBEpPXY.

B cuay cBOHCTBa TPAH3UTHBHOCTH 3HAKOB > H = H3 HEPABEHCTB
a<ay U a;<a BHTEKaeT, UTO a1<0g, a H3 HEPaBeHCTB b< Py u Pi<b
BBITEKaeT, 4TO f;< Bo.

Ho nBa uepaBencTBa ay<as H B;<f2 0AHOTO 3HaKa, CBA3LIBAIOLINE
pauHoHaJbHBlE YHCJAa, MOXKHO CKJIaAbBaTh MOWIEHHO (cM. Koner I. |
§ 1). 3Hauur, copaBeA/ilBO HEPABEHCTBO

a1+ pr<as+Pe,

KOTOPOE M NOKa3BBAET OTPaHMYEHHOCTh MHOXKecTBA f{ai+ PBi} cBepxy M
TOT (PAKT, YTO YHCJO Gg+ Pg sIBASETCSH OZHOH M3 BEPXHHX IPaHEH 3TO-
rO MHOXKeCTBa.

ITo ocuoBHO#t Teopeme 2.1 (cM. § 2) y mHOxecTBa {a;+pi} cye-
CTBYeT TOYHAs BEpXHSIS TpaHb, KOTOPYI0 Mbl OO0O3HAYHM depes3 X.
Ocraercs ybequTbCcsl B TOM, YTO 5TO BeIleCTBEHHOE YHCJO X H ABJSET-
cd CYMMOH uuMces a ¥ b, T. e. YIOBJETBOPSAET HepaBeHCTBAM o+ fi<<
<x<ag+ 2. CHpaBensMBOCTb J€BOrO HepaBeHCTBA o+ fi< X BhITEKA-
€T M3 TOro, YTO X sIBJSETCA BEpXHeH rpanbio MuHOoxecTBa {ai1+fi), a
CNPaBeAUBOCTb MPABOr0 HEPABEHCTBA X< 0o+ Pg BHTEKAaeT M3 TOTO,
YTO UHCJIO az-+fo ABJIsIeTCS OAHOH M3 BEPXHHX rpaHed MHOMKeCTBa
{01+B1}, a uncao x ABAseTCs TOYHOH, T. €. HauMeHblied, BepxHeil
TPaHbi0 TOr0 MHOXKecTBa. TeopeMa AQo0KasaHa.

AnanoriyHo MoOKHO GpLIO OBl JOKa3aTh, UTO B KAUECTBE X MOXKHO
B3iTh TOUHYIO HHYKHIOW rpaHb MHOXecTBa {ag+ P2} CyMM oo+ B Bee-
BO3MOXHBIX pallMOHAJbHBIX YMCea dg H P2, YAOBJETBOPSIOIIHX Hepa-
BEHCTBAM a< g, b<Ps.

TeopemMa eZIHHCTBEHHOCTH CYMMB JABYX BellecT-
BeHHB X yHCeJ. Moxer cyuectsosars To0A6K0 00HO 8eujecT8eHHoe
YUCA0 X, ABAAIOULeeCs CYMMOL 08YX OQHHBIX BeULECTBEHHBIX HUCen
ub.

HJokaszatenbcTBo. IlpeanosioxuM, YTO CyLIeCTBYIOT JBa Be-
LIeCTBEHHBIX 4uCsaa X; H X, YAOBJETBOPSIONINE HePaBeHCTBAM

{ oy + By < ¥ <oy + B (2.12)
o+ By < hy <Ay + By

IJ1s1 BCEBO3MOXKHBIX PALHOHAJbHBEIX UHCEN O, O2, Bi, B2, YAOBJIETBODS-
IOIUX HEpPaBEHCTBAM

g <a<o, Bi1<b<PBo. (2.13)

QDUKCHPYEM NPOH3BOJBHOE TNOJIOXKUTENbHOE PAIHOHANBHOE UHCJIO €.
B cuay gemmul 1 U3 § 3 [/ MONOKUTEILHOTO PAUKOHANBHOrO HHCAA
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¢/2 U ISR JaHHOTO BEIECTBEHHOrO YHCJIa 4 HaAHAYTCA TaKue PalHo--
HaJbHElE 9HCJIA Of H dg, UTO @ <a<dg, NPHUEM do—o;<<ef2.

AHAJNOrMyHO Ui YKAa3aHHOro €/2 W JJa JA3aHHOrO BellleCTBEHHOro:
yucaa b HaHAyTCsA TaKhe palMOHAaJbHble YHCAA PBi U Bo, 9TO B1<b <P,
npuueM Bo—Pi<e/2.

Ecau B3aTb B HepaBeHcTBax (2.13) ykasaHHHIe ay, ag, i1 H Ps, TO:
MBI TIOJIY4YHM, uTOo 06a YHCJa X; H Xg YJAOBJCTBOPSIOT HePaBEHCTBAM.
(2.12), xoTOpBHIe MOXHO HEPENUCaTh B BHAE

Y1<X1<Y2 Yi<X2<Y2,

NOJIOXKHB y1=01+f1, y2=a2+ P2
YuuThIBasg, 4TO

Yo— Y1 = (% + Bg)— (o + B3) = (“2““1)+ Ba—bo < _;_+ -;_zsr

MBI MOJNYYHM, 4TO o6a UHCAa X; M Xp 3aKJOYEHB MEXAY panuoHaib-
HBIMH YHCJAMH y; H Y2, PA3HOCTb MeXIy KOTODHIMH MeHbUle Hallepe,
B3ATOrO NOJOXKHTEJHbHOIO PAlHOHAJIBHOTO &.

B cuny JIeMMBI 3 u3 § 3 Mbl HONYYUM, YTO X;=

Teopema n0kasana.

CrnencrBue. B npumenenuu x 0s8ym payuonassHeim wucram @
1 b dannoe Hamu onpedeserue CYMmol BEU,ECTBEHHBLX HUCEA NPUBOOUT
K TOMY Ooce pe3yasbTaTy, 4TO U npexcHee onpedeseHue cymmsl payuo-
HQAbHBIX HUCeA.

B camoMm jeJje, myctb @ u b— ABa panMOHAJbHBIX uHCaa, a+b —
HX CyMMa COTJIaCHO HPeXHEMy ONpeAe/eHHIO, ai, 02, B H Py — KakHe
YrOAHO panHOHAJbHBIE UYHMCJAQ, YAOBJETBOPAIOLIHE HEPaBEHCTBAM
(2.13). Torpma, oyeBHIHO, CIpaBeAJHBEH HEpaBeHCTBA *

at+pi<atb<as+ Py, (2.14)

IpHYeM. COrMacHO TeopeMe eJHHCTBEHHOCTH UHCIO a-+b siBisiercs
€MHCTREHHBIM BEIlECTBEHHHEIM YHCJIOM, y,ZIOBJleTBOpﬂ}OH.LHM HepaBeH--
ctBam (2.14).

CoBeplLUEHHO aHAJOTHYHO JOKA3bIBAETCS CYUeCT808aHUE U eOUH-.
CTBEHHOCTH NPOU3BEOeHUR 08YX OGHHBIX BeULeCTBEHHbLX HUCEA.

SICHO, 4TO AOCTATOYHO AOKAa3aTh CYIIECTBOBAHHME H €JAHHCTBEHHOCTD.
NPOH3BEJEHHS ABYX MONOXKHUTENbHBI X Yucea a U b.

Hasi noxasaTesbCTBa CYLIECTBOBAHHA TIPOM3BENAEHHS (BUKCHPYEM
NPOHU3BOJIbHbIE PAllHOHANbHEIE YHCJA O H Bg, YAOBIETBOPAIOIIHE He-
paBeHcTBaM a<ts, b<Ps, U pPacCMOTPHM BCEBO3MOMKHBIE PallHOHAJb-
Hble yucJsia «; H Py, YHAOBJIeTBOpsIoIlHe HepaBeHcTBaM  0<a <a,
0<Bi<b. Jlerko y6ennTbCcst B TOM, 4TO MHOXecTBO {ay-B;} Bcex mpo--
H3BeAEHHHA «@;-f; OrPAHUYCHO CBEpXY, IPUUEM UHCJIO Qp-Ps sSBASETCH
OJIHOH Y3 BEpPXHHX IpaHell 3TOT0 MHOXKECTBA.

* W60 nnf panuOHANBHBIX HHCEN HEDPAaBEHCTBA OJHOIO 3HAKA MOMKHO CKJIAfb--
BaTh NOuJeHHO (cM. KOHen m. 1 § 1).
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ITo ocHoBHO# TeopeMme 2.1 cymiecTByeT TOUHAasi BEDXHsSl rpaHb 3TO-
TO MHOXKECTBA X, KOTOpas, KakK JIerko IPOBEPHTb, YIOBJIETBOPSET He-
‘pPaBeHCTBAM O1-Bi<X<ag-fs, T. €. ABJsETCH NPOU3BELeHHEM YHCEJ
.anb. "

AHaJlorH4HO MOXKHO ObLIO OBl HOKa3aTh, YTO npoussederuem no-
NONCUTEAbHBIX 4UCEN Q U b ABAACTCA TOYHAS HUNCHAR 2PAHb MHOXMCECT-
.68a {ag- B2} npoussedenut as-Ps 6CEB03MONHOLE PAYUOHANLHBLX HUCEN
‘go U Ba, YOOBACTBOPAOULUX HEPABEHCTEAM A< g, b< Po.

Hnsi nokasaTesbcTBA € JHHCTBEHHOCTHR NPOU3BEJEHHS IBYX
TIOJIOJKHTEJNbHBIX BeleCTBEHHBIX YHCeJ a ¥ b NPEeANONoXHM, 9TO CyIle-
CTBYIOT J[Ba BeIECTBEHHBIX YHOJIA X| H X5, YAOBJETBOPSIOIHE HEpa-
(BEHCTBAM

a1-61<x|<a2-62, 01'B1<X2<‘(12°[32 (2.15)
JLJISl BCeBO3MOXKHBIX PallHOHAJbHBIX Q1, Gg, B1 U Pe TaKHX, 4TO *
<o <a<as<M, 0<Pri<b<PasM. (2.16) .

@uKcHpoBaB JI000e NOJOKHTENbHOE PAUHOHANbHOE YHCJIO €, MBI
-C TIOMOILbIO JieMMbl 1 HafileM AJIsl AaHHBIX BellleCTBEHHBIX YHCeJ a H
b Takue palHOHaJNbHblEe YHCJIA a1, G2, B1 M B2, YAOBJIETBOPSIOIIHE Hepa-
BencTBaM (2.16), mas KOTOpbIX ag—a<e/2M u Bo—B1<e/2M.

Ho torma B cuay (2.15) o6a uncna x; B X GyAyT 3aKJIIOYEHBl MEX-

Ay DAaUHOHAJbHBIMH YHCJAAMH dg-P2 H «y-Pi, DPA3HOCTH MEXKAY KOTO-
PBIMH

OgrBy—0y- By =y (Bo—B1) + Br (g—) < 2M » 2;4 =E¢.

B cuny nemmbl 3 u3 § 3 nosnyuaem, 4TO X; = X».

C nomolllbio T€OpeMbl eMHCTBEHHOCTH TaK XK€, KaK H AJIS CYMMH,
JIOKA3BIBACTCS, UTO 8 NpPUMEHEeHUU K O08YM DAUUOHANbHbIM  HUCAOM
Dannoe Hamu onpedeseHue Npoussederuss 8eujeCT8EHHbIX YUCeN NpU-
800UT K TOMY diCe CAMOMY Pe3YAbTATY, 4TO U npexcHee onpedeseHue
Npou3BedeHUs PayUOHANbHOLY YUCeA.

§ 5. CBOMCTBA BEILECTBEHHBIX YHCEJ

1. CpoiicTBa BemecTBeHHBIX uHcela. B aToM nyHKTe MB yGeaumcs
B CIPaBeNJIHBOCTH AJ S HPOHU3BOJbHB X BEMECTBEHHK X UH-
€ €J1 BCeX OCHOBHHIX CBOHCTB, NIepeYHCJeHHHX B . 1 § 1 gns paumo-
HabHBIX yHces. CrpaBeRJHBOCTL /IS BEIECTBEHHBIX UYHCEJ CBOHCTB
1°—4° yxe ycraHoBjeHa Bbille. TakuM 06pa3oM, HYXKHO BHISICHUTD
JIHIIb BONPOC O CHPaBeJJUBOCTH [AJS BEIECTBEHHBIX UHCEJ CBOHCTB
5°—16°. Jlerko yGemHTbCcsi B CIPaBEIJMBOCTH JAJS BEMIECTBEHHHIX UH-
<eJ cBodcTB 5°—8° u 14° cBsizaHHBIX ¢ nouaTHeM cymmbl. Crnpabefanu-
BOCTh CBOHCTB 5°—8° HENOCPENCTBEHHO BBITEKAeT M3 ONpeleseHUs

* B kauectBe M MOXHO B35Th, Hanpumep, unciao M=2 (a+b).
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CYMMBI BeUleCTBEHHBIX UYHCEJT M H3 CIPABEJJIHBOCTH YKa3aHHHIX
CBOHCTB [JI PAalHOHAaJbHBIX YHCEJ.

OCTaHOBUMCH Ha J0oKasaTeJbCTBe CBOHCTB 14°, T. e. doxaxcem, 4To
ecau a, b U ¢c— aw0bble Tpu 8euw,ecT8eHHbIX Yucaa U a>b, T0 a+c>
>b+c.

Tak kak a>b, To B cuay nAemMMul 2 3 § 3 HaligyTcs pauHOHAJbHBIE
yucsa oy H Po Takue, 4To a>a;>Pe>b. s BelllecTBEHHOTO 4HCJA €
H JUIsl TOJIOKHTEJBHOIO PANUOHAJNbHOIO 4YHCJaa e=wa;—Ps HaAHAYTCSK
pallHOHaJIbHEIE YHCJIA Yi H Y2 TAKHE, UTO V1< C<Ys, IPHUEM yo—y<g==
=a;—B2 (cm. aemmy 1 § 3). Ilycte, najee, as ¥ By — J00OBE paiuo-
HaJlbHbIe YHCJIA, YAOBJIETBOPAIOILNE HepaBEHCTBaM ag>a, b>f;. Toraa
N0 ONpeleJIEeHHIO CYMMBbI BEUIECTBEHHBIX UHCEJ

Oet+ve=a+c=a+yi, Batyo>b+ 0Bty

Hasi mokasartenbCcTBa TOrO, 4TO @-+c¢>b-+¢, B CHNY TPAaH3HTHBHOCTYE
3HaKa > AOCTATOYHO J0Ka3aTh, UTO a;-+y1>P2-+ vy, HO 3TO HENOCpeld-
CTBEHHO BHITEKAeT H3 HePABEHCTBA yo—y1<<a—f2.

3ameTHM, 4TO BOTPOC O BHIUHTAHMY BELIECTBEHHBIX UYHCEN KaK O
AeHCTBHH, OOPATHOM CJOXKEHHIO, NOJHOCTHIO HCUEPHBIBAETCA Ha OCHO-
BaHHM CBOHCTB 5°—8°. Hasosem pa3HOCTb10 BeU,ECTBEHHbIX HUCEX
a u b gewecTsennoe 4ucAo ¢ Takoe, 4To c+b=a.

Y6eauMcs B TOM, YTO TAKOBOH pPAasHOCTbIO SBJASETCH UHCJAO €=
=a+b’, rae b’ — uucj0, TPOTHBOIOJOKHOE b.

B camoMm jgene, Hcnoaws3ys cBoiictBa 5°—8°, MOXKeM 3amHCATh

ct+b=(a+b)+b=a+ (b'+b)=a+0=a.

Y6enuMcst B TOM, 4TO CYLIECTBYET TOJib KO O I HO BelleCTBeHHOE YHC-
JIo, SIBJISIOLIEecss PasHOCTHIO [BYX HAHHBIX BELIECTBEHHBIX YHCE.

[Ipeanonoxum, 94To KpPOMe YKA3aHHOLO BHILIE YHCAa c=a-+b"
CyLIecTByeT ellle OgHO uucao d Takoe, urto d-+b=a. Torga, ¢ ogHOMH.
croponbl, (d+b)+b'=a+b'=c¢, ¢ ppyroit cropoun, (d-+b)+b'=
=d+ (b+b')=d+0=d, 1. e. c=d.

M3 onpepnenenust pasHoCTH 4 M3 cBOHCTBA 8° BHITEKAeT, YTO YHCJIO-
@’, IPOTUBONOJIOKHOE @, PAaBHO pasHocTH 0—a. DTO YHCIO OBBLIYHO 3a--
NHCHIBAIOT B BHAe —a. He Bb3pIBaeT 3aTpynHeHHs TepeHeceHHe Ha
cayyal BeILleCTBEHHBIX 4Hcea cBoiicts 9°, 10° 11° 12° 13° u 15° cBs-
3aHHBIX C TOHSITHEM [pousBeieHdss. OTMETHM JHUIbL B OTHOLIEHUH
CBOMCTBa 12°, 4TO eCiH a — MOJIOKUTEJbHOE BeIIeCTBEHHOE YHCJIO, a
01 U 0 — KaKHe YrOAHO pallHOHAJbHble YHCJA, YIOBJETBODSIOLIHE
HepaBencTBaM 0<a;<a<ag, TO yucsao a’, o6paTHOe pJst @, Ompeaesi-
eTCs KaK eIHHCTBEHHOe BELIECTBEHHOE YHCJIO, Y/OBJCTBOpSIONiee He-

1
paBeHCTBAM — < @
Gg 51

* B kavectBe uHcia o’ MOXeT ObITh B3STa TOMHAS BEPXHAS rpaHb MHOJKEeCTB&
BCEX palHOHAJbHBIX uHcea {1/as}.
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CpoiictBa 9°—12° NO3BOJISIIOT 3aKMIOUUTh, YTO 048 Ar06bix 08YX Ge-
wecT8ennblx 4ucer a u b (b=50) cywecrsyer u npurom TOALKO OOHO
.BeuLecTBEeHHOe 4UCAO C, YOo8AETBOpAOWee Yycaosuw c-b=a. 310 4uc-
A0 C HA3bIBAETCS 4ACTHbLM 4ucea a u b. VI3 onpeesiennss 4aCTHOTO
H u3 csBoiicTea 12° BhITeKaeT, UTO YHCJO @', o6paTHOe UHCJIY @, PABHO
yacTHoMy 1/a.

3aMeTHM, HaKOHeN, 4YTO Ha CJaydYal BellleCTBEHHBIX YHCeJ NepeHo-
-CHTCSI M MocJnefHee, 16-e, CBOUCTBO PAIHOHAJIBHBIX YHCEJ, 2 UMEHHO:

Kakoso 661 Hu Oblr0 BEULECTEEHHOE HUCAO G, MONHO 4UCAO 1 no-
8TOPUTL CAQ2aeMbiM CTOABKO Pa3, 4TO NOAYHEHHARA CYymma npessoli-
.der a*

Jlokaxkem 3TO0 cBoiicTBO. B caydae a<<0 poxasarenbcTBa He Tpe-
-6yercst, u60 1>a. Ilycets a>0, a=ay, ajas.... B cuy Toro, uto ompe-
.JejieHHe CYMMBI BeLIeCTBEHHBIX UHCEJ B npumeueﬂuu K CyMMe paluuo-
‘HaJIbHBIX YHCeJ COBIlaZlaeT C ONpeJeeHUEM CYMMBI palHOHAJbHBIX
"yuceJl, MOBTOPHB YHCJIO | cjaraeMbIM 7 pas, MOJNYUHM LEJ0E THCJIO A.
"Takum oOpa3oM, AOCTATOYHO AOKAa3aTh, YTO AJA YHCJAA @ HalzeTcs
UeJIoe YHCJOo 7 Takoe, 4yTo n>a. Ho 3TO OueBHAHO: JOCTATOYHO B3AThb
= ao+2

Taxkum o6pa30M Ha cjayyall BeUleCTBEHHBIX YHCEJ MEPeHOCATCS BCe
*OCHOBHbIe CBOHCTBA, cHOpPMYJNHPOBaHHblE AJS PALHOHAJbHBIX YHCEJ B
0. 1 nacrosmiero maparpada. CiefoBaTeNbHO, MAJs BeIieCTBEHHBIX
"YHCeJI COXPAHAIT CHJIY BCE MPaBHMa anreOpbl, OTHOCAIHECS K apHub-
_METHYECKHM JNeHCTBHSIM H K COUETAaHUIO PABEHCTB H HEPABEHCTB.

2, HekoTtopbie yacro ynorpebiaseMbie COOTHOWEHMs. JloKaxkeM
~CIIPaBeJIMBOCTb JJIs1 JIOOBIX BELIECTBEHHBIX YHCEJa @ H b clenyiommux
_ABYX COOTHOIIEHHUI:

|a-b]=|a] -], (2.17)
la+b|<|al+]b]. (2.18)

“CoorHomienune (2.17) HenocpejCTBEHHO BHITEKAET H3 ONpPEAENEHHs TPO-
H3BEIEHNUs ABYX BeIleCTBEHHBIX yHces. J[okamem cooTHoweHue (2.18).
Ha OCHOBAHHUH ONpCAeJEHHA MOAYJA H NpaBu/Ja YHOPANOUECHHST IJs
JIIOOBIX BelleCTBEHHBIX YHCEJ a4 H b ClipaBeJInBbl HepaBE€HCTBa

—la]l<a<]|al, —|b|<b<]|b].

‘B cuny crnpaBeJIMBOCTH OCHOBHBIX CBOMCTB JIJIsl BEUIECTBEHHHBIX YHCeJ
MOJKHO NMOYJIEHHO CKJIaJblBaThb HEPABEHCTBA OJHOTO 3HakKa (3TO JOKa-
.3aHO B KoHle 1. 1 § 1). [Toatomy

—(la] +]b]) <a+b<(|a]+]0]).

‘Hcnoassys B caydae a-+b>0 npasoe, a B cayyae a+b<0 nesoe u3
NOC/JAeIHUX HepaBEHCTB, Mbl NMOJYYMM HepaBeHCTBO (2.18).

3. Hekoropble KOHKPETHbIE MHOMKECTBA BEUIECTBEHHBIX YHCEJ.
B manpHeiiuieM HaM 4acTO NPUAETCS MMETh JeJ0 ¢ PA3JTUYHBIMH MHO-

* 3aMeTHM, YTO 3TO CBOHCTBO Ha3HIBAIOT aKcHOMO# ApxumMepna,
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JKeCTBaMH BeLeCTBeHHBIX uuces. DyjaeM o00603HauaTh IPOH3BOJbHOE
MHOZKECTBO BEIIECTBEHHBIX UHCEJ CHMBOJIOM {X}, a 4UHC/a, BXOAS]ILIHE B
COCTaB 3TOr0C MHOXKecTBa, OyIeM HashBaTb 3JEeMEHTaMH WJIH
TOUKAaMH 3TOro MHOXKecTBa. MBI OyAeM TIOBODHThb, 4TO TOUK A X
MHOXeCTBAa {x} OTJIHYHA OT TOYKH Xy 3TOr0 MHOXe-
CTBa, eC/H BEUeCTBEHHEIE YUC/Ia X; U X He DaBHHI APYTr Apyry. Ecan
TIpH 3TOM CIPaBEeAJIHBO HEPABEHCTBO Xi>X2 (x3<Xx2), TO MB Oydem
TOBOPHTB, UTO TOUKA X; JICKHUT Npasee (JeBee) TOUKH Xo.

PaccmoTpuM HekoTopble HauboJiee ynoTpebJsieMble YAaCTHHIE BHJbI
MHOXKECTB BEHIECTBEHHBIX UHCEI.

1°. MHOXKECTBO BeLIECTBEHHBIX YHCEJ X, YAOBJETBOPSIOUIHX Hepa-
BeHCTBAM a<x<b, rne a<b, 6yleM HaswBaTh CETMEHTOM H 060-
3Havath cumBoJsioM [a, b]. Ilpu stOoM ymcsa a u b mMbl GyaeM Ha3bIBATH
TPaAaHHYHBIMM TOYKAMH HIH KOHI aMH cerMmMenra [a, b)
a Jn1060e YHUCIO X, YIOBJETBOpsIOllee HepaBeHCTBaAM a<x<b, GyleM
Ha3piBaTh BHYTPEeHHEeH TOUYKO# cerMeHTa la, bl

2°. MHOXeCTBO BCEX BEIUECTBEHHBIX UHCEJ X, Y/JOBJETBOPSIOMHUX
HepaBeHCTBAM a<x<b, GyleM HashBaTb HHTEepBaJOM d 0003Ha-
YaTh CUMBOJIOM (a, b).

3°. Vlurepan (a—e, a+c¢), rie >0, 6ynemM Ha3piBaTh &£-O0Kp e-
CTHOCTBHIO TOYKH a.

4°. Jlio6o#t uHTepBaJ, COAepKAaWMi -~ TOUKy @, OyHeM Ha3bBaTb
OKPECTHOCTbIO TOUKH d.

5°. MHOXKeCTBO BCeX BEUIECTBEHHBIX UYHCEN X, YAOBAETBOPSIOUIHX
HepaBeHCTBAM a<x<b (m1m a<x<b), GyneM Ha3BBaTb noJycCer-
MeHTOM H 0603HayYaTh CUMBOJIOM [a, b) (unu (a, b]).

6°. MHOXeCTBO BCeX BELIECTBEHHBIX YHCesN OyfeM Ha3biBaTh Y H C-
JO0BOH (6ecCKOHeUyHOH) mpsMoOf u 0603HAYATH CHMBOJIOM
(‘_oov +°°)

7°. MHOXeCTBO BeIECTBEHHBIX YHCEJ X, YAOBJETBOPSIOIHX Hepa-
BEHCTBY x>a (umam x<b), OyaeM Ha3biBaTh MOAYTUPAMOH U 060-
3HavaTh cuMBoJioM [a, +o00) (miu (—oo, bJ).

8°. MHOXKeCTBO BCeX BEUIECTBEHHHIX YHCEN X, YAOBJETBOPSIOUIMX
HEPaBEHCTBY X>a (uau x<<b), OyneM HasbiBaTh OTKPHITOH moay-
npsiMoi u 0603HaYaTh CHMBOJIOM (@, +o0) (Hau (—oo, a)).

ITpousBosipHOe MHOKECTBO {x} 6ylaeM Ha3bBaTh NMJAOTHBIM B
cebe, eciu B 1060 OKPECTHOCTH Ka:KJAOH TOUKH X TOTO MHOMKECTBA
COJEPXKHUTCA XOTH Obl OZHA TOYKA MHOXKECTBa, OTJIMYHAA OT X.

[IpumepoM MIOTHOTO B ceGe MHOXKECTBA MOXKET CAYKHTH Ji1060e
M3 ONpeJesIeHHbIX Bbllle MHOXKecTB 1°—8°. [IpyrumM NpHMEPOM IMJIOTHOTO
MHOKECTBA MOXKET CJYXKHTb MHOXECTBO BCEX PANMOHAJBHBIX YHCe,
BXOAAIIMX B COCTaB J1000ro U3 MHOXKeCTB 1°—8°,

B usnoxesHOM HaMH MaTepHalie COAEpIKATCH CBEHEHHS, HEOOXOLH-
MBble JUIsl TIOCTPOEHHS alllapaTa MaTeMaTHYECKOro aHajusa. B caexy-
lolxxX naparpadax 3Tod raaBbl GYAYT PacCMOTPEHbl HEKOTOphie J0-

fIOJITHUTEJNbHBIE BONPOCHL TEOPHH BELIECTBEHHBIX UYHCEJ ¥ 3JIEMeHTHL
TEOPHUH MHOXECTB. ’
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§ 6. JONOJHUTEJHLHBLIE BONPOCHI TEOPHUH
BEHIECTBEHHbBIX YHCEJ

Briniie, AJisi Toro 4roObl BBECTH BEUIECTBEHHEBIE YHCJd, OBIJIH HC-
H0JIb30BaHbLl GeCKOHEUHble JecaTHYHBe ApoOH. a1 MuoxecTta Gec-
KOHEYHBIX JECATHUHBIX Jpo6ell GhlIN OnpejieieHBl MPaBHIA YIOPSL0-
YeHHS, CJOXKEHHS U YMHOMXKEHHS H 6blJO YCTAHOBJEHO, UTO 3TH Ipa-
BUJIA YAOBJETBOPSIOT 16 OCHOBHHEIM CBOHCTBAM (N€PEUHCJIEHHBIM B
0. 1 § 1 ana paunonanpHblX uyHces). ONHCAHHBIA METOJ BBEACHHS
BELIECTBEHHBIX HHCeJ, XOTs U 06JafaeT HeCOMHEHHBIMH 3BPHCTHYE-
CKHMH M METOAHYECKUMH [IOCTOMHCTBAMH, HE SIBJISeTCSl €JHHCTBEH-
HO BO3MOXKHBIM. BelllecTBeHHBIe yHCaa MOXKHO OblIO OB BBECTH C
MOMOIIbI0 OeCKOHEUHBIX JBOUYHBIX Apo6el, ¢ MOMOLIBIO TaK HA3bI-
BAaeMbIX JeAeKHHJOBBIX CeueHUH B OOJACTH PAUMOHAJNBHBIX uyuces ™,
C MOMOMLIBIO IOC/ENOBATEIbHOCTEH palMOHAJBHBIX uHcesa ** u 1py-
FHMH CriocOfaMHu.

Uro6bl BBISICHHTh B3aHMOCBA3b MEXAY DA3JHYHBIMH METOLAMH:
BBeJCHHSI BEUIECTBEHHLIX YHCeJ, NMPHBJIEYEM HEKOTODHIE HOBHIE TO-
HSITHA M YCTAHOBHM ellle OJIHO BAXKHOE CBOHCTBO MHOXKeCTBA H3Yy-
YeHHBIX Bbllle BEIeCTBEHHBHIX 4HCeJl.

1. MoaHora MHoKecTBa BewecTBeHHbIX uyncea. Ilycte A u B —
JiBa TPOHM3BOJIbLHBIX MHOXKeCTBA. DylneM rOBOpHUTb, UTO MexcOy mHO-
acecréamu A u B ycranosaeno 83aumnHo 00HO3HAUHOE CO-
OT8EeTCTBUE ecau KaxOomy sremeHTy muoxcectsa A orsedaer
eQUHCTBEHHbLL 31emMenT mHoxNcecTea B, kaowOoul srement mHooce-
cT6a B conocrasacH HEKOTOPOMY IAEMEHTY MHOMCeCT8a A U pasHoLm
IACMEHTAM MHONCECTEQ A OTBeUAIOT PA3HblE JSAEMEHTbL MHOMCECT-
6a B. 4

Haszosem 0sa muodxcecrsa, 0ii 34eMeHTO8 Kand020 U3 KOTOPbLX
onpedenenst NPABUAL  YNOPAOOHEHUS,  CAOMEHUR U YMHONCEHUS,
uzomoprnotmu Opye Opyey OTHOCUTEALHO 3TUX NPAGUA, eCAL
MeNCOYy INEMEHTAMU ITUX MHOMECTE MONCHO YCTAHOBUTbL B3AUMHO
O00HO3HAYHOE COOTBETCTBUE TAK, 4T0 eCAl diemenram a u b nepso-
20 MHOXCECT8A COOTBETCTBYIOT dAemenTsl @ u b’ 8Topoeo mHoxMcecT-
8a, To 1) saementor @’ u b’ ceazanel Tem me 3nakom (>, < HIW
=), 4T0 u 31emenTs. @ U b; 2) saementy a-+b cooréercrsyer sie-
menr a’+b’; 3) aaemenry a-b coorsercrsyer sasemexr a’-b’.

AHaJOTHYHO MOXKHO OBIJIO Obl TOBOPHTH HE O NPaBHJAX YHOPsi-
JIOUEHHsI, CJNOXKEHHST H YMHOMXKEHHs, a 0 KaKux-Jub0 APYrux HpaBH-
JiaxX, XapaKTePH3YIOMHUX COOTHONIEHHST MEXIAY 3JeMeHTaMH, H BBe-

* BpefeHne BELIECTBEHHHX UHCEN ¢ NOMOMIBIO JENeKHHIOBHX CeyeHHH H3J0XKe-
Ho, Hanpumep, B ra. 1 kuuru @. Opankauna «Marematuyeckuil aHagu3» HIH B T 1
kauru . M. ®uxrenrossna «OCHOBb MaTeMAaTHUECKOTO AHAJIHU3A%.

*% JroT cnoco6 BBENEHUS BEUIECTBeHHMX uucesn npuxapiexut Kantopy. Ero
H3JIOJKEeHHe MOXKHO, Hampumep, Haiitd B Kuure B. B. Hewmmixoro, M. M. Cayackoi
#H A. H. Yepxacosa «Kypc maTemaTnueckoro aHaimsa, T. I, ra. II, a Takxe B KuH-
re $1. Tarammnugoro «JIuddepencnanto cmarane» (Codus, 1971).
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CTH NOHATHE MHOMXKECTB, U30MOPOHHBIX APYr APYTY OTHOCHTEJILHO
yKa3aHHBIX [pPaBHJL.

IIpuMepoM OBYX MHOXKECTB, M30MOP(HBIX JPYr APYLY OTHOCH-
TEJLHO NPaBUJ YIHOPSAOYEHHS, CJIOXKEHHS H YMHOXKEHHS, CJYXKHT
MHOXKECTBO pallMOHAJBHBIX YuceJ, BBEJEHHLIX B BHAE OTHOIICHHS
UeJABIX YHced, ¢ cooTBetcTBylomuMH (cMm. m. 1 § 1) mpaBunamu
YHOPSIIOUEHHS, CJIOXKEHHSI H YMHOXKEHHs H MHOKECTBO PallHOHAJbHBIX
yucesl, 3aNHCAHHBIX B BHAe OeCKOHEUHBIX Apo6el C OOBIIHBIMH IIpaBH-
JlaM¥ YIOPSA0UEHUs, CJIOXKEHHS H YMHOXEHHS BellleCTBeHHBIX YHCeJI.

PaccMmorpum 6oJiee BHEMATEJNBbHO [Ba MHOXKECTBA: MHOXKECTBO
BCEX pALHOHAJBHBIX YHCEJ H MHOXKECTBO BCEX BeIeCTBEHHBIX YH-
cesa. Jlusi KaxKAOro M3 3THX MHOXKECTB ONpefesieHbl MpaBW/a YIo-
PSOYEHHUS, CJOXKEHHS W YMHOMKEHHS U CHpaBelJHBLl OCTaJbHble U3
16 ocHOBHBEIX CBOHCTB. BMecTe c TeM SICHO, YTO MHOMKECTBO BCeX
BELIeCTBEHHBIX YHCe] sBJAseTcs 0oJiee KUIHPOKHM», YeM MHOKECTBO
BCEX palMOHAJBHBIX YHces, HO0 B 1leJOM MHOXKeCTBO BCEeX BeHiecT-
BEHHEIX YHCeJ He H30MOD(HO OTHOCHTEJbHO NPABHJ YNOPSAAOYEHHS,
CJIOJKEHHUS] ¥ YMHOMKEHHS MHOMECTBY BCeX pallHOHAJBHBIX 4YHcesa *,
HO B MHOMECTBE BeI[eCTBEHHBIX HHCEJ] MOXKHO BBIAEJHTb 4YacTb,
H30MOPGHYIO OTHOCHTENbHO YKAa3aHHLIX NMPAaBHJ MHOXKECTBY palHo-
HaJbHBIX YHCeJ. :

EcrecTBeHHO, BO3HHKAaeT BOIIPOC, HeNb3sl JH H JJS MHOXECTBA
BCEX BeILIECTBEHHBLIX YHCeJ IIOCTPOHTb 0o0Jiee <«IIHPOKOE» MHOXKe-
CTBO OOBEKTOB, ob6Jajlalollee TAKUMHU CBOMCTBaMu: 1) B 3TOM GoJee
KIIHPOKOM» MHOXKeCTBe OIpeJeseHbl NpaBHia YNOPAAOYEHHUS, CJO-
| KeHHS M YMHOXEHHS H CIpaBelJIMBHl OCTajbHble H3 16 OCHOBHBIX
CBOHCTB; 2) B uesoM 6oJjiee <IIMPOKOe» MHOXKECTBO He H30MOP(hHO
OTHOCHTE/JIbHO YKa3aHHBIX NPaBUJ MHOXKECTBY BCE€X BellleCTBEHHBIX
quceJs; 3) B GoJiee «IIHPOKOM» MHOXKECTBE MOXKHO BBIIE/IUTH YacCTb,
H30MODGMHYIO OTHOCHUTEJNBHO YKA3aHHBIX NPaBHJA MHOMKECTBY BCeX
BellleCTBeHHBIX 4HceJ. MBI JoKa)keM, YTO TAKOro GoJjee <IIHPOKO-
ro» MHOXKECTBA He CYIIeCTBYET, T. €. MHOXKECTBO BCEX BeIlleCTBEH-
HBIX YHCeJ SIBJISeTCS IIOJHBIM OTHOCHTEJBbHO NPaBHJ YHOPSAOYEHUs,
CJIOKEHHS H YMHOMKEHHS H OCTaJsibHBIX 16 OCHOBHBIX CBOHCTB.

Boobmie, npoussossroe mHONECTBO 00BEKT08, 04l KOTOPO2O
onpedeseHbl HeKOTOpble NPaAsUAQ U CRPABedAUssl HEKOTopble CB0li-
CT8Q, HABBIBAETCA N O AHbLM OTHOCUTEALHO ITUX NPABUA U CBOLCTS,
€CAU Henb3sL NOCTPOUTs 6oiee <ULUPOKOE» MHOMECTBO 00BEKTO8
Taxoe, 4Tobur 1) 8 3ToM 6osee «UUPOKOM> MHONCECT8e Gblal onpe-
{ Oesenwv Te sce npasusra u cnpasedausel Te gce csoiicrsa; 2) 8 ye-
A0m 3T0 6Oaee UWLPOKOEs MHOMECTBO He 6blA0 USOMOPPHO OAHHO-
My OTHOCUTEAbHO YKA3AHHbLX npasur; 3) 8 3Tom 604ee «ULUPOKOM>

* 9To BHITEKAaeT H3 TOTO, YTO MEXKJAY MHOXKECTBOM BCEX DALHOHAJbHEIX YHCEN
‘! BCEX BEIIECTBEHHLIX YHCE] HEJb3sl YCTAaHOBHTh B3AHMHO OAHO3HAYHOE COOTBET-
crre. B n. 3 § 7 Gyner M0Ka3aHO, YTO TAaKOTO COOTBETCTBHS HET MEXAYy palHo-
HaJbHEIMH YHCJAMH M BeIIECTBEHHHIMH yHcaaMH cermenta [0, 1]. Otcioma u BHITe-
KaeT TpebyeMoe yTBEDXKIEHHE.
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MHOMECTBE CYUECTB0BQAA HACTb, UBOMOPPHAL OAHHOMY MHONECTBY
OTHOCUTEABHO YKA3AHHbIX NPABUA.

MoXHO yTBepXKJaTb, YTO MHOMKECTBO BCEX PALlHOHAJbHBIX UHCEJ
HE SIBJSIETCS] NOJIHBIM OTHOCHTEJLHO IPABHJ YIOPSJOYEHHS, CJIOKE-:
HHSI H YMHOXKEHHA H OCTaJbHBIX 16 OCHOBHBIX CBOHCTB, HGO cymle-
cTByeT 0oJiee <«HIHPOKOE» MHOMXKECTBO (MHOXKECTBO BEIECTBEHHBIX
yucesa), yAOBJETBOpsiomiee TpeboBanusM 1), 2) 3) u3 TOJBKO YTO
c(hOpMyTHPOBAHHOTO OMNpEJeJCHHUS.

JlokameM Temepb, UTO MHOMECTBO BCEX BEUECTBEHHOLY HUCER
ABASAETCA NOAHbIM OTHOCUTEALHO NPABUA YNOPAOOUEHUS, CAONCEHUST
U YMHOOMCEHUS U OCTaAbHbLX 16 0CcHOBHBIX c8olicTa. .

[Ipenno/oxuM  NIPOTHBHOE, T. €. IPENNOJOXKHUM, YTO CYHIECTBY-
er Gojiee «IHPOKOE» MHOKEeCTBO 06bekTOB {x'} Takoe, YTO BHIMOJ-
HeHbl Tpe6osanus 1), 2), 3) us chopMynHPOBAHHOTO BHIUIE ONpee-
JeHud, 1 o6o3nauuM depes {Z’} Ty yacte MHOXecTBa {x’}, KoTOpasK
H3MOpP(pHA OTHOCHTEJbHO IIPABHJ YHOPSAOYEHHS, CJHOXKEHHS H yM-
HOXKEHMST MHOKECTBY {X} BCeX BeLIeCTBEHHbIX YHCeJ.

3aMeTuM npexie BCEro, uTo y MHOXxecTBa {x'} cyllecTByeT eIuH-
cTBeHHas napa asementoB 0’ W 1/, urpaomux ocobyio posab HYJT
H enuHumB *. Jlajee MOXKHO yTBEpXKAaTh, uYTo 3jeMmenthi 0" w 17
BXOAAT B COCTaB MHOXecTBa {¥'} U HAXOXSTCS BO B3aHMHO OJHO-
3HAUHOM COOTBETCTBHH ¢ BeulecTBeHHbIMH uucaamu 0 u 1 **. IlycTh:
o’ — KaKoH-n1u60 3jeMeHT MHOXKecTBa {x'}, He NpHHAAJIEeXKAUH
muoxecrsy {T’}.

B cuay nmpaBusia ynopsigouyeHHs Mbl MOxeM Da3OHTbL BCe 3Jje-
MEHTHl MHOXKecTBa {X’} Ha JBa Kjacca-— BepXHHH M HHXHHH, OTHe-
Csl K BepXHEMY KJacCy BCe 2JIeMeHTHl Z’, YAOBJCTBOPAIOUIME Hepa-
BEHCTBY Z’>a’, a K HUXKHEMY KJacCy BCe 3JIeMeHTHl X', YAOBJETBO-
psouine HepaBeHcTBY Z'<<o/. O6a 3TH Kjacca He SIBJISIIOTCH MyCTHI-
MH. B caMom pese, JoKaxeM, HanpuMmep, YTO BePXHHH KjacC He
nycr. IloBropus sjement 1’ ciaraeMblM AOCTaTOYHOE UHCJIO PA3, MEL,
B cuay cBoficTBa 16°, moayuum snemedT n’ MHOxecTBa {Z'}, yZOB-
JIETBOPSIOIHUA HepaBeHCTBY #'>a/, T. e. NpHHaJJeXallkidl BepxHe-
My Kjaaccy. M3 cpoifictBa 4° BhiTeKaeT, YTO KaxKABH 3/7€MEHT HUXK- .
HEero KJaccd MeHblle Jgi060ro sjeMeHTa BepxXHero ksacca.

* Ecau 65 Hauauch ABa ajgementa 0’y # 0y, urparomue ocoGyio poJb HyJs, TO:
B CHAy. cBOMCTBA CyMMBl MH noayumam 6 0=0,40/=07/+0=0/, 7. e.
0y’ =0,. AHaJOTHYHO JOKAa3bIBAeTCs €AWHCTBEHHOCTb 3JeMeHTa 1°, Hrpamwuero oco-
6yi0 poJib eJHHHIbL. )

** Jlokaxem, HaMpuMep, urto HYJeBOH siement 0/ MHOXecTBa {#'} mnpuHanje~
XHT MHOXKeCTBy {X’} H HaXOIHMTCS B COOTBTCTBHH ¢ BemwecrpeHHniM uncioMm 0.

OGo3HauuM uepes O TOT 3/7eMeHT MHOMKecTBa {x’}, KOTOPHH HAXOMHTCS B COOTBET-
CTBUH C BeIIeCTBEHHHIM uucaoM 0, H 3aMeTuM, uto cymma 040 oTBeuaer BeluecT-
Benromy umcay 0+0=0, u notomy 0+6=6. C npyroii cropons, 0'-+6=0 (no
onpenenentio Hysnesoro snementa (). M3 AByX moc/eAHHX DABEHCTB 32KJIOYAEM, YTO
9+0=0'+0. IlpuGaBasis kK obeum yacTIM HNOJYYEHHOTO paBeHCTBA 3JemenT 0.
NPOTHBONOJOKKE 0, ¥ yuuteBag, uto 0+6' =0/, nonyuum 6+0'=0+0", wm (s
CHNy CcBOKCTBAa HyJeBoro 3ieMeHTa) 0=(0’. AHaNOrMyHO NPOBOASTCA DPACCYKAEHHS
I/ €AHHHYHOTO SJEMEHTa.
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B cuay usomopdusma MHOKecTBa {¥'} u MHOXKecTBa {x} Bcex
BEIIECTBEHHBIX YHCEJ MOXKHO YTBEpPXKIAaTh, UTO MHOMKECTBO BCEX
BEIleCTBEHHHIX uHcesJ pa3buBaercs Ha JBa KJjacca, NpHUeM KaxK-
Jl0e YHCJO H3 HIDKHEro Kjacca MeHbIle JI060ro yHcia H3 BepXHero
kiacca. Ho 570 ¢3wawaeT, uToO HHXKHHH KJ1aCC BELNECTBEHHBIX YHCEJ
OTpaHHUEH CcBepxy H uMmeer (B cuay Teopembl 2.1) TOUHYIO Bepx-
HIOI0 rpaHb M, a BepxHH#l KJacc HMEET TOUHYIO HHJKHIOIO FpaHb
m. V3 ompezeseHuss TOUHHIX rpaHell BhITeKaeT, 4TO ofe TpaHu
B M 3ak/J0UeHB MEXKIY BCLIECTBEHHLIMH YHMCJIaMH, KakK YToJIHO
GJH3KHMH M2XKay co6oi, a mostomy m=M. Tak kaxk uucio m=M
SIBJSIETCS OJHMM W3 BEIIECTBEHHBIX UHCEN, TO OHO IDHHAMJIEKHT
OIHOMY H3 KJIaCCOB, T. €, CYILECTBYeT JHOO HaHMEeHbIUHH 3JeMeHT
B BEPXHeM kjiacce, nu00 mauboJIbILHHA 3JeMEHT B HHKHEM KJacce.
Jokaxewm, uro oba 5TH yTBepxAeHHs abcypnusl. Ilycrs, Hanpumep,
CyLleCTBYeT HAHUMEHBIIHH %JIeMeHT B BEpXHEM KJjacce BellleCTBeH-
HbIX unces. Torma cyuiecTryer HAaUMEHbIUH{I 3J1eMeHT 1 H B Bepx-
HeM KJiacce, OTBeyawlleM pasGuenuio MHoxecTBa {¥'}. ITo ompene-
JIEHHIO BepxHero kJjacca m’>aq’. CornacHo cBOHCTBaM CYMMH CY-
L1eCTBYeT pasHOCThb m’—a’, mpUUYEeM COrJIacHO 3THM CBOHCTBAM
m’'—a/>0". Ho Torma B cmay cmoiictBa 12° mis aneMenta m'—a’
cyllecTByeT 0OpaTHbIH, KOTOPLIA B CUJY CBOHCTB IPOM3BEAEHHS Da-
BeH yacrHomy 1’/(m’—a’). {CornacHo cBoficTBy 16° s;emenT 1”7 MOXK-
HO NOBTOPHTH CJaraeMblM CTOJBKO pas, YTO MOJYYEHHBIH NPH TOM
«leJblf» 3aeMeHT ‘n’ Oyger nmpuHamiexath {T'} W yLOBAETBOPATb
HepaseHcTBy n’>1"/(m’—a’). U3 nocieanero HepaBeHCTBA B CHIY
CBO¥CTB NMPOH3BCAEHHS U CYyMMBbI MOJYyUUM *

m ——>a. (2.19)
n

Tak kak sjgeMentsl m’, 1/ v n’ npunaase:xxkatr MHOXecTBY {Z’}, TO

’

, 1
" 3JIEMeHT (m'--—;—) TaK¥Xe NPHHALJJCIKHT 3TOMY MHOXKECTBY H,
. n

II
OYeBMJHO, YAOBJETBOpPseT HepaBeHcTBY m' ——— < m'. Ho Toraa
n

HepabeHcTso (2.19) o3Hagaer, YTO B BEPXHEM KJjacCe HMeeTcs 3Je-
MEHT; MeHbLIHHA m’, T. e. M’ He SBJSETCH HAUMEHBIIHM 3JeMEHTOM.
ITosyyeHHOE NpOTHBOpEUHE NOKA3bIBAET HOJHOTY MHOXKECTBA Belie-
CTBEHHBIX yHces **.

2. AKCHOMATHYECKOE BBEJEHNE MHOMKECTBA BELeCTBEHHBIX YHCEJ.
Ji1s1 BBeZeHHs] BEIIECTBEHHBIX YHCEJ MBI HCIOJL30BAJH MHOXECTBO
OeCKOHEUHBIX JecATHUHBIX apolbeft. OnpexenuB [Ijas MHOMXKeCTBa
3THX Apo0ell NMpaBUJO YHNOPSLOYEHHs W ONepalllii CJAOXKEeHHS H yM-

* OtH cBoficTBa 00eCNEUHBAIOT NPHMEHHMOCTb BCeX NpaBHJ aareGph.

** Jlpu 1OKa3aTesbCTBe 3TOI TeOPEMBl HCIOJAb30BaNach Hles TaK Ha3blBaeMoOro
AeflexnHaoBa ceyeHHs. JIeJeKMHJOBHIM ceyeHHeM B OGJACTH DalHOHAJBHEIX  YHCEJL
HaspiBaeTcsl pa3fHeHHE MHOXECTBa BCeX paNHOHAJDbHEIX UHCEJ HA JABAa  HEmyCThIX
nojiMHOXKecTBa A M B Takux, 4To Mo6oil 3JeMeHT A MeHblle Joboro sJgaemedrta B.
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HOXKEHHsI, Mbl YCTAHOBMJIM, 4TO 3J€MEHThl 3TOr0 MHOXKecTBa 0fJa-
JajoT 16 OCHOBHBIMH CBOHCTBaMH M, KPOMe TOro, CBOHCTBOM IIOJIHO-
TH OTHOCHTEJIbHO 16 OCHOBHEBIX CBOHCTB.

OmnucaHHBI croco6 BBEJEHHsI BEUIECTBEHHLIX YHCEJ], XOTs M 00-
JajaeT HeCOMHEHHBIMH 3BPHCTHYECKUMH U METOMHUECKHMH JOCTOHH-
CTBaMH, He SBJISETCH eAHHCTBEHHO BO3MOXKHBIM U 1eJiecOOGpasHbIM
C HayyHOH TOYKH 3peHHda. J[lJaf OKOHUATENbHOTO OQOPMJEHUS I
HOJIHOTO JIOTHYECKOTO 3aBeplieHHs HALIKX NIpeAcTaBJieHHH O Belle-
CTBEHHBIX YHCAax 6oJjiee NPEeJNOUYTHTEIbHBIM SIBJISIETCS aKCHOMATH-
4ecKu# MeTOJ BBEJEHHS ITHX UYHCEeJ.

ATOT METOJ 3aKJI0YaeTcsl B CJAEAYIOIIEM.

MnoecTBO BeLIECTBEHHbIX YHCEJ BBOAHTCS KaK COBOKYNHOCTH
O0bEKTOB *,  y10BJETBOPAIOIHAX 17 aKCHOMAM, B Ka4eCTBE KOTODPHIX
6epyTcsi 16 OCHOBHBEIX CBOMCTB H aKCHOMAa O MOJHOTE OTHOCHTEJIbHO
16 yxasaHHBEIX cBoiicTB. Brpeab MBI GyleM Ha3HBATh YIOMSHYTHIE
17 akcuoM aKCHOMAaMH BelleCTBEHHOTO uucJaa. Kouk-
PeTHOH peasiH3allMell COBOKYNHOCTH OOGBEKTOB, YAOBJETBOPHIOIIHX
17 akcnoMaM BeINIECTBEHHOI'O UMCJA, H SIBASETCS H3YUYECHHOE HAMME
BBILIE MHOXKECTBO O€CKOHEUHLIX NecATHUHHX Apobell. Bosmoxnbl w
Apyrue peaju3alid yKa3aHHOH COBOKYNHOCTH OODBEKTOB.

Hmeer Mecto ciepyioliee 3amMedyaTeqbHOE YTBEpKAEHHE:

Jwbas pearusayus cosokynnoctu o6wvexros {x’}, yoosiersops-
rouux 17 akcuomam 6eujeCT8EHHO20 4YUCAQ, USOMOPPHA UBYUCHHO-
My Bouue mHoxecrsy {x} Oeckoneunovix OecaTuunsix Opobeil.

JloxkasaTeJbCcTBO 3TOr0  YTBEPKAEHHS MOMKHO HAaHTH B KHHre
B. A. HMnpuna u 3. T. Ilosuska: «OeHOBbl MaTeMaTHYECKOrO aHa-
au3ay, 4, 1 (M., Hayka, 1982, c. 608—612), a Takxe B KHUTE
B. A. Unbuna, B. A. Caposanuero u ba. X. Cenposa «Matemaru-
yecku#t ananus» (M., Hayka, 1979, c. 65—69).

[ToguepkHeM, 4TO aKCMOMATHYECKMH METOJ H NMOHsATHE H3OMOpP(-
HBIX (B Pa3jMUHBIX CMBICIAX) COBOKYINHOCTEH OGBEKTOB LIMPOKO
HCHOJb3YIOTCS B pasHooOpasHbiX pasjiesax COBDEMEHHOH MaTeMa-
THKH ¥ (DH3UKH (OPH TIOCTPOEHHY T€OMETPHH, TEOPHUH BEPOSTHOCTEH,
KJIaCCHYECKOH MeXaHHKM, CTATHCTMYECKOH (DU3HUKM, KBAHTOBOH Me-
XaHUKY ** ¥ 1p. pas3jenos). ‘

B 3aknioueHwe 3aMeTHM, YTO B TEOMETPHH MHOMKECTBO TOYEK
NpSAMOH BBOJHTCS KaK COBOKYITHOCTh OO'BEKTOB, YAOBJETBOPSIOUIKX
HEeKOTODLIM aKcHOMaM, CpelH KOTOphX (yHIaMEHTaJbHYI0 POJib
HIPaeT aKCHOMa O IOJHOTe 3TOH COBOKYNHOCTH OTHOCHTEJIBHO OC-
TalbHbIX AKCHOM. YTNOMSHYTble aKCHOMBI [O3BOJIAIOT YCTAHOBHUThH

* [Ipu 5TOM HHYero He HPELNOJNATAETCsi O NPHPOJE 3THX 0GHEKTOB.
** Tak, KBaHTOBas#g MeXaHMKa NePBOHAYAJbHO BO3HHKJa B BUAe ABYX BHellHe

Pa3JIMYHBIX TEOPHH: «MaTpPHYHO# MexaHuku» [efizeHGepra ¥ <«BOJHOBOH MEXaHHUKH»
Hipenunrepa. Ilosxke GELIO [0KAa3aHO, YTO 5TH [BE TEOPHH UCHOAB3YIOT JBE H30-
MOp®HBIE ADYr IpYry KOHKPETHHE DeajH3aluH OJHOM OOLIel COBOKYIHOCTH OOBeK-
TOB, BBOJAHMOM aKCHOMAaTHYECKH H Ha3bIBaeMOH aGCTPAaKTHHIM T'H/AbOEPTOBBIM IPOCT-
PaHCTBOM.
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B3aMMHO OfB03HAYHOE COOTBETCTBHE MeXKAY MHOXKEeCTBOM TOUeK
OpsAMOfl M MHOXKECTBOM BCEX BeIIECTBEHHBIX uHcesa *. 3To cooT-
BETCTBHE INI03BOJIsieT H300paKaTh BellleCTBeHHble UHCJAA TOYKAMH Ha
npsiMofi (4HCJIOBOH OCH), yeM Mbl OYAEeM IIHPOKO II0JL30BATHCS B
HJLTIOCTDATHBHBIX LEJSX.

§ 7. 3JIEMEHTbI TEOPUHU MHO)XECTB

1. Monsitne muoxecrBa. B npenpinymux naparpacdax npu usyde-
HUH TECPHU BeLIECTBEHHBIX YHCEJ BAXKHBIM IOHSATHEM SBJAJIOCH MOHS-
‘THe MHOxecTBa. [lojuepkHeM, YTO MHOXKECTBO MBI DacCMaTPHBAJH
Kak HavyaJbHOe ITIOHSITHE, HeolpeJje/sieMoe uepe3 apyrue. B stom na-
parpace Mbl 6ygeM u3y4aTh MHOXKECTBA NPOHU3BOJIbHOH NPHUPOABL, HJH,
KaK TOBOPSAT, aOCTPaKTHBIE MHOXKECTBAa. DTO 03HAYAET, YTO OOBEKTH,
COCTABAAIONINE JaHHOE MHOXKECTBO, HJH, KAK IOBOPST, 3JeMEHTH AaH-
HOrO MHOXKECTBA, yXkKe He 00513aHBl ObITh BELlECTBEHHLIMH UHCJaMH.
DneMeHTaMH aGCTPaKTHOTO MHOMKECTBA MOrYT ObITh, HanmpuMmep, QyHK-
M, 6yKBbI andaButa, GHTYpPHl HA MJIOCKOCTH H T. 1.

B MarteMaTHKe OOBIYHO BBOJASIT MHOMKECTBO KaK COBOKYIIHOCTb 06b-
€KTOB JI060H NPHPOJE, 00/MafaloliuX OnpeleNeHHEIM CBOHCTBOM.

MuoxecTBa MB OyaeM 00603HAYaThL NPONHCHRIMH OyKBamu A, B, ..
wan X, Y, .. U T. 0., HX 3JEMEHTH — MaJabIMH GyKBaMd a, b, ... WIH
X, Y,... U T. . YTBepK/JEHHE «3JEMEHT g TP HH A [ JI € XK H T MHOXKECTBY
A» OyneM 3anicHBaTh B BHAE a<A, €CJH XKe 3JIeMEHT @ He P H-

HalnJaeXHUT MHOXecTBY A, T0 6yneM mucath, 4To a=A unu a<t A.
Ecau paccmaTpuBaloTcst [Ba NPOM3BOJILHBIX MHOXKecTBAa A B B u u3-
BECTHO, UTO BCe 2JIEMEHTHl MHOXecTBa B cojepxkartcsi B MHOXKecTBe A,
TO B HasblBaeTCs MOJAMHOXKECTBOM MHOXecTBa A u 0603HayYaeT-
¢st aToT GdakT Tak: BCA. Ilpu aT0M roBopsiT, 4TO MHOXKECTBO B BKIIO-
uaetcs B MHOXKecTBo A. (3aMeTuM, uTo NpH 3TOM BO3MOMKEH Ciaydai
B=A, t. e. ciyuafl, Korga Kaxablil s1eMeHT MHOXecTBa B npunaj-
JIeXKUT MHOXeCTBY A M, HaoGOpOT, KaxKIbli 3JeMeHT MHoxkKecTBa A
NPHHAJIEXKUT MHOXeCTBY B.)

B naabHefimeM yao0HO OyAeT paccMaTpuBaTh MHOXKECTBA, SIBJSIO-
giHecss MOAMHOXKECTBAMU HEKOTOPOro (HKCHPOBAHHOTO MHoOxKecTsa E.

Ecan MHOMXKeCTBO BBOIMTCS KaK COBOKYNHOCTb OOBEKTOB, 06saja-
JOIIMX HEKOTODBHIM CBOHCTBOM, NPHYEM OKAa3bIBAeTCs, 4YTO OODBEKTOB,
00/1a1aI0IUX yKa3aHHBIM CBOHCTBOM, HE CYLIECTBYET, TO MHOMKECTBO
Ha3biBaeTCsl MYCTHIM H 0003HAYAETCSH CHMBOJOM .

Takum 06pa3oM, mycToe MHOMKECTBO — 3TO MHOXKECTBO, HE COAep-
Kallee HH OAHOrO 3JjeMeHTa. [IycTOe MHOXECTBO SBJSETCS MOJMHOMXKe-
CTBOM J1000r0 MHOXKECTBA.

3ameTHM, YTO KOTJa PeYb HIET O HEKOTOPOM BLIGODe 3JeMEHTOB,
AJIsi KOTOPBIX paHee OblI0 BBeAeHO 0003HAauYeHMe, CKaxeM, 0 HaGope

* Cm. kudry B. A, Mibuna u 3. T. TlosHska «AHanuTHYecKas reoMeTpHsi»
(M., Hayka, 198!; npunoxeHHe B KOHUE KHHIH). .
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3/JEMEHTOB X, TO AAHHAs COBOKYNHOCTb HJIH JaHHOE MHOXECTBO MOXKET
ofoanayathess ¥ Tak {x} (rOBOPAT — «MHOXKECTBO 3JIEMEHTOB <<m<c>>)

Hanee, ecnin X — Kakoe-TO MHOXeCTBO, a P — onpejiesieHHOe CBOHCTBO, .
1o 3amuce {x=X:P(x)} nan {xer|P (x)} o6o3navyaer MHOXKECTBO
3/MeMeHTOB x, o6aajamouiux csoiictBoM P. Hanpuwmep, ecaum o6Go3Ha-
YHTh uYepes N={x} MHOKECTBO HATYypaJbHHIX uncen: 1, 2, 3, ..., To 3a-
nuch {x<N :x?—4=0} o3Hayaer MHOXECTBO KOPHefl ypaBHEHHs
x2—4=0, gBAAIOIUXCS HATYpPaJbHBIMH YhcJaMH. B jgaHHoM ciayyae
3TO MHOXECTBO COCTOMT M3 OXHOro sjemesra: 2. Takum ofpasom,
{xeN : x2—4=0} =2. '

MHOXKeCTBO BCex TeX BEUIECTBEHHHIX unces {x}, KOTOpble OJHOBpE-
MEHHO Y/JOBJIETBOPSAIOT ABYM ycjoBuaM: x<1 u 2<x, siBasercsi myc-
THIM. [lycThiM siBJsieTcsi H MHOMXKeCTBO {x&E : x4x}.

2. Onepauun Hay MHoxecTsamn., Cymmoil (uasnw obvedunernu-
em) 0syx mroxecrs A u B Hazeisaercs Tperse mroscecrso C, cocros-
wee U3 31eMeHTO8, NPuHaldsexcauyux XoTs Obl 0OHOMY U3 MHONECTE
A u B. CymMa gByx MHOXKecTB o6osHauaercsi tak: C=AUB. Anano-
THYHO onpefensiercst cyMma A mwoboro yuciaa MHoxecTB A,. B 3tom
caydae numyt A=|JA,, 4TO U 03HauaeT, YTO MHOXKeCTBO.A cocTouT M3

€7

3JIeMEHTOB, NPHHAAJEKAUNX XOTst Gl oxHOMYy A,
3aMeTHM, YTO He cJelyeT MYTaTb MOHSTHE CYMMBI JBYX MHOMKECTB
C NOHAITHEM CYMMBI ABYX BeIECTBEHHBIX uuces. Hanpumep, ecaun Mel
paccmarpuBaem MHoxkectBa A={1}, B={2}, T. e. MHOKeCTBa, COCTON-
IIHe BCEr0 M3 OAHOTO 3JIEMEHTa: B IIEPBOM CJjydae H3 eJHHHIIB, BO
BTOPOM H3 uHcja nBa, to C=A{JB={l; 2} ectb MHOXKeCTBO, COCTOs-
ee M3 JABYX 9JMeMeHTOB —uHcen 1 u 2. flcuo, uro mpu stom 142=3
He #BJAETCS Jayke 3JeMeHTOM MHoxkecrsa C.
fepeceuenuemn deyx muosecrs A u B Hasei8aercs TpeTse
- mioxcecteo C, coCTOAUjee U3 HACMEHTOB, NPUHAONCHAULUL KAK MHO-
wectsy A, rax u mnoxcecréy B, 1. e. us sasementos, obujux 0as MHO-
amecre A u B. Ilepeceuenne C nByx muoxkects A u B o6osnauaercst
tak: C=ANB. Auanoruuto onpejesnsiercss nepecedenneé C MPOU3BOJb-
HOTO uHcya MHOXKECTB Aq: C=(1A., T. e. MHOXKecTBO C, cocTosilee U3
N o

2JIEMEHTOB, IPHHAAJIEKAIIHX, KAKAOMY MHOXKECTBY Ag.

Pasrnocroto C=ANB d8yx muowecte A u B Hazvi8aercs muo-
oHecT8o, cocronuyee us InemenTos A, He npurnadaencauyux B. 3ametum,
4TO eCJIH paccMaTpuBaeMble MHOMKECTBA SBJISIOTCH MNOJMHOMKECTBAMM
HEKOTOPOro (PUKCHPOBAaHHOIO MHOXKECTBA E, TO pasHocTe A'=EN\A Ha-
svi8aercs ConoAHEHUEe M MHOXeCT8a A uiu aonO/meuueM do
E muoscecrsa A.

[ToxuepkHem TakiKe, YTO MOHATHE PA3HOCTH JABYX MHOXKECTB TaK-
Xe He cjeflyeT NyTaTb C INOHSITHEM pAa3HOCTH JBYX BEIEeCTBEHHBIX
qUCceJ.

HononnuTenpHele CBefleHHst O CBOHCTBAX omepauuil HAajJ MHOXKeCT-

BaMH 4 NOHATHe OTOOpa)KeHHs MHOKeCTB OyAyT AaHBl B 1. 4 B KOHUE
Hacroswero naparpada.
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3. CuerHple H HecueTHble mHoxecTtBa. HecuetHocTh cermenra [0, 1].
MOIHOCTD MHOMKECTBA. BaXXHBHIM BONPOCOM NPH H3YYEHHH MHOXKECTB
SIBASIETCA BONPOC O TOM, KaK CpaBHHBATh MexXAy coboit ABa MHOXKe-
CTBa, UMes B BHAY <KOJHYECTBO» 3JEMEHTOB, B HHX COJepKallHUXCH..
Ecap MBIl HMMeeM ABa MHOXKeCTBA, KaxkJoe H3 KOTODHIX COAEPHKHT KO--
HeuHOe YHCJIO 3JIEMEHTOB, TO 3JIEMEHTHl B 3THX MHOMKECTBAX MbI MO--
JKeM NpPOCTO KaKHM-HHOYIb cnocoGoM 3aHyMepoBath. IIpH 3TOM MOxKer
0Ka3aTbCsl, 4TO B NEPBOM H BTOPOM MHOXKECTBAX COLEPKHUTCS OIHHA¢-
KOBOE YHCJIO 3JieMeHToB. Ha3oBeM Takue JBa MHOMKECTBA, COAEpKa--
Uie KOHEUHOoe H OJHHAKOBOE UYHCJO 3JEMEHTOB, 3 KBHUBAJEHTHBI-
MHu. Ecau B 0OZHOM H3 paccMaTpHBaeMbIX MHOMKECTB 3JI€MEHTOB OKa-
XKercst GoJsbile, To Mbl OyAeM rOBOPHUTb, YTO OHO HMeeT 60JibIIY 10+
MOILHOCTH, YeM JPYroe M3 pacCMaTPHBAEMBIX MHOMKECTB.

O6patuMcsi Temepb K MHOXKECTBAaM, COCTOSIIAM H3, BOOOILIE TOBO-
ps, QeCKOHEeYHOro 4YHCJa -JeMEHTOB. IlIpuMepaMH TaKHX MHOXECTB
SIBJSIIOTCS. MHOXKECTBO PAalHOHAJBHEIX YHCEA HJIH MHOMKECTBO BELIECT-
BEHHBIX uHceJ, JexXxallux Ha cermenre [0, 1].

Hasoeem dsa muoxncecrea A uBakeusarenTroLMmu, ecau mem-
Oy HUMU CYuLecT8yer 63AUMHO OOHO3HAYHOE COOTBETCTEUE, T. €. KaXK-
JIOMY- 3JIeMeHTy a&=A oTBeYaeT €HHCTBEHHBIH 3JeMeHT b B, KaxK bl
sneMenT beEB comocraBjieH HEKOTOPOMY 3JeMeHTY a=A W pasHBIM
3/IeMEeHTaM MHOXKeCTBa A OTBEYaloT pasHble 3JeMEHTH MHOXeCTBa B..

B3auMHO OfHO3HAYHOE COOTBETCTBHE HA3LIBAIOT HHOTAA GH € KT H B-
HBIM COOTBE€TCTBHEM. ,

B yacTHOCTH, MHOXeCTBa, COjAepKallie KOHEUYHOe YHCJIO 3J1eMeH-
TOB, 9KBHBAJIEHTHBl TOTAA M TOJbKO TOTJa, KOTJa OHH COAEPXKAaT OJH-
HAKOBOE YHCJO 3JeMeHTOB: DKBHBaJEHTHOCTb MHOxecTB A u B 060-
3Hayaercst Tak: A ~ B.

[TokaxeM, Hanpumep, uTo MHOMecT60 R={r} payuonaroneix 4wuces
u muomecrso N={n} nHarypaivroix uuces 3K8UBAAEHTHbL 3aMeTHM
CHayaJsa, 4To .AJd J0oro uejsoro k=0 ABa palMOHAJBHHIX YHCJA
m/n u mknk SBNAIOTCS ONMHAKOBBIMU (34ech n~0). [ToaToMy BesiKoe:

palHOHAa/JbHOE UHCJIO r MOXHO 3amlucaTh = B BHIE ©= % (g > 0y

H 1po6b cuuraTh HecokpaTuMol. Uucao 0 6yaeM cUMTATb 3aNMHCAHHBIM®
. _ 0 : .
OZHHUM cnocofom: 0= -

HasoBem uyucio h=|p|+¢ BbCOTOH pamHOHANLHOrO uHcaa p/q..
SICHO, YTO PALMOHAJILHBIX YHCEN 7, HMEIOUIHX JAHHYIO BEHICOTY, KOHeY-
noe umcno. Byaem HyMepoBaTh HaTypaJbHHIMH uncaamu 1, 2, 3, ...
pauHOHaJbHbIE YHCJA [0 BO3PACTAHHIO BBHICOTH, T. €. CIHEPBA 3aHyMe-
pPyeM BCe pauuoHaJbHble YHUcaa BHCOTH hA=1. Takoe 4YHCJIO TOJBKO-
oAHO: 0. DTOMy palHOHAJBHOMY UHCJAY NpPHUUHIIEM HHIEKC 1, T. e..
NOCTaBHM €My B COOTBETCTBHe HaTypaJibHoe uucjo 1. 3ateM 3aHyMe-

- 1
pyeM paunoHaJbHble 4HCaa BbicOTH A=2. Takux uucen apa: | = —
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—1
un 1 =—- [TepBoMy M3 HHX IIOCTaBHM B COOTBETCTBHE HATypaJlb-

‘Hoe yHucao 2 (T. €. 3aHyMepyeM ero HHAEKCOM 2), BTOpOMY — 4HCJIO 3.
Tlocne aToro 3aHyMepyeM panuoHajJbHBIe YHCAA BHICOTHL 3 H T. .
SlcHo, uTO LPH 3TOM Mbl YCTAHOBHM B3aHMHO OJHO3HAYHOE COOTBETCT-
‘BHe MEXJY BCEMH PALHOHAJbHBIMH YHCJIAMH H BCEMH HATYPaJbHbLIMH
qucJaMu, T. e. R~ N.

BBenem moHSTHE CUETHOrO MHOXKECTBA.

Onpepneanenue 1. MuowecTs6o Ha3bi60€TCS CHEeTHOLM, eCAl
OHO HKBUBAAEHTHO MHONMECTSY HATYPAAbHOIX HUCEA.

CoriacHo 3TOMY ONpejeJeHHI0 ¥ PacCyXKIEHHUSM, IPOBeAEeHHLIM
BEIIIE, MBI OJYYaeM, YTO MHOMKECTBO PALHOHAJbHBIX YHCEJ SIBJSETCH
CUETHBIM MHOXKECTBOM.

,[onameM CJeAyIollHe ABA HPOCTHIX YTBEPXKAEHHA O CUETHbIX MHO-
2KeCTBax.

Yreepxaenue 1. Bcakoe HenycToe noOMHOMECTBO CHETHO20
MHONECTBA $BAAETCS. UAU MHONCECTBOM, COCTOSUUM U3 KOHEUHOZ0
HUCAQ 3AEMEHTOB, UM MHOXCECTBOM CUCTHBIMN.

JokasareabctBo. [lycre A -— HCXONHOE CUETHOE MHOMKECTBO,
T. €. A~ N — MHOXKECTBY HATypa/ibHbIX YHCeJ. DTO O3HAYaeT, YTO dJe-
'MEHTH MHOX€CTBa A MOXKHO 3aHYMepoBaTb KaKUM-HHOYIb CiOCOGOM.
'PacnonoxuM 3jJeMeHTH MHOMXKeCTBa A B BHIe MQCAEIOBATENbHOCTH:
ai, ag, .., Qn, ... [lycts B — HenycToe MOAMHOMKECTBO MHOXKeCTBa A.
PaccMOTpUM TNOCJI€0BaTeIbHO 3JEMEHTH a1, d2, ds,.. MHOXKeCTBa A.

Ecan ay&B, 1o 3tor sneMeHT MBI 0003HauuM uepes by; ecan a;=B,
MBI TIEPEXOJAHM K PACCMOTDPEHHIO 3JIEMEeHTa dp. IIpH pacCMOTpeHHH
"9JIEMEHTA @y MOTYT NDPEACTABHTbCS [BE BO3MOXHOCTH: 4) 3JeMeHT
Q9 B; ecnu npu 9TOM GBIIO BHIMOJHEHO, 4YTO U 1B, T0 37eMeHT a

‘MBI 0GO3HAUMM yepes by; ecaH ke @B, To sJ1eMeHT a; 06o3HauaeTCst

uepe3 by; 6) aJeMeHT ay=B, Torna nepexofiuM K PacCMOTPEHHIO 3Je-
‘MEHTa Q3 U T. A. SICHO, UTO IIPH STOM MOKET CJYYHTHCS, YTO BCE 3Je-
‘MEHTHl MHOXKECTBa B GyAyT pacmosioMkeHbl B BHAE KOHEUHOH MOCAENO-
BaTeJbROCTU: by, by, ..., bu (M<oo). B 3TOoM cayuae muoxecrso B
“COCTOUT M3 KOHEYHOTO YHCJa 3;1eMeHTOB. EC/IH 3TOro He CJAYYHTCH, TO
MBI BBINHILIEM BCE 3JEMEHTHl MHOXKecTBa B B BHAe 6ecKOHEeuHOH mno-
<J1eOBAaTEJbHOCTH 37eMeHTOB by, by, ..., bn, ..., OTKyAa cieiyer, uToO
MHOXeCTBO B cueTHoe. YTBepKIeHHE J0Ka3aHO. :

Yreepxaeuue 2. Cymma 210606l KOHeuHOH Ul CHETHOU COBO-
KYNHOCTU CHETHbIX MHOXCECT8 eCTb MHOMCECT80 CHETHOE.

HokasartenbcTBO. PaccMoTpum, nanpumep, ciyda#, Koraa
WMEEeTCsI CUeTHAasi COBOKYNHOCTb CUETHHIX MHOXKecTB. IlycTs A, A,,
A3z, ... —COBOKYNHOCTb MHOXECTB, KaX[I0Oe M3 KOTOPHIX CUeTHO. Pac-
TIOJIOKHM 3JieMeHThl MHOXKecTB Aj, As, As, ... B BUAe NOCIEL0BATENb-
FHOCTeH:
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A = {”ﬂ y A2y iz, e e,

fo= oy , G 5 Gy, <o,

A = oy, 05, ey, .. 4
. L [ 4 L L] . [ 2 . [ . L)

w0
Hyers A= UlAn. Tlpou3BeieM HyMepaUHIO 3JEMEHTOB @ MHOKE-'
n=
crBa A={a} caepywomum o6pasom *:
a1=an, A2=0qg, A3=0a13, A4=0as, As=0y, As=013 H T. A.

Y HexoTOpHX MHOXKecTB A; H Aj MOryT OKa3aThCsi OOIIHE 3JE€MEHTBI'
(npu i~j). B atom clydae MBl HX YUHTHBaeM TOJbKO ONHH pa3.

Takum o6pa3omMm, 3jeMeHTH MHOXeCTBA A MOXKHO 3aHYMepOBAaTh,.
T. €. TNIOCTAaBHTb BO B3aHMHO OJHO3HAUHOE COOTBETCTBHE C MHOXKECT-
BOM HaTypajbHHX yucea N, T. e. A cueTHo. YTBepkKIeHHE N0KA3aHO..

BosHukaer BOIpOC: CYHmIECTBYIOT J GeCKOHEYHEIE HECUeTHble MHO-:
JKeCTBa, T. €. TaKHe OeCKOHEYHble MHOXECTBa, KOTOpHE Hesb3s IMOoCTa--
BHTb BO B3aHMHO OJHO3HAYHOE COOTBETCTBHE C MHOKECTBOM HATYpPaJb--
HBIX yHcesn? OTBET COJNEPIKHTCA B AOKAa3bIBAEMOH HUXKe TeopeMe.

Teopema 2.2. Muoxecrso scex touex ceemenra [0, 1] necuerno.

HoxasarteancTBo. Paccmorpum unrepBaa (0, 1). OueBuano,.
4TO €CJH Mbl AOKaxeM, urto uHTepBan (0,1) HecueTeH, TO U CErMeHT"
[0, 1] 6ynmer HecueTeH, TaK KaK MHOXeCTBO Touek cermenta [0, 1] otan-
4aeTcs OT MHOXKecTBa TouekK MHTepBasta (0,1) Bcero AByMsI TOYKaMH::
0 u 1. Mrak, nokaxeM, 4To MHOMKEeCTBO Touek umHTepBaja (0, 1) me-
cyeTHO. [lomycTHM OPOTHBHOE, T. €. MPEANOJOXKHM, 4YTO BCE BELIeCT--
BeHHble yucja HHTepBajaa (0, 1) MOXHO 3aHYMepOBAaTh.

3anucoiBasg Bce uyHcaa uurtepBana * (0, 1) B BHIe 6GecKOHEUHBIX:
NeCATHYHLIX APOOe, NoJy4YnuM, uTo :

X1 =0, anaig ... ...

y

Xo=0, A21Qs...Qon ...,

. . . . . N

xn': 0, (lnlaﬁz eew ann cesy

Paccmorpum Ha mutepBaje (0,1) BemectBenHoe uuciao x=0, b;b; ...
wo bne.., THE by — M06asg mudpa, oTaMynag ot a, 0 u 9; by — J06asn
uudpa, OTAHYHASA OT Ao, 0 U 9; U T. A.; b, — d06asn udPa, oTIHYHAS
OT @np, 0 1 9. IlocTaTOYHO MOKa3aTh, YTO UHCJAO X HE COBNALAET HH
C OOHHM H3 YHCeJ X1, X2, ..., ¥n, .... HUCJO X HE CONEPKHUT IOC]e 3a-
NATOH HyJefl U AEBATOK, T. €. 3TO YHCJO He IPHHAJIEXKHT Kjaccy pa-

* B samHcn Bcex »JieMEeHTOB MHOXKecTB A;, Ag, .., NPUBEJEHHOR BHILIE, CTPEJKH:
YKasblBAaiOT MOPAAOK, B KOTODOM MBI IIPOH3BOAHM HyMepalHio. :
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LHOHAJbHBIX YHCEJ, NPEeACTABUMBIX JABYMs crnoco6aMu B BHAe GecKo-
'HEeUYHHIX JECATHUHBIX JpoGedi. B Taxkom cayyae 4HCIO X JAONyCKaeT
-eIMHCTBEHHOE MpeJCTaBJeHHe B BHIE OeCKOHEUHOH JecATHYHOH ApPoOH
H OHO CTJIMYHO OT BCEX HHCEJ X1, X3, ..., Xn, ..., HOO COBHajdeHHe YHC-
J1a X ¢ KakHM-uf0 YHCJIOM X, O3Hauajo Ob coBnajeHue b, U Qnn.
Takum oGpasom, uutepBan (0, 1), a BMecte c Tem u cermedt [0, 1]
HecuereH, Teopema pokazaHa.

Onpenenenue 2. MuoKecrso, IKBUBANEHTHOE: MHOJNCECTBY TO-
«uex ceementa [0, 1], nasviBaeTcs MHONECTBOM MOUWHOCTU KOHT U-
HYyyma. ' :

Us nokasanHoi#i TeopeMsl 2.2 ciejyer, YTO MHOXKECTBAZ MOUIHOCTH
KOHTHHYYMa M CuUeTHble MHOXKeCTBa He SIBJSIOTCH 3SKBHBAJEHTHBIMH
Mexay co6ofi MHOXKecTBaMH. B dacTHocTH, H3 TeopeMbl 2.2 cienyer,
YTO CYLLeCTBYIOT HPpPAlHOHAJbHBIE UHCJA, TAaK KaK yXe Ha CerMeHre
10, 1] ne Bce umcna panHOHAJBHBI: B NPOTHBHOM CJydae HX MOXKHO
6bly10 OBl mepeHyMepoBarth. 3 Teopemul 2.2 Takxke cienyeT, 4TO Hppa-
‘'UMOHAJILHBIX YHCeJ HeCYeTHOE MHOMKECTBO, TaK Kak ecsH Obl HX OBLIO
CUeTHOE MHOXKECTBO WJH KOHEYHOe YHCJO, TO N0 YTBEPXKAEHHIO 2 ¢
"BCEX UHCEJ — DAalMOHAJbHBX H HPPALHOHAJbHBIX — OBITO OBl CUETHOE
MHO2KeCTBO.

Paccmorpum dsa npoussonstolx muosecrea A u B. Ecau st
MHONCECTB8A ABAAIOTCA IKBUBAAEHTHOLIMU, TO Mbl 6ylem 2080pPUTD,
4TO OHU UMEOT OOUHAKOBYIO MOUWHOCTbO UAL ABAANTCA
PABHOMOUWH MU

st 0603HaueHHsi PAaBHOMOILHOCTH MHOXecTB A ¥ B ucnosnsy-
I0T CJEeAYIOIYI0 CHMBOJHKY:

m(A)y=m(B) *

Ecau muosicect6o A 3K6UBANGHTHO HEKOTOPOMY NOOMHONMECTSY
mromecrsa B u npu srom mrioscectso A ne codeprcuT noOMHONCECT-
8a, 3KBUBAAEHTHOZ0 MHOXCecT8Y B, T0 Gydem e2080purs, 4TO MO W4-
HoCTb mMHOMecT8a A MeHvweE Mouutocru MHOXe-
crea B.

JJas o6o3HayeHHst TOTO, YTO MOIIHOCTb MHOXKecTBa A MeHbile
MOIHOCTH B, HCHOJb3YIOT CAEAYIOUIYIO CHMBOJIHKY:

m(A) <m(B).

Hanpumep, M3 HaHHOrO Bbillle ONpPeJEeJeHHS MHOMXECTBA MOLIHOCTH
KOHTHHYYMa, H3 TeOpeMH 2.2 M H3 yTBepXKIeHHS | O CYETHHIX MHO-
JKeCTBax CJaeAyeT, YTO MOLIHOCThL CYETHOTO MHOXKECTBa MeHbLIe MOHI-
HoCTH MHOXecTBa cerMeHra [0, 1], T. e. MOIHOCTH KOHTHHyyMa.

Htak, HaMi BBEAEHO CpaBHeHME MOLUHOCTeH IBYX MHOXECTB.
Hornqecxn BO3MOXKHBI €Ille JIBA CJydas:

* Beanuuny- m(A), npepicrabiasiomyio co6ofi ofuiyl0o XapakTepHCTHKY KJjacca
BCEX SKBHBANEHTHEIX MHOXECTBY A MHOXECTB, NDHHATO HA3HBATh Kap AHHAJdb-
HBIM YHCJOM. B uactHocTd, ecii A COCTOHT H3 KOHEYHOrO HHCJA 3JEMEHTOB, TO
#m(A) paBHO KOJIHYECTBY 3JIEMEHTOB 3TOFO MHOXKECTBa.
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a) MHoxectBo A CONEPXKHT TOJAMHOMXKECTBO, 3KBHBAJEHTHOE
MHOKeCTBY B, a MHOXeCTBO B COAepXKHT NOAMHOXKECTBO, SKBHBA-
JgeHTHOEe A,

6) MuoxectBa A u B He 3KBHBAJIGHTHH, M HH OJHO U3 HHX He
CONEPKHUT NOJAMHOXKECTBA, 3KBHBAJECHTHOTO JPYTOMY MHOXECTBY.
Herpynuno poxasath, uTo B cayuae a) MHOXectBa A u B 6yayT 3K-
BuBajeHTHbl. Ciyyail ke 6) Ha caMOM Jejle HEBO3MOXKEH.

3aMeTuM elle, YyTO TPYAHOH mpoG/ieMoil OKasajcs BONPOC O
CyUIeCTBOBAHHY MHOJKECTBA IIPOMEIKYTOYHOH MOIIHOCTH MeXAY
MOLIHOCTBIO CYETHBHIX MHOXKECTB M MOIHOCTbIO KOHTHHyyMa. Okxa-
3aJI0Ch, UTO YTBEPXKJAEHHE KaK O CyIeCTBOBAHHH, TaK H 006 OTCYTCT-
BHH MHOXK€CTBAa I[POMEKYTOYHOH MOIIHOCTH HE IPOTHBOPEYUT aK-
CHOMaM TEOPHHM MHOXKECTB H He MOXKeT ObITb BBIBEIEHO H3 HHX. Tem
CaMBbIM 3TO YTBePXK/JEHHE SIBJsSeTCSI OJHOH M3 aKCHOM aKCHOMAaTH-
YECKOH TEOPHH MHOXKECTB.

B sakiiouenne pokaxeM, uro cermesr [0, 1] u unrepsan (0, 1)—
3KBUBAJIEHTHbIe HJIH, YTO TO JKe, PABHOMOLIHBIE MHOXecTBa. [lis
3TOr0 YCTAHOBHM B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKAY HX

ssementaMu. Buibepem Ha cermedTte [0, 1] u unrepBane (0, 1) mo-
1

1 1
CJACA0BATENbHOCTDb TOYEK {7, —-g-, e R
n

Touxe 0 cermenta [0, 1] HOocTaBUM B COOTBETCTBHE TOYKY
1
- untepBasa (0, 1), Tourke 1 cermenrta [0, 1] mocraBuM B coor-

1 1
BETCTBHE TOUYKY Y uHrepaaa (0, 1), najee TOUKe —-  CerMeHTa
' 1
[0, 1] nocraBEM B COOTBETCTBHE TOUKY Tun'nepna.na 0, 1)
H T. 1., TOUKe L cermenra [0, 1] mocTaBHM B COOTBETCTBHE TOYKY
n

untepBana (0, 1), n>>2. Bcem ocraJpHBIM TOYKaM CerMeHTa

(1. e. Toukam, oTauyHbIM OT 0,1 ¥ He NMpHHAAJIEKAIUMM- BEIOPaHHOH
HOCJeLOBATEJbHOCTH) CTaBATCA B COOTBETCTBHE T€ XK€ TOYKHM HH-
TepBaJia, T. e. TOUKH, MMelollHe Te ke abcuuccol. Takum obpasom,
B3aHMHO OJIHO3HAYHOE COOTBETCTBHEe Mexay cerMentom [0, 1] u HH-
TepBasoMm (0, 1) ycraHOBIEHO.

4. CpoiicTBa omepauyil Haj, MHOXECTBaMH. OToﬁpa)KeHne MHO-
xecTB. OTMETHM pPsii CBOMCTB, BBeAEHHBIX BHIIIE ONepanuii Haj
MHOXcecTBaMy. OTHOLIeHHe BKJIOYeHH 1 ABYyX MHOxecTB o6iana-
€T CJEeAYIOIUUMH CBOHCTBaMH:

1°) AcA4;

2°) eciu AcB u Bc A, o A=B;

3°) ecaiu BcA u A<=C, 10 B=C;

4°) A pna moboro MHOXKecTBa A.

3ak. 72
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Ta. 2. BellecTBeHHHE 4YHCHa

Onepauun cyMMBl (OGbefHHEHHS) M NMepeceyeHHSs MHO-
JKeCTB 06J1aJjaloT CJIeAYIOUMMH, HENOCPEJCTBEHHO POBEPSIEMBIMHU
CBOHCTBAMH:
5°) (UAa) NB= U (ANB) (nucTpuOYTHBHOCTD TiepeceueHus);

6°) (ﬂAa)UB ﬂ( oUB) (nuCTpHGYTHBHOCTb OOBENHHEHHS);

7°) ACB SKBHBaJIeHTHO yeaosusam AUB=B wan ANB=A.

Hanowmuum, uTo ais noamuoxects {A} HEKOTOPOro GUKCHPOBAH-
HOro MHOXecTBa E MH BBeJM ONEpaluio JAONOJHeHHS A=
=ENA. OueBHJiHO 3Ta onepainus yAOBJETBOPSIET CJAeAVIOLUIHM CBOIi-
CTBaM:
8°) AUA'=E, ANA' =,

9°) &'=E, E'=(,

10°) (UAa) —ﬂA

11°%) (ﬂAa)’

Hocne;ume lIBa CBOMCTBA CyTh npaBuia Ae Moprana *

Cummerpuueckoil pazHocTsro 08yx muoxwecrs A u B
nasosem muomcecréo C(AUB)\ (ANB). CummeTpHyeckas paspocThb
MHOXecTB A M B o6osnauaercss cumBojoM AAB. Jlerko BuIeTb,
yt0 AAB= (AN\B)U(B\A4).

BakpefllnuM NOHATHEM B aHAJIH3e SIBJSETCS NOHATHE 0TOOp a-
JKeHHs omHOro MHoxkectBa B apyroe. Ilyctb X u Y — kakue-to
MHOXxecTBa. Ecau 8 cunry Hekoropoeo 3axona | kascdomy ssementy
xeX coorsercrséyer ssement y=f(x)<Y, ro eo8opar, 4ro 3a0aHO
orobpascenue [ muoncecréa X 8 muoocecTeo Y. 3anUCEHIBAIOT 3TOT
¢hakr B BUAE

f
f:X—>Y wm X—>Y.
B stoM cayyae aseMeHT y=[(x) HasnBaKT 06pa3oM 3jeMeHTa
X WIM 3HAYE€HHEM f HaA 5JeMEeHTe X, a 3JI€MEHT X—IIp o-
06pasoM HIH OZHUM H3 NIPO06Pa3oB asieMenTa y. Hacro aneMenT
xX HasHBalOT DepPEeMEeHHH M MA4 apryMeHTOM oToOpa-
XKeHus f.

O6pasom MmuoxectBa AcX npu orobpaxennu f:X—Y nasn-
BAIOT MHOXKECTBO BCEX TAKHX 3JIEMEHTOB ¥M3 Y, KOTOpHIE SIBASIOTCA
o6pasaMu 3jeMeHTOB ¥&=A. D10 MHOXKeCTBO 0603HAYAETCST CHMBO-
JaoM f(A). Ecau B<Y, To npoo6pa3oM (UaH NOJHHIM mpoobpa-
30M) MHOXKeCTBa B Ha3HBAIOT COBOKYIIHOCTb BCEX IJIEMEHTOB x&X
Taxkux, uto [(x)=B. Ilpoo6pas muoxecTBa B o0603Hauaercd CHM-
BoJiom f~1(B).

Oto6paxenue [:X—Y unorna ymo6uo HasmBath QYyHKIHe#
¢ obnacThio onpezneieHnss X u o6aacThio (MJH MHOMXKECTBOM) 3Ha-
yeHuit f(X)<Y. B HeKOTOPBHIX pasjiesaXx MaTeMaTHKH B 3aBHCHMO-
CTH oT mpupoasl muoxect8 X u Y u csolicts [ oroGpaxenne | ua-
3BIBA€TC ONMepaTopoM, GyHKHHOHAJIOM M T. 1.

* A. pe Mopran — woTaangckuit matematux (1806—1871).
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3*

ITpo otobpaxense f:X—Y roBopsaT, YTO OHO CIOPBEKTHBHO
(uu aBiaserca oToOpaxenHeM X Ha Y), ecaum [(X)=Y; unbek-
THBHO (UJIH ABJISIETCS BJIOKEHHEM), ecid AIs JIOHX 3je-
MEHTOB X, X2 MHOXecTBa X u3 ycioBus f(x1) =f(xs) BHITeKaer, 4TO
Xi=JXg, T. €. pa3JHyYHble 5JEMEeHThl HMeOT pasJHYHble 00pashi;
6HeKTHBHO (MJH B3aHMHO OJHO3HAYHO), eCHd OHO
CIODBEKTHBHO H HMHBEKTHBHO OJHOBpeMeHHO. Ecam otoGpakenue
f: X—Y OunextuBHO, TO, KAK Mbl OTMeuajd B 0. 3, MHOXecTBa X H
Y HasbiBalOTCSl SKBHBAJEHTHHIMH (HJIH PaBHOMOLIHBIMH). B cayuae
6vekuun f: X—Y MoxHo onperenut o6paTHOe oTOOpaxe-
Hue f':Y—X no npaBuay: ecau npu oTroOpaxKeHHH f 3JMeMEHTY
xeX cooTBercTBYeT 3jeMeHT y<Y, TO f~!(y) mosaraercs paBHHM
sneMenTty x. Jlas mo6oro yeY B CHIY CIOPBEKTHBHOCTH OTOOpaKe-
Hus f ajeMeHT f~1(y) Bcerja CyUIECTBYET, a BBHAY HHDbEKTHBHOCTH
0TOGpaXKeHust f 3TOT 3JeMeHT f~!(y) eAHHCTBEHEH.



Faasa 3

TEOPHSA NPEAEJOB

B ra. 1 yxe yxkasnBasoch, 4T0 OAHOH H3 OCHOBHbIX omepauui Ma-
TeMaTHUECKOr0 aHaJju3a sBJSEeTCSI ONepauHs NPeAeJbHOro nepexoia
H YTO 3Ta ONepalus BCTpeuaeTcsl B Kypce aHaJIH3a B PasjiHyHBIX ¢op-
Max.

B macrosmed riaBe usyualorcd npoctefimne GopMel onepauuH mnpe-
JenbHOro nepexofa. Mpl HayHHaeM € H3y4yeHHsi caMoi mnpocTeiuieh
¢opMbl onepanMH TpeAeNbHOIO IepeXoAa, OCHOBAHHOH HAa NOHATHH
npeneya Tak Ha3biBaeMOH YHCJICBOMH NOCIEAOBATEIbHOCTH.

[ToHaTHe npenena YHCJIOBOH INOCHENOBATENLHOCTH OOJErduT HaMm
BBEeJieHHe M APYrod BecbMa BAXHOH (OPMBI ONepauHd NpPeAesbHOTO
nepexoia, OCHOBAHHOH Ha NMOHATHH NPEAEJbHOrO 3HAYEHHs (HJH, KO-
poue,.nipefiena) (QyHKIIHH. :

KOHIle IJIaBel Haercs obuiee onpeneneﬂne npeieja (QYHKUHH
no Oase.

§ 1. MOCJHEAOBATEJNbHOCTb U EE NMPEXEJN

1. TonsaTne nocaenoBaTeNbHOCTH. ApudMeTHUECKHE ONEpalMH HaRm
nocaepoparenbHocTaMu. IloHATHe 4MCJIOBON MOCTENOBATEJbHOCTH H3-
BECTHO M3 Kypca cpexnefl mgoJjnl. IIpuMepaMH 4YHCJIOBHIX NOCJAENOBA-
TEJbHOCTEH MOTYT CHYXKHTb: 1) IOCJeNOBaTEbHOCTb BCEX 3JIeMEHTOB
apupMeTHYECKOH HJHM reoMeTPHYECKOH Inporpeccmu; 2) nocjaenosa-
TEJbHOCTh IIEPHMETPOB NPABHJbHBIX M-YTOJbHHKOB, BIHCAHHBIX B [aH-
HYI0O OKPYXKHOCTb; J3) MOCJENOBATEJbHOCTh pPALMOHAJBHBIX YHCe
x1=0,3, x,=0,33, x3=0,333, ..., npubauxalomux yucao 1/3.

Ecau kamdomy sHadenuto n u3 natyparsrozo pada wucea 1, 2,
ey Ny ... CTABUTCS 8 COOTBETCTBUE NO ONPEeOeAeHHOMY 3AKOHY HEKOTO-
poe Beuw,eCTBEHHOE YUCAO Xn, TO MHONECTBO 3AHYMEPOBAHHLIX BeulecT-
BEHHbIX Hucen

X1y X2y «ovy Xny oo (31)

Mol u Oydem HA3b6I8AT6 4UCA0B80E NOCAEeD0BATEALHOCTb IO
UAU RPOCTO ROCAE00B8ATEABLHOCTb I0.

OTtpenbHble YHCA Xp MBI Gy/eM HA3BIBATh 3J€MEHTAMH HJIH YJeHa-
MH nocjefoBatenbHocTd (3.1). s cokpallleHHOH 3aMuCH NMOCJefoBa-
TeqibHOCTH (3.1) OyZeM HCHOMB30BATbH CHMBOJ {Xn}.

Tax, HanpuMep, CHMBOJ

2 o6o3HayaeT MOCJeL0BATEIbHOCTD
n

1, 1/22, 1/32, ..., 1/n?, ..., a cumBoa {1+ (—1)"} o6osnauaer nocJje-
JosarenpHocTs 0, 2, 0, 2,
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Paccmorpum Hapagy ¢ mocienoBatedbHOCThIO (3.1) eme omny
[OCJIeI0BATEAbHOCTD
Y, Yo, ooy Yny oo (3.2)

Ha3osem  nocaedosaressnocte  x1-+y, XotYo, .oy XntYny -
cymmoi nocaedosareasrocrets (3.1) u (3.2), nocaedosaresvrHocTo
Xi—Y1, Xo—Y2, -y Xn—Yn, -.— PA3HOCTOb 0 NOCACOOBATEALHOCTEL
(3.1) u (3.2), nocredosaresrvHoCTs Xi-Y1, Xa-Y2, s Xn*Yny ... — R PO-
ussedenuem nocredosareasnocredi (3.1y u (3.2) u, naxoney, no-

. X Xa ‘Xn
cAe008aTeAbHOCT —2, 2, ..., 20 ... — wacTHb M nociedo-
Yn

Y Y2

sareasrocrell (3.1) u (3.2). _
KoneuHo, npu omnpejesieHHH YacTHOro mocjejoBartejbHOcTed (3.1)

H (3.2) Beo6xoguMo TpeGoBaTh, 4TOGH BCE 3JIEMEHTHI MOCJELOBATEb-
HOCTH (3.2) OblJIM OTJIHYHB OT HyJfd. 3aMeTHM, OJHAKO, YTO €CJH Y
NOC/IeAGBaTeNbHOCTH {yn} OoOpallaercss B HyJib JHUIIb KOHEYHOE YHCJIO

3JIeMEHTOB, TO 4aCTHOE {—3”— MOKHO ONpeNeJHTh C TOr0 HOMEpa,
n :
HayHHAsi C KOTOPOTO BCE 3JIEMEHTH Yfn OTJIHYHBI OT HYJIS.

2. OrpaHHYeHHblE, HEOTPAHHUEHHbIE, OECKOHEYHO MaJbie M Gecko-
HeyHo Gosbuine nocaeaoBaTeNbHOCTH. COBOKYNHOCTD BCEX 3JIEMEHTOB
NPOU3BOJNBHOH 1OCAeOBaTeNIbHOCTH {Xn} 00pasyer HEKOTOpPOE YHCJIOBOE
- MHOXecTBO. OTnpaBJisgsch OT NOHATHA OrPaHUYEHHOTO CBEpXY, CHH3Y
HJIH ¢ 06eHX CTOPOH MHOXECTBA, MBI NPHXOAHM K. CJEAYIOIHM onpe-
JEJICHHUSIM,

Onpenenenne 1. Hoczzeaosa:re/zbﬂocrb {xn} Ha3wBaeTca o e-
panuwennoil ceepxy (CHU3Y), ecau cywecreyer BeuyecTen-
Hoe uucao M (sewecrBennoe wucao m) Takoe, 4TO KA#ObLL 3/1eMEHT
310l n0cAe008ATEALHOCTU Xn YOOBAETEOPALT HEPABEHCTBY

Xn<M (xn>m).

Ilpu stom umcio M (uuciao m) Ha3biBaeTcss BEepPXHEH TpaHbIo
(HHXHeli TpaHbIO) IOCICNOBATENHHOCTH {X,}, a HEPaBEHCTBO
X,<M (x,>m) Ha3HBaeTCsi yCJOBHEM OTPAHMYEHHOCTH
3TOH MOC/EN0BATEAbHOCTH CBEpPXY (CHH3Y ).

OtmeruM, uro J06asi OrpaHHYeHHAsi CBEPXY IOCJEA0BATEIbHOCTh
HMeeT GeCKOHeYHOe MHOMKECTBO BEPXHHX IpaHed * M YTO B YCJIOBMH
OTPaHHYEHHOCTH NOCJEJOBATENLHOCTH CBepPXy X,<M B KauectBe M
MoxeT OpaThes J106asi H3 BePXHHX rpaHeil. AHaJOrHYHOEe 3aMeyaHHe
OTHOCHTCS M K HHXKHHM TDaHfM OTPaHHYEHHOH CHH3Y MOCJeJ0BaTelb-
HOCTH.

Onpenenenue 2. Ilocaedosarenrvrocts {x,} Ha3vi8aercs o2 p a-
HuweHHnot c obeux cTopon (uaunpoctoozpanuaennoii),
€CAU OHQ 02PAHUHMEHA U CBepXYy, U CHU3Y, T. e. ECAU CYuLecT8YroT 08a

* B camom jfese, ecin uucio M — ojHa M3 BepXHHX rpaHeil, TO B CHJy CBOH-
CTBAa TPAHSHTHBHOCTH 3HAKOB >H = ¥ Joboe.aucao M*, Goéavuiee M, siBnsiercs
’ -
BEpXHeH rpaHbio.
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seujectaennblx wucsa M u m taxue, 4To kaxcdoll 3aemenT 3T0i nocae-
008aTeNbHOCTU Xn YOOBACTBOPACT HEPABEHCTEAM

m<x,<M. (3.3)

Ilpu atoM uncina m u M HasHLIBAIOTCS COOTBETCTBEHHO HHXKHeH U
BepXHeil IPaHsIMH IOCJIEN0OBATENbHOCTH {X,}, a HepaBencrsa (3.3) Ha-
3BIBAIOTCS YCJOBHEM OrPAaHHUEHHOCTH IOCAEAOBATENbHOCTH
{xn).

[MopuepkHeM, yTO B yCJOBHHM OrpaHudeHHocTH (3.3) MOryTt ¢wury-
pHpOBaTh Jio6asi HIKHAA M J00ass BEPXHSsI TPAaHH IOCJeJ0BaTe/]bHO-
cri. OmnpejesieHne OrpaHAYEHHOCTH NOC/AEAOBATENbHOCTH TpebyeT Cy-
IIeCTBOBAHHUS XOTs Obl OJHOI Daphl BelleCTBEHHBIX uucea m U M Ta-
KHX, 4TO JJisi JI06Or0 3JieMeHTa TO0CJ/e0BATENbHOCTH X, CIPaBeJJIHBHI
HepasescTBa (3.3).

3aMeTHM, YTO yCJOBHE OTPAHHYEHHOCTH IOCJ]EJ0BATENbHOCTH MOXK-
HO 3amlMcaTh He TOJbKO B ¢opMe yAOBJETBOPeHHS HepaBeHcTBaM (3.3),
HO M B APYro#l 3KBHBaJIeHTHOH thopMme: nocaedosaresbHocTs {xn} n6a1-
eTCs O2paHu4enHoll To20a U TOAbKO To20a, Ko20a Cyu,ecTsyer noAao-
JeuTeAbHOe BeujecTeennoe wucao A taxoe, uTo KawOblli IAEMEHT no-
€2e008aTEAbHOCTU Xn YOOBAETBOPAET HEPABEHCTBY

| %] <A. (3.4)

B camoMm nene, ecium  KaXAblH 9JEMEHT X, YHOBJETBODsiET Hepa-
BeHCTBY (3.4), To, nmosoxuB m=—A, M=-+A, MH NOJAYYHUM, UTO Xn
ynoByerBopser HepaBeHcTBaM (3.3). Ecuau, Hao6opoT, Kaxabi ane-
MEHT X, YAOBJIeTBOpsieT HepaBeHcTBaM (3.3), To, o603HAUHB 4Yepes
A nanGosbuwiee H3 ABYX uHcea |m| um |M|, MBI MOXeM yTBepXKAath,
4TO X, YAOBJETBOpsSieT HepaBeHCTBY (3.4). '

' B coorBercTBHM C onpefeseHHeM 2 OrpaHHYEHHOH MOCJENOBATE/b-
HOCTH ¥ YCJIOBHEM OTrDaHHYEHHOCTH, B3ATHIM B dopme (3.4), MBI MO-
XKeM ONpefleJUTh NMOHSITHE HEOTPAHHYEHHOH MOCHEA0BATENbHOCTH.

Ilocaedosarenvrocts {x,} HasbiBaeTca HeoepaHuvennol, ecau
048 1106020 NONONHCUTEAbHO20 BeujecT8eHHo20 wucia A* natidercs
x0Ts 6oL OOUH 3AEMEHT NOCAeO0BATEAbHOCTU X,, YOO0B8AETEOPAIOULUL
HepagencTsy

| xn| > A. . (3.5)

- C TOYKM 3pEHHS 3TOr0 ONpEJEJNeHHS BCAKAs MOCJeL0BaTeNbHOCTD,
KOTOpasi OrpaHHYeHa TOJbKO CBEPXY HJIH TOJBKO CHH3Y, SIBJSIETCS He-
OI'PAHHYEHHOM. ' ;

Tak, nHanpumep, nociegosartenbHocTs 1, 2, 1, 4, ..., 1, 2n, ... orpa-
HHYEHa TOJBKO CHH3Y H SIBJSETCS HeOrDaHHYeHHOI: KaKoe GBI MOJIOXKH-
reJbHOE BellleCTBEHHOE YHCJIO A MBI HH B3siJM, HafiAeTCst JEMEHT 3Tol
MOCJIeJOBATENILHOCTH C YETHHIM HOMEPOM, Y/IOBJETBOPSIOUWIMA Hepa-
BeHCTBY (3.5). )

—_—

* Ckosib 651 GOJBIIHM MH HH B3SJH 3TO UHCJIO.
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1 o
- IlocaepoBaTebHOCTD [——} , OUYEBHJAHO, ABJASACTCS OrPAaHUYEHHOH:
n

KaXKIblH -2J1eMeHT 3TOH MOCJAeZOBATEJbHOCTH YAOBJETBOPSIET HepaBeH-
ctBam (3.3) npu aw06nx m<0 u M>1.

BBeneM Tenepp NMOHATHA GecKOHeUHO OOJBIIOH H OeCKOHEUHO Ma-
JIOH 1OCJIel0BATEbHOCTEH. ,

Onpenenenune 3. [locaedosaresvrocrs {xn} HasviBaerca 6 e c-
KOHed4Ho 60Abwol, ecau 0aa At06020 NOAOKUTEAbHO20 Beuje-
cr8ennoeo uucaa A* naiderca Homep N taxoid **, 4ro npu secex
n>N aaementol X, 3TOL nOCAe008aTeAbHOCTU YOOBAETBOPAIOT Hepa-
gercrsy (3.5). :

OueBHAHO, uTO BcsAKasg OeCKOHeYHO 60Jbllas NOCJAEA0BATEJLHOCTD
SIBJISIETCSl HeOorpaHWuYeHHOH, u60 ompejejerue OecKOHEYHO OOJbLIOH
NMOCAEe0BATENLHOCTH TpebyeT, uToOn s Jaio6oro A>0 HepaBeHCTBY
(3.5) ynoBieTBOpPSAJH BCe 3JEMEHTHl MOCTAEJOBATEJBLHOCTH, HAUMHAS C
HEKOTOpOTro HoMepa N, a onpejesieHHe HEOrDAHMUYEHHOH MOCJeLOBa-
TeJIbHOCTH Tpebyer, uTo6Hl And Jai06oro A>0 nepapencTBy (3.5) yzmos-
JIETBOPSIJI X0Ts1 OBl OJHH JEMEHT IIOCJEI0BATENbHOCTH.

BMecte ¢ TeM He BesKas HeOrpaHHYeHHAss MNOCJEIOBATEJbHOCTh
sBJsgeTcss OecKoHeuno Oousbuiol. Tak, HanpuMep, pacCMOTPEHHAs BHILIE
nocjenosarenbtocts 1, 2, 1, 4, ..., 1, 2n, ..., 6yAyus HeOrpaHUYEHHOH,
He siBasieTcss 6eckoHeyHo 6o.blioH, n6o pas Jwodoro A>1 HepaBeHCT-
BO (3.5) He HMeeT MecTa JJIs 3JEMEHTOB Xn CO CKOJb YTOAHO GOJbIIH-
MH He4YeTHHIMH HOMepaMH f.

Onpenenenune 4. Ilocaedosareasnocrs {a.} *** nasvieaercs
beckoneuno maanoi, ecau Oan 2106020 NONONHUTENLHOSO Beuje-
CTBEHRO20 4ucaa & **** naibdercs nomep N TaKod ***** yro npu ecex
n>N asemenTol @, 3TOL NOCAE008ATEAbHOCTU YOOBACTBOPAIOT HepPa-
8EHCTBY

lan] <e. (3.6)

Hokascem, 4to nocaredosaresbHocts q, G2, ..., ™, ... 1645eTCA 6 e C-
KkoHewHo Goarbwod npu |g|>1 ubeckoneuno manrod npu
lg| <L ‘ ' .

[Tycts cnauvana |q|>1. Toraa |g|=1+8, rae 6>0. HUcnonssys
¢opmyny 6unoma HeloToHa, MOXeM 3amHcathb

[g|¥=(14+6)¥N=14+N&+ (noﬁox{menbﬂbxe YJIEHH).

O'rc10/1a CJAeAYyEeT HEePaBEHCTBO
|g|¥>8N. (3.7)

* CgoJb 6Bl GOJIBIUMM MBI HH B3S/IH 9TO YHCJO. .

** Tak Kak 2TOoT HoMep N, BoOOGLIe roBops, 3aBHCHT OT A, TO HHOTJAa NHIUYT:
N=N(A).

*#% DJleMeHTH GECKOHEUHO MaJINX MNOC/efOBaTeJNbHOCTeH MBI GyJeM CTPEMHTbCS
o603HauaTh rpeyeckUMH GYKBaMH.

*#¥* CKoJb 6 MaJHM MBI HH B3SJIM 5TO UHCJO.
N ;‘E"*)* Tak kak stoT HOMep N, BOOGLIE rOBOPS, 3aBHCHT OT &, TO MHOTJAA NHUIYT:

=N(e).
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QukcHpyeM NMPOH3BOJBHOE MOJOXHUTEIbHOE UHCJA0 A M BhiGepeM no
HeMy Homep N Tako#, 4TOGHl OBIO CHpaBelJIHBO HEPaBEHCTBO

SN>A. (3.8)

Y6enumcst B ToM, uto 1o aioboMy A>0 MoxkHO BHGpaTh HoMep N,
yaAoBJeTBOpsitomui HepaBeHCTBY (3.8). Hoeosopumecs ob6o3na4vats cum-
B040M [X] yeayro 4acTe NOAOHUTEAbHO20 BEULECTBEHHOZ0 HUCAQ X.

[TockosbKy HepaBeHCTBO (3.8) 9KBHBANEHTHO HepaBeHCTBY N >—';l—,

TO 3TOMY HepPaBEHCTBY 3aBeOMO GYAeT YHOBJETBOPsITH HOMep N, BH-
o A A
OpaHHBIH U3 ycaoBHg N = [T +1= T =1 + L
3aMeTHM Tenepb, YTO NOCKOJBLKY |g|>1, TO H3 CBOHCTB mpousBe-
JeHHs BelleCTBEHHBIX YHCEJ Mbl MOJYYHM, YTO NpPH BCex n>N

lq]™>|q]". (3.9)
Comnocrasnsist nepasencrsa (3.7), (3.8) u (3.9), MB moAy4uM, 4TO AJA
aiob6oro A>0 naiiperca Homep N = 4+ 1 Takoit, yto mpH

fgl —1
Bcex n>N

[9"]=1q|">A.

D10 M HOoKa3biBaeT, uTo NpH |g|>1 nmocaenoBarenbHocTs {7} sABAS-
eTcqd 0eCKOHEYHO 60JbILO.

PaccmorpuM renepnb cayuait |g|<1. Mbl JOJMXKHB 10Ka3aTh, YTO B
3TOM CJllyYae MOCJENOBaTeJbHOCTL {g,} ABJAseTca OGECKOHEYHO Manoi.

o - .
Hcknouas tpuBHa/bHBIA cayuait ¢=0, nonoxuMm ——=1+39, rne

q
6>0. Hcnoab3ys, kak u Bbiue, 6uHoM HbioToHa, Mel BMecto (3.7)
NOJIYYHM HEepaBEeHCTBO

1 ) N 1 ’
" > 6N, i lq] < (3.7

@DuKCHPYeM NPOU3BOJILHOE IOJOXKUTEJNbHOE UHCJIO €& H BbiGepeM IO
HeMy HoMep N Taxo#i, 94ToObI OBLJIO CHpaBelJHBO HEPaBEHCTBO

1 ’
——é-lv— e. (3.8 )

B cuny Toro, uro HepaBeHCTBO (3.8’) SKBHBaJEHTHO HEPaBEHCTBY
I : ]
N> Y IJi17 BHIOOpA YKa3aHHOIO HoMepa JOCTATOYHO IOJIOXHTH
& .

N = [——1——] +1= [____l_ql__] + 1. Jlamee, MOCKOJbKY, B CUHIY
ed e(l1—1ql)

CBOHCTB IIPOM3BEIEHUS BELIECTBEHHHX umces, npu |g| <l nnsa Bcex
n>N cnpaBelJIHBO HepaBEHCTBO

lg|l*<]|q|¥, . (39)
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TO M3 comocraBieHus HepasenctB (3.7), (3.8") m (3.9°) Mm momy-

% I
4HM, 9TO AJs Jtoboro e>0 nafizercs Homep N = G qllql)
TaKoH, 9T0 NpH BceX n>N crnpaBelJiHBO HEPABEHCTBO

g =q]"<e.

dt10 ¥ pOKasbiBaer, uTO NpH |g| <1 mnocCNIeNOBATENBHOCTh SBJAETCH
6eCKOHEYHO MaJIoH.

3. OcHOBHBIe CBOWCTBA GECKOHEUHO MaJbIX MOCJHENOBATEIbHOCTEH.

Teopema 3.1. Cymma {an-+ Bn} 08yx Geckoreuno marvix nocaedo-
sareavrocred {an} u {Bn} npedcrasaser coboii 6eCKOHEUHO MAAYIO NO-
€1e008aTEAbHOCTS.

JlokaszatenabcTBo. OUKCHPYeM IPOH3BOJbLHOE NOJIOXKHTENbHOE
yucao ¢ Tak Kak [OCJeN0BATENbHOCTh {an} saBasgercs GeCKOHEUHO
MaJIoi, TO IJ1s [OJIOXKUTEJBHOrO YHcsia ef/2 HafineTcs Homep N; TakoH,
4TO NPH #>N; cupaBenuBO HEPABEHCTBO

|an| <ef2. : (3.10)

AHaJIOrHYHO, TaK KaK NOCJeNOBATeNbHOCTb {Bn} siBNsieTcst Gecko- -
HEeYyHO MaJioi, TO JJIs MOJIOXKHUTENILHOTO uucaa /2 Haipercss HoMmep N
TaKOH, uTO NpH n>N, crpaBe/lyIHBO HEPaBEHCTBO

1Ba] <e/2. (3.11)

O6Gosnauum uepes N naubosblurii u3 ABYX HOMepoB N; M N
Torma nmpu n>N Oyayr cnpaBemiuBe o06a HepaBencTBa (3.10) m
(3.11).

YuHTEIBasA, 4TO MOAYJb CYMMH ABYX UHCEJ HE NPEBOCXOAMT CYM-
MBI HX MOAYJlefl, Mbl NIOJYYHM, 9TO AJ BCeX HOMepoB n>N

lon+Bn| <fan]+|Bal- (3.12)

M3 coorHomennit (3.12), (3.10) u (3.11) sBHTekaer, uTo mpH
n>N crnpaBelJHBO HEPABEHCTBO

|+ Pn| <e.

D710 u 03HayaeT, 4TO MOCJEAOBATENbHOCTb {an+ Pn} siBAsiETCH Gecko-
HeyHOo MaJioii. TeopeMa nokasana.

Teopema 3.2. Paswocts {an—Pn} -08yx beckoHeuno mairvlx no-
caedosarensrocredi {an} 1 {P.} npedcrasaser coboil 6eckoneuno ma-
AYO NOCA008ATEAbHOCTS.

JloxasaTesbCTBO 3TOH TeOpPEMBl OTJIHYAETCS OT JOKAa3aTeJhLCTBA
TeopeMbl 3.1 TONBKO TeM, 4TO BMecTO HepaseHctBa (3.12) cuenyer
B31Tb HEPaBEHCTBO

|an—Bn| <|an] +[Bal.
Crnencreue. Arzebpauteckan cymma Aw06020 KOHEUHO20 HUCAR

feckoneuno maavix nocaedosaressrocteli npedcraéaner cobotl 6ecko-
He4HO MAAYr0 NOCAeG0B8ATEALHOCTS. ~
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Teopema 3.3. IIpoussedenue oepaHu4erHotl nocaed08aTENbHO-
CTu Ha GECKOHEUHO MAAYIO NOCAe008aTeAbHOCTs npedcTasaser cobol
6ECKOHEUHO MAAYIO ROCAC00BATEALHOCTS. :

HdokaszateabcTBo, Ilycrts {X,} — orpanuuenHasi u {a,} — Gec-
KOHEYHO MaJias IoCaefoBaTeNbHOCTH. 110 onpenenieHni0 OrpPaHHUCHHOK
NOCJIEOBATE/NbHOCTH Haffercs BellleCTBeHHoe yncao A>(0 Takoe, 4TO
JJIsl BCEX 3JIEMEHTOB X, CIPaBeAJHBO HEPaBEHCTBO

[xn] <A. ’ (3.13)

®DHKCHPYEM TPOU3BOJBHOE NOJOXKHTEJbHOE YHCJO & Tak Kak mo-
cJIelOBaTeIbHOCTb {0,} ABJAfETCH OECKOHEUHO MaJjof, TO AJSA IOJOXKH-
TenbHOrO uHchaa gfA Hafigercs Homep N Takoi, uro mpu n>N cuopa-
BEJJIUBO HEpaBEHCTBO

|an| <e/A. (3.14)

YuuThiBas, 4TO MOAYJb NPOU3BENEHHMS] ABYX YHCeJ PaBeH NpPOH3Be-
JEHUIO MOAYJeH 3THX YHces, MB NMOJYYHM C TIOMOIILIO HEPaBeHCTB
(3.13) u (3.14), uto Ans Bcex n=>N

|%n: an| = xn| - jan| <A-— =e.

OTO W 03HayaeT, YTO NOCJAEROBATENbHOCTb {Xa-wn} sIBJsfETCH Gecko-
HeyHo Maunoii. TeopeMa nokasana.

Teopema 3.4. Bcakas 6eckoneynHo maias nocaedos8areibHOCTb
ABAACTCA 02PAHUHEHHOL:

JokasateabcTBo. IlycTh {an} — GeckoHeuHO Manas mocJeso-
BaTeJbHOCTb., PHUKCHPYEM HEKOTOPOe NOJOXKHTeabHoe 4yucao e. Ilo om-
pelesieHdI0 GecKOHEYHO MaJiofl NOCJaeOBaTeNbHOCTH HaHJeTcsi OTBe-
yalomuii 3ToMy & HoMep N Takofl, yto |an|<e M BceX HOMepOB
n>N. O6o3nauuM uepe3s A HauGoJbllee U3 CAeAyIOUUX N upcen:
e, |ai|, [ozl, ..., Jan—1|. Toraa oueBuaHO, ut0 |@.| <A A5 Bcex HO-
MepOB n, a 3TO M O3HAYaeT OrPAHHYEHHOCTb MNOCJELOBATEJbHOCTH
{an}. Teopema mokasana.

CnepcrBue u3 teopewm 3.8 u 34. Ilpoussedenue dsyx (u aro-
6020 KOHEYHO20 4UCAQ) OECKOHEHHO MAAbIX NOCAeA0BATeAbHOCTEL
npedcraganer coboti 6eCKOHEYHO MAAYID NOCAe006ATENbHOCTS.

Teopema 3.5. Ecau sce sremenTol 6eCKOHEUHO MAAOL nocaedo-
sareavHocTU {0n) pasHor o0HOMY U TOoMY oce uucay ¢, 70 ¢=0. '

JdoxkasareabcTBo. JonyeraM, uro ¢+0. OGo3nauuM vepes &
nojoxurenbHoe yncao e=|c|. Ilo ompenenennio GeCKOHEYHO MaJjoW
1I0CJIeIOBATENIbHOCTH AJIS YKasaHHOro e¢=|c| uafizercs Homep N ra-
Koil, uto |a.|<|c| mnpm Bcex n>N. Ho HepaBeHcTBO [an|<|c|
(B cuny Toro, uTo BCe @, PABHHL €) TpeBpalaercs B 3aBeioMo ab-
cypaHoe HepaBeHcTBO |¢|<|c¢|. CaenoBaresbHo, Halle AONyLieHHe
¢70 He HMeeT MecCTa, ¥ TeOpeMa JoKa3aHa.

Teopema 3.6. Ecau {x.} — beckoneuno 6Goarbwas nocaedosa-
TeABHOCTb, TO, HAYUHAA C HEKOTOPOZO HOMEPA N, OnpedeseHO 4acTHoe
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{ ! } 08yx nocaedosareasrocrel {1}* u {x.}, koropoe npedcrasas-
Xn

er coboll Geckorneuno maayto nocaedosarensrnocts. Ecau gce aaremen-
Tol 6ecKoHeuno Maaol nocaedo8areabHocTu {on} OTAUYHGL OT HYAS, TO
1 "
4acTHoe {——} dsyx nocaedosareavrocteti {1} u {a,} npedcrasaser
Qn
coboii beckoreuno 6016WYt0 NOCACO0BATEALHOCTS.
JlokasarteabcTBo. [lokaxkeMm cHagalia NepBYIO 4acCTb TEOpEMHI.
3aMeTuM, uTO y GECKOHEYHO GOJBIIOH IMOCAELOBATENbHOCTH (X} JHILS
KOHEUHOE YHCJIO 2JIEMEHTOB MoxeT OhTh paBHO HyJaio. B camom neie,
[0 ONpeJesieHHIO- GeCKOHEUHO GOJbIIOH IOC/AEJOBATeJbHOCTH  JJIS
yucaa A=1 nafizercs Homep N* Takofl, uTo |¥.|>A=1 nnsa Bcex
n>N*, 3nauut, npu n>N* Bce 3JeMEHTHl X, He 06paUlaloTCsd B HyJb,
. 1
H Mbl MOXKeM, HauuHas ¢ HoMepa N*, paccMaTpuBaTh 4acTHOe {—}
Xn
nociiegoBatensiocteit {1} u {x,}. JloxaxkeM, 4TO 9TO HACTHOE SIBJISIET-
cs1 6eCKOHEYHO MaJIoH IOCJAEJOBATEeNbHOCTbI0. DUKCHPYEM MPOU3BOJb-
HOe TOJIOXHTeJbHOoe uucio . 1lo onpenesnenuio 6ecKoHeuHO GOJbILIOH

1 o
IOCJIeA0BATEJbHOCTH JJist IOJIOKHTECJbHOrO 4HCJda —— HaHAETCA HO-
e .

Mep N (3TOT HOMepP MBI BO3bMEM TaKHM, 4TOOH OH HpPEBOCXOAMJ N*)

o 1 1
TaKo#, yto - |x,| >— 1npu A>N HiH, 4TO TO Xe caMoe, =
e Xn
1
= < & 1npu n>N. Dro H 03HAYaeT, YTO NOCJELOBATEJIbHOCTh
Xn
1 . o
{———-} ABJSETCS 6ECKOHEYHO MaJoH.
Xn

Jlas moKasaTeqbCTBA BTOPOH YacTH TeOpeMH NPEANOJNOXKHM, UTO
BCE 3JIeMeHThl GeCKOHEYHO Majoi MOCAEHOBATEJLHOCTH {Gn} OTJIHYHEL
or HyJsi. PuUKCHpPYeM NIPOM3BOJbHOE NoJoOXHTeNAbHOe uHcao A. Tak
Kak {a,} fBJIsieTcA GECKOHEUHO MAaJIOH IOCJEAOBATEJNBHOCTBIO, TO JIsE

1 o . 1
HOJIOKHTENLHOTO uHCaa —- Hailfercs HoMep N tako#, uto |a,| < -
1 1
COn |anl

10 H O3HauaeT, YTo IOCJIEAOBATEJIbHOCTh {— ) SABJIAETCA 6eCKOHEYHO
Un :

npu n>N HJIH, YTO TO .JKe CaMoe, >A npu n>N.

Gosbioii. TeopeMa foKa3aHa.
4. Cxoasuuecs MOCAeA0BAaTENbHOCTH M HX CBOHCTBA. Bpegem ¢yH-
JaMeHTajJbHOe MOHSTHe CXOASIIEHCsT TOCJAeNOBATEJLHOCTH H ee Ipe-
_Jena. _
' Onpeneaenue 1. ITocredosarersnocrs {x,} nas3vleaercs ¢ X o-
Jauelicsa, ecau cyu,ecTsyer TaKoe 8eU,eCTEEHHOe YUCAO @, 4TO nO-
caedosarensHocTy {X,—a} asasercs Geckorneyno maroll. Ilpu arom se-

* CumBon {1} oGosHadaeT NOC/eA0BaTeNbHOCTh, BCE 3JIEMEHTH KOTOpPOH paB-
HH 1.
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ujecT8eHHOe HUCAO G HA36I8AETCA npedenrom nocaedosaresbHocTy
{x.} *.

Ecau mocnenoBaTedbHOCTb {X,} ABJSETCS CXOAsIIeiics ¥ HMeeT

CBOMM NPEJE/IOM YHCJIO @, TO CHMBOJIMYECKH 3TO 3aMHCHIBAIOT TaK:
limx,=a wm x,~a npu n—oo,
n—»w .

Hcnonp3ys onpegenenne GECKOHEUHO MaJjof I0OCJAeLOBATENbHOCTH,
MBI IPHXOJHM K APYTOMY ONpeJeJeHHIO CXOAsLIeHCs 0C/1e10BaTeNbHO-
CTH, 5KBHBAJIEHTHOMY ompeneseHuio 1.

Onpeneanenne 2. ITocaedosarenvrocrs {xn} Ha3wbi8aeTCA CXO0-
dauwelcn, ecau CyuecTsyer TAKOE BEUeCTBEHHOE YUCAO A, 4TO OAR
2106020 NOAOINCUTEAbHO0 BelecT8eHH020 4ucsa & Hatderca Homep N
raxoldl **, yro npu ecex n>N 3semenTsl x, 3T0i NOCAA08ATENbHOCTH
y008.4€TBOPAIOT HEPABEHCTE8Y

| xn—a| <e. (3.15)
IIpu stom uucno a nasvieaerca npedenrom nocaedoBaATEAbROCTU
{xn}. ‘
- HepasenctBo (3.15) MoXHO 3amucaTh B SKBHBaJEHTHOH ¢dopme
—e<Xn—a<-+te
HJIH, 4TO TO XKe CaMoe, ,
a—e<xp<a+e. (3.1%%)

Ha reomerpuueckoMm sismike HepaBenctBa —(3.157) osnauaior, uTO
3JIEMEHTH - X, NpH n>N jexar B HHTepBase (a—e, a+¢), KOTOPHHA
MBI IOTOBODHJINCH Ha3bIBATh €-OKPECTHOCTbIO TOUYKH d.

- 370 N03BOJIAET CHOPMYJIUPOBATH €Ile OAHO -ONpeleeHHe CXONsMmeH-
¢sl MOCJeI0BaTe/IbHOCTH, 3KBHBAJIEHTHOE ompejesieHusm 1 u 2.

Onpepnenenue 3. ITocredosaresvrocto {xn} Hagvisaerca ¢ xo-
dAauelicn, ecau cyuwecTeyer TAKOe HUCAO @, 4TO 8 M0G0l e-0KpecT-
HOCTU TOYKU A HAXOOATCA B8Ce INEMEHTb. Nocaedo8arenrbHOCTU {Xn),
HAYUHASA ¢ HEeKOTOpoeo HoMepa (3ABUCAULLE0, KOHEYHO, OT €).

YCTaHOBHM CIEUHaJbHOE NpPEACTaBJEHHE JJis 3JEMEeHTOB JI060M
cxonsmeficss mocnenoBaTenbHocTd {x,}. B cmay onpepesenuss 1 pas-
HOCTb Xp—a=10, SBJSETCS 3JEMEHTOM G6eCKOHEYHO MaJoH MOoCJexoBa-
TeJbHOCTH. CJlelOBAaTENILHO, 3JEMEHT X, CXOASINEHCS IOCJeJ0BaTelb-
"HOCTH, HMelolleli CBOMM IIPEAEJOM BEeIleCTBEHHOe YHCJO a, MOXKeT GHITh
NpPeACTaBJieH B CAEAYIOIIEM CHeHHANbHOM BHJE: '

xn=a+an, (3.16)

rie o, — 3JeMEHT HEeKOTOpOil 6EeCKOHEUHO MaJjiofi MOCJef0BATEeNbHO-
ct {a,}). :

* B COOTBETCTBHH C STHM ONPRJENEHHeM BCAKas GECKOHEUHO Majas NOoc]e]oBa-
TEeJLHOCTH SIBJsETCS cxoAasmeRcss H HMeeT CBOHM mpezesnoM uHcao a=0.

** Tak kax 370T HOMep N, BooOmIe TOBODS, SABHCHT OT €, TO HHOTAA NHIIYT:
N=N(g).
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3ameuanue 1. H3 onpedesenun cxodaujelica nocaedo8arersHo-
cTu u ee npedeaa cpasy ke sviTeKaer, 4ro yoarenue at06020 KOHew-
HO20 HUCAQ IAEMEHTO8 NOCAed0BATEAbHOCTU He BAUSET HA CXOOUMOCTS
2TOil n0CAe008ATEABHOCTU U 8eAUYUHY ee npedead.
3ameuanue 2. [locredosarenrsHOCTU, He ABAAIOWUECH CX00S-
WUMUCS, RPUHATO HA3bI8ATL PACX00 A W UM UC .
3amedanue 3. Muoraa ¢opManbHO JOTOBapHBAIOTCH TPAaKTO-
BaTb GeCKOHEeWHO GoJibllHe MOCJAeJOBATENLHOCTH KaK IOCJAeAOBaTE/b-
HOCTH, cXoAsiluecs K npefeny oo. Takas ¢opManu3anus no3sosaset
HCII0JIb30BaTh JJis GECKOHEUYHO O0JbLIOH HOCJAEeJOBaTEJbHOCTH {Xn)
CJEelYIOLYI0 CHMBOJIUKY
lim x, = oo,
n-sow
Ecan IPH 3TOM 3JIeMeHTH OeCKOHeuHO O60JbIOH NOCJeA0BaTe b-
HOCTH, HayHHas C HEKOTOPOrO HOMepa, HMeIOT MOJIOXHTeabHBIH [oTpH-
uaTeJIbeIﬁ] ‘3HAK, TO HCHOJB3YIOT CJAEAYIOUYI0 CHMBOJHKY ¥

lim x, = + oo [lim x, = —o0].
n—»wo N>
B kavectBe npumepa dJdokascem, 4TO nOC/leaotiaTe/LbHOCTb {xn} ¢
asemenTamu
x.=0,33...3
n pas

cxodurca Kk npedeay a=1/3. PHUKCHPYyeM NPOH3BOJIBHOE MOJOKHTEND-
HOe UHCJIO & M JIOKaxkeM BO3MOXHOCTb BhI6Opa IO 3TOMY & TAKOro HO-

mepa N, ut0 x,,—-—[<s npu Bcex n>N. Tak kak uucio 1/3

npeicTaBuMo GecKoHeuHO# AecATHuHOH Apo6bio 0,333..., TO U3 npaBH-

Jla ynopsaJXO4eHHsa BEILECTBEHHBIX YHCEN BBLITEKAIOT CJAEAYIOUIWe Hepa-
BCHCTBA:

1 1
033...3<—<033...3+—,

n pas n pas
cnpaBelNuBbHE JJA JIOO0r0 HOMEpa .
M3 nocneRHHX HEPAaBEHCTB MBI HONY4HM JJjis yucia X, =0,33...3
Ne—— ——

n pas
cieayuiee COOTHOILEHHE:

1
107 °
AJig BCeX n>/N’, TO AJ1 HAXOXJAEHHd MO AaH-

1
xn—T|<

Tax kak

1 1
107 < 1Y

1
HoMy e>0 noMmepa N Takoro, 4To x,,——-—g-[<'s npu Bcex n>=N,

1
J0CTaTOYHO BHIGPaTh 3TOT HOMep N H3 ycaoBus T <e.

* WauMu caoBaMy, limx,= 4 oo[—=—o0c], eciun aas moGoro A>0 Hafizercs

n—>wo

orBeyaomul sromy A HoMep N Takoil, 4T0 Xn>A[xa << —A] Adn Bcex x=N.
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HanoMuum, 4T0 B I. 2 MB YCTAHOBHJIH BO3MOXHOCTb BHI6OpA HO-
mMepa N us ycnoBus |g|¥<e mansa moboro |g|<1. Tam nokasano, uto
Takoil HoMep N MOXKHO B3S5iTb PaBHBIM

lql ]
N=|—" 1.
[e(l—lql) *

B namewm cayuae |g|=0, 1, Tak uro
V= [ 9e | ] + 1.

IMepeiinem YCTAHOBJICHHIO CBOWCTB IPOH3BOMBHBIX CXOAALHXCS
nocyefoBaTesbHOCTEH.

Teopema 3.7. Cxodaujancsa nocaedo8arensHOCT6 UMEET TOALKO
o0ur npedea.

JdokasateabcTBO. Ilpeamosoxnm, 4To JABa BeuleCTBEHHBIX
yHCJIa @ M b SABJAIOTCA NpeJeNiaMH CXOAsfIIeHcs NOCJ/eN0BaTeNbHOCTH
{xa}. Torza B cusay cnenyuasbHOro IpeACTaBJEHHS 3JEMEHTOB CXOHS-
wefics mocaegoBatenbHocTd  (3.16) MBI mOJyuHM, YTO X,=a4o, H
Xn=>b-Bn, rae {an} U {Ba} — HeKOTOPLIE GECKOHEUHO MAaJblE IOCHENO-
BaTeJbHOCTH. V3 mOcielHHX ABYX PaBEHCTB NOJAYUYUM, UTO An—Pn=
=b—a. B cuny Teopemnl 3.2 mocnexoBaTeNbHOCTh {an—Pn} SBASETCS
OeCKOHEYHO MaJioH, a B CHJY PaBeHCTBA 0»—fn=b—a BCe 3JieMEHTHI
3TOH 6eCKOHEYHO MaJoH NOCJeNOBAaTEJbHOCTH PaBHBEI OJHOMY H TOMY
Xe BellleCTBEHHOMY uyHcay b—a. Ha ocHoBanum TeopeMnl 3.5 310 4mc-
7m0 b—a pasHO HyJIO, T. €. b=a. Teopema jnokazaHa.

Teopema 3.8. Beakan cxodawjancs nocaedosaresbHoCTs A8ASET-
€A 02PARUYEHHOU,

HoxkaszateabctBo. Ilycts {xn} —cxomsimmasica mocsaenosa-
TeJIPHOCTE H @ — ee npefies. PUKCHPYeM HEKOTOPOE NOJIOKUTENbHOE
YHCJO € ¥ 10 Hemy Homep N Tako#, uto |xp,—a|<enpun>N unu,uro
TO Ke caMoe, a—e<xp<a-+te npu n>N. O6o3naynumM uepe3 A Hau-
Goabiiee u3 caeayomux (N-+1) gncen: |a—e|, |a+e|, |xi],[x2],...
vy |%n—1|. Torna, oueBnaHO, |Xn| <A HNA BCEX HOMEpPOB 71, a 3TO W’
JOKa3biBaeT OrPaHHYEHHOCTh MOCJAeNOBaTeJbHOCTH {x,}. Teopema no-
KasaHa.

3ameuanue 4. He scakas ozpanuuennas nocirefos8aressHoCTs
ﬂB/UZeTCﬂ cxodaujelica. Tak, Hanpumep, nocjefosartenstocts 0, 1, 0,

, 0, 1, ... sBasercs OTpaHHYEHHOMH, HO He sBJseTCH CXoAsllefics.
B camom Jese, 0603HauuM n-if 4ieH 3TOH MOC/Nef0BATENbHOCTH CHMBO-
JIOM X, H TPEAINOJIOXHM, YTO 3Ta NOCJeJ0BATENbHOCTb CXOJHTCA K He-
KOTOpoMYy mnpefieny a. Ho Torma Kaxpas Hu3 mocjefoBaTeNbHOCTEH
{*n+1—a} u {xn—a} aBasnack 6n Geckoneyno Manoi. CTano GHITH,
ABJANach Obl GECKOHEYHO MaJOH H pPasHOCTb 3THX MOCJAEAOBATE/IbHO-
ctefl {Xn4+1—Xn}, @ 3TOrO GHITbL HE MOXKET B CHJY TOTO, UTO |Xni1—Xn|=
=1 nasa Bcex HOMepOB n.
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Caenymouniye YeThipe TEOpPeMB MOKa3bIBAIOT, 4TO ueThipe apudme-
THYECKHe OMepaidyd Haj 3JeMEeHTaMH CXOAALIHMXCS HOCAeA0BATENbHO-
cTeill NIPUBOAAT K aHAJOTHYHBIM ONEPaUlMAM Haj HX NpefeJ]aMH.

Teopema 3.9. Cymma cxodauuxca nocaedosaresvrocreil {xn}
u {yn} npedcrasaner cobol cxodaujyrocs nocaedo8aTesbHOCTb, npedes
KoTopoii pasen cymme npedesos nocaedosaresvrocreii {xn} u {yn}.

HokaszarteabcTBOo. IlpeanosoxuM, YTO NOCA€IOBATEIbHOCTH
{xn} u {y,} cxomsTCs K mpenesaM a u b cooTBeTCTBeHHO. Torga B CHIY
CIeHHaJbHOro NMpeiCcTaBIeHHsl 3JeMEeHTOB CXOAsIIeACs NocJef0BaTe/b-
HocTH (3.16) 6ynyT cnpaBelsiMBbLL COOTHOLIEHHS

| Xp=0a-dn, » yn=b+6n, (317)

B KOTODHIX On U Bn NPEACTABJISAIOT cOOOH 3JeMeHTH HEKOTOPHX 0ecKo-
HEYHO Majnlx mnocnepoBatensHocteit f{an} ¥ {Bn}. H3 cooTHOWIeEHHH
(3.17) BriTekaer, 410

(Xn+Yn)— (a+Db) = n+ B (3.18)

Tak xak cymma {an+ Bn} ABYX GECKOHEUHO MaJBIX MOCJENOBATENbHO-
creit {an} ¥ {Pn} NpeacTaBAsieT co60ii GECKOHEYHO MAJyIO IOCJeAOBA-,
TeJbHOCTL (TeopeMa 3.1), To u3 cooTHoweHnHs (3.18) BbiTekaeTr B CHIY
onpefeneHHsi 1, 4TO NOCJEAOBAaTENbHOCTb {Xn+Yn} CXONHTCSH M Bellle-
CTBeHHOe yucjao a+b sBasiercd ee npefenoMm. Teopema A0OKa3aHa.

Teopema 3.10. Pasnocte cxodawuxcs nocaedo8aTesbHOCTEL
{xn} u {yn} npedcrasrser coboi cxodauyrocs nocaedo8aTeNbHOCTY,
npedea KoTOPOL pasen pasHocTu npedesos8 nociedosarervrocTell {Xn}
u {yn}. ‘

IlokazaTenbCTBO 3TOH TEOPeMBl AHAJOTHYHO AOKA3ATEJbCTBY
TeopeMHl 3.9, TONBKO BMecto cooTHoweHus (3.18) MBI mOJAYyYHM COOT-
HOlLIeHHe

‘ (Xn—Yn) —(a—b) = an—Pn.

Teopema 3.11. IIpoussedenue cxodawuxcs nocaedosaresbHo-
cretl {xn} u {Yyn} npedcrasaser coboil cxodauyocs nocredosarens-
HOCTb, npedes KOTOPOU pasen npoussedenuto npederos nociredosa-
Teavrocreil {xn} u {yn}.

HokaszarTenbcTBo. Ilpeanonoxum, 9To nocjieIOBATENbHOCTH
{xn} ¥ {yn} cxomsTcs k mpegenam a u b coorBerctsenno. Torza AJs
5NeMEeHTOB 3THX IIOCJeJOBaTeNbHOCTE!l CHpaBeNJIUBH  CHElNHajbHbIe
npepcrasiends (3.17), nepeMHOXast KOTOpHe, MBI MOJYYHM

Xn'Yn=a-b+a-Pn+b-an+on-Pn
IR, 4yTO TO XKe caMmoe,
xnyn—a‘b=aﬁ'ﬂ+ba"+u’!.ﬁn' (3.19)

Ina nokasartenbcTBa TeopeMbl B CHJY omnpefeneHus 1 ocraercs y6e-
AUTbCSH B TOM, YyTo B mpaBoil yactH (3.19) cTour snemeHT GecKOHEUHO
MaJIOH TOC.IeA0BATENbHOCTH, HO 3TO CPa3y e BBITEKAET H3 TEOPEMHl
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3.3 (cornacuo 3Toi TeopeMe TNOCJenOBaTeabHOCTH {a:-PBrn} ¥ {b-an}
ABJASIOTCS GECKOHEYHO MaJbiMH), U3 CJeACTBHS u3 TeopeM 3.3 H 3.4
(coriacHO 3TOMY CJEACTBHIO IOCJENOBATEJIbHOCTE {0n-Pn} sBASETCS
6eCKOHEUHO MaJjiofi) M H3 TeopeMul 3.1 (cornacHo 3TOH TeopeMe CYM-
Ma Tpex OeCKOHEUHO MaJblXx mocjefoBatenbHocTell {a-Bn}, {b- an} H
{an-Bn} sBASIETCS GeckOHeUHO MaJoH HOCJl_e,H.OBaTeJIbHOCTb]O) Teope-
Ma JOKa3aHa.

Teopeme o 4acTHOM ABYX CXOASIIIHMXCS NOC/IENOBaTeNbHOCTEH Mpen-
NOLLJIeM CAEAYIOMYIO JeMMYy. -

JlemMa 1. Ecau nocaedosareasrocts {yn} cXodurcs K OTAUYHO-
MY OT Hyas npedeay b, To, HAYUHAS C HEKOTOPO20 HOMepa, onpedere-
no uacrnoe |- nocaedosaressrocred {1} u {yn}, xoropoe npeod-

Yn
crasaser coboi oapauuqe;myro noCAe008ATENbHOCTS.

JoxazatenabcTBO. YunthBas, uto b0, 0603HaunM qepea e
MOJIOXKHTEJbHOE YHCJIO §& == —!—— Has storo -¢ nafigercss nomep N

TakoH, uro npu n>N Cl'IpaBe,lIJIPIBO HEPaBeHCTBO |Y»—b|<e uam, uro
TO K€ CaMoe,

| — bl < L, (3.20)

Hrak, aasi Bcex HOMEpOB 7, HauHWHas ¢ HoMepa N, BBHINOJHSAETCA
HepaBeHCTBO (3.20). YGenuMmcs B ToM, 9TO M3 HepaBeHcTBa (3.20) BHI-
TEKaeT CJefyiollee HepaBeHCTBO: o

91> "" (321)

KOTOpOe TeM CaMbIM OKa3biBAETCS - CMpaBeLJHBEIM TaKXKe JJs1 BCeX.
HOMepOB 1, HauuHast ¢ HoMepa N. B camom AeJie, TaK Kak MOAYJb
CYMMBI JBYX YHCeJ He NPEBOCXOJHT CYMMBI MOAYJell 3THX uHcesd, TO,
HCXOAsl H3 TOXKAECTBA b—(b——yn)-{—yn U HCHOJb3Ysl HEpPaBEHCTBO
(3.20), Mbr mostyunm

' b
161 <16~ 4,1 + 1 4a] < L2 + 15,1

M3 nocselHero HepaBeHCTBA Cpasy Ke BHITEKAaeT HEPABEHCTBO (3. 21),
CNpaBeJIABOCTh KOTOPOTO, HauHHAasA ¢ HoMepa N, ycraHoBJeHa.

HepasenctBo (3.21) nosBosisier yTBEpXKAaTh, 4To npu n>N sie-
MEHTH Y, He o0palllaloTCst B HyJb M, HauWHasi ¢ HoMepa N, MoxHO
paccMaTpuBaTh 4acTHOE {—1.

Yn

Hs (3.21), B cBOlO OYepenb, BHITEKAET, yTo AJs BceX n>N cmpa-

BEIJIHBO HepPaBEHCTBO

2
<T'

1
Yn
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310 mocienHee HEDABCHCTBO HU [AOKa3blBaeT, 49TO IOCJeAOBaTeNb-

HOCTb {—l—} €CcJIH ee paccMaTpHBaTh, HaumHas ¢ HoMepa N, aBjs-
Yn
eTcsi orpaHHyYeHHoH. JleMMa fokasaHa.

Teopema 3.12. Yacrrnoe 08yx cxodaujuxcs nocaedos8aresbHoc-
reti {xn} u {Yn}, npedes 8TOPOL U3 KOTOPHIX OTAUUEH OT HYAS, onpe-
0e/eHO, HAUUHAS ¢ HEKOTOPO20 HOMepa, U npeacTa'e/meT coboii cxo0a-
WYcs nocaedosareabHoCTsb, npedes KOTOPOL pasew 4acTroMy npedet
108 nocaedosareavrocrel {x,} u {Yn}.

HoxasateabcTBo. [Ipeanonoxum, 4to mocjaef0BaTeNbHOCTR
{x2} n {yn} cxomsaTcs k mpenesam a 4 b0 cooTBeTcTBEHHO. B cHay
JeMMbl | nHafizercst Homep N TakoH, uTo HpH n>N 3JEMEHTH Y, HE

o . 1

o6pamialoTcs B HyJb, ONpPeleJeHa II0CJeL0BaTeNbHOCTh {— H 3Ta
. Yn

I0C/I€I0BATEABHOCTD SIBJSETCS OrpaHHuyeHHo#. HaunHas ¢ yKa3aHHOro:

HoMepa N, Mbl U GyJeM paccMaTpuBaTh YacTHOE {-f"—} B cuay ompe-
Yn |

JeJieHUus 1 JJ,OCT.’:I_TO'{HO JOKa3aThb, qTO mocCNe10BaATEJbHOCTb-
X a . :
{ Z ——b—} aBJisseTca 6ecKoHeuHo MaJsoil. ByaeM HcxonuTth H3 TOX-
Yn )
AeCTBa
n __ @ _ Xn-b—yn-a (3 22)}
Yn b Yn-b :

Tak Kak IJs1 31EMEHTOB Xp U Ynp cnpaaemnau CrelHaNbHEE PeJCTaB-
aenus (3.17), To

xn‘b—yn'a= (a+an) ‘b—“(b"l‘ﬁn) 'a=anb—‘Bn'a. (3.23)
Ioxacraasis (3.23) B (3.22), moayunm
) Xn a 1 a
dn_ o Lg 28], 24
Yn b " Yn (Otn b ﬁn) (3 )

v Ocraerca 1oKasaTb, 9TO B NpaBod yactT#H (3.24) CTOHT 3JEMeHT
GecKOHeYHO MaJioii NOC/eLOBaTEeJLHOCTH, HO 3TO Cpasy BHITEKaeT H3

. 1

TeopeMrl 3.3 M H3 TOro, -4TO HOCJEA0BATENBbHOCTD (—} (B cuay
Yn

JIeMMBI 1) sBasgercs OrpaHHYEHHOH, a MOCJEeA0BATEJBbHOCTH

a .
{oc,,——l;-ﬁ,,} (xax Pa3HOCTh ABYX OGECKOHEUHO MaJjbiX) sABJsSETCH

GeckoHeuHO MaJIok MocJefoBaTeNbHOCTHIO. TeopeMa noKasaHa.

- Y6enuMcsi Terepp B TOM, YTO HEPaBEHCTBA, KOTOPHIM YAOBJETBO-
PAIOT 3JEMEHTH CXOASIHUXCS NOCTeI0BaTeNbHOCTER, NPUBOAAT K aHa-
JIOTHYHBIM HEPaBEHCTBaM JJIsl TIpe/ieJIOB 3THX NOCJel0BaTeIbHOCTE.

Teopema 3.13. Ecau sce snements. cxodsawedica nocaedosa-
TeabHOCTU {Xn}, nO KpailHell mepe HAYUHAA C HEKOTOPOZO HOMEDQ,
y006.4eTBOPAIOT HEPABEHCT8Y Xn>b[xn<b], TOo u npedes x srot no-
c2e008aTeAbHOCTU ydosaersopaer nepaserncrey x>b[x<b].
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JokasateabcTso. [IpeanosoxuM, 4To BCe 3JEMEHTH Xp, IIO
KpaliHeli Mepe HauMHasi ¢ HEKOTOporo Homepa N*, ya0oBJIeTBOPSIOT He-
PAaBEHCTBY X,,>b. JlokaxeM, uTO W npeies x 3Toil TOCHeA0BATENb-
HOCTH YAOBJIETBOPSIET HEPaBEHCTBY X>b. JlonmycTHM, uTO 3TO HE TaK,
'T. €. CIIpaBeJJIMBO HepaBeHCTBO X< b.

Torjaa mo onpejnesieHHIO CXOASILEHCS NMOCAEAOBATENBHOCTH MJIs NMO-
JIOKHTeJbHOrO uHcja e=b—x HalijeTca takoil HoMmep N. (3TOT HOMEp
‘MBI BO3bMEM elle U TaKHM, 4TOGHl OH npeBocxonuy N*), uto npu n=N
OyIeT CIpaBeJHBO HEPAaBEHCTBO |xp—x|<e HIH |Xp—x|<<b—x.
ITlocnenHee HepaBeHCTBO SKBHBAJIGHTHO HepaBeHCTBaM — (b—x) <
<Xp—x<b—x, IpaBoe U3 KOTOPHIX O3Ha4aeT, YTO X,<b mpH Bcex
n>N, a 3T0 IPOTHBOPEUHT YCJIOBHIO TeopeMbl. IlonyueHHoe - mpoTHBO-
‘peure 03HayYaeT, YTO Halle NPEANOJOXKEHHEe O TOM, YTo x¥< b, HeBepHO,
T. e. x> 0b.

Cayuaii xn,<b paccmaTpuBaeTcsi aHaJOrHuHo. TeopeMa JoKaszaHa.

3aMeuaunue 5 Ecau sce asementol cxodaujelica nocaedosa-
TeAbHOCTU {Xn} YO0B4ETEOPAIOT CTPO2OMY HEpPABeHcT8Y Xn>b, TO
woTcroda, 8oobuje 2080pA, He 8biTeKaer, 4T0 u npedea x 3Tol nocaedo-
B8ATEAbHOCTU ydosaeTéOpAaeT cTpozomy HepasencTsy x>b. (MoxHO
JIHIIb YTBEPKAAThb, YTO X>b.)

1
Hanpumep, ecan x, = — TO ANl BCEX HOMepOB x>0, oxnako

.1
mpenesn lim — = x = 0 He ynoBJeTBOpsieT HepaBeHCTBY x¥>0.

n-»occo 1N
CanencrBue 1. Ecau sce snementol 08yx CXo0auuxcs nocie-
Qosareavrocrell {x,} u {Yn}, no Kpatinei mepe HAYUHAA C HEKOTOPO2O
Homepa, yOOBAETBOPAIOT HEPABEHCTBAM Xn<Yn, TO U npederbl 3TUX
nocaedosaresvrocTeli YyOOBAETBOPAIOT TAKOMY KHe HePABEeHCTSY

lim x, << lim y,. (3.25)

n—»o n—>o

B camoMm gese, HauMHas ¢ YKa3aHHOrO HOMepa, BCE 3JIEMEHTH MO-
CJIeIOBATENBHOCTH {Yn—Xn} HeOTpHIATeNbHBL. B cuny teopemer 3.13
M TIpelles] yKasaHHOH IocJjejoBaTesdpHOCTH lim (y,—x,) HeoTpHuaTe-

n=->ow

aed. B cuny Tteopemur 3.10 lim (y,—x,) = lim y,—lim x, u Mu mo-
n—s>w n->w n->w

JyguM, uto lim y, — lim x, > 0. M3 nocneaHero HepaBeHCTBa BHITe-
n

n—ow —> 0
Kaer (3.25).

CanencrBue 2. Ecau sce anementol cxodaujetica nocaredosa-
TeavHocTu {Xn} Hax00aTca wa ceemente [a, b], 70 u npedesa x 3Tol
nocaedoB8aTebHOCTU ACHCUT HA ceemenTe [a, b].

B camom gese, Tak KaK a<Xn<b 1Js BceX HOMEpPOB 7, T0 (B CHay
‘Teopemnl 3.13) a<x<b.

[docaennioo Teopemy, K J0Ka3aTeJbCTBY KOTOPOH MH cefiuac mepe-
XOJlMM, MOXKHO Ha3BaThb NPUHIHUIOM ABYCTODOHHEro orpa-
HHUECHHU L.
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Teopema 3.14. ITycro {x,} u {yn} — Ose cxodawueca nocaedo-
8aTeAbHOCTU, umeroujue obuwuil npeden a. Ilycte, kpome TO20, 8CE
3nemenTbl TpeTbell nocaedosaresbHocTu {2n}, NO Kpaiunel mepe Hauu-
HAs ¢ HEKOTOPO20 HOMEPQ, YO0B8AETBOPSIOT HEPABEHCTEAM

Xn <20 <Yn. (3.26).

Tozda nocaedosaresbrocTo {2,} CXOOUTCS K TOMY dce CAMOMYy npe-
deay a.

HdoxasartennctBo. Ilpeamonoxum, wuro HepaBeHcTBa (3.26)
CIpaBe/lIuBLL, HaunHas ¢ Homepa N*. Toraa, HauHHAs € TOTO Ke caMo-
ro Homepa N*, cupaBelJIHBBl H HEpABEHCTBA

Xn—0<2n—a<Yn—a. (3.27)

M3 nepasencts (3.27) BBITEKaeT, 4TO JJs Kax[OTO HOMepa A, mpe-
BOCXOJsiIIero N*,

|zn—a| <max{|xrn—a], |yn—a|}. (3.28)

(9Ta 3anuch 03HAyaeT, 4TO |2,—a| He NMPEBOCXOAMT HAHGOJBILEro H2:
JABYX uHceN |[Xp—a| H |yn—al.) _

duKcHpyeM IPOH3BOJIBHOE NIOJIOXKHTEJNbHOE YHCIO g. Torza B cuiy
CXOJAMMOCTH nocJeloBaTenbHOCTell {X,} H {yn} K Ipeleny a HaHAYTCs
Homepa N, u N, takue, uto

|x,—a|< e npun>=N,

(3.29)
ly,—al<e npun>N,.

Ecan Mbl Tenepb o603HauuM uepe3 N HauGOJbIIHH H3 Tpex HOMEpPOB:
N*, Ny u N;, To npu n>N 6yayT cnpaBeijuBsl 06a HEPaBeHCTBA B
(3.29) u mbl mosmyunM B cuay (3.28), uto npH n>N crpaBefNHBO He-
pPaBeHCTBO

|zn—a| <e.
IT0 H [I0Ka3biBaeT CXOMMMOCTb IMOCJEN0OBATeNbHOCTH {2,} K mnpeme-
ay a. Teopema joxasaHa.

§ 2. MOHOTOHHBIE NMOCJENOBATEJbBHOCTH

1. TloHsATHE MOHOTOHHOH AOCJENOBATENbHOCTH.

Onpenenenne 1. ITocaedosaresvnocte {x,} Ha3ei8aercs ey 6 oL -
sarouell [nesospacranujeli], ecau Kaxdoul IAeMeHT ITOLE
nocaedoBaTeAbHOCTU, HAYUHAS CO 8TOPO2O, He MeHbule [He Goabue]
npedoldyuieco ee 3Lementa, T. e. ecau 0aa 8cex Homepos n (n=1,2,...)
Ccnpasedau8o HepaseHcTso

Xn<Xny1  [Xn>Xnqa]. (3.30):

Onpenenenune 2. [locaedosarensnocte  {xp} Hazeiaercs
MOHOTOHHKHOU, ecau OHa asanerca aubo Heybeoigarouell, Aubo Heso3~
pacrarowed.
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Ecau ssnemeHTH HeyOrBamoLie# MOCTIeJ0OBAaTEIbHOCTH AJis BCEX HO-
‘MepOB 7 YNOBJETBOPSIOT CTPOrOMY HEPABEHCTBY Xp<Xnyi, TO 3Ty IIO-
CJIEI0OBATEIbHOCTh HA3BIBAIOT BO3pacTalomie i

AHa/IOrHYHO, €CJIH 3JIEMEHThl HeBO3pacTamlieH MNocjeloBaTeJbHOC-
TH  JJIg BCEX HOMEPOB N YJOBJETBOPSIOT CTPOrOMY HEpaBeHCTBY
Xn>>Xn4t, TO 3TY IOCJIEJOBATENILHOCTh HA3bIBAIOT y 6 B B a fo 1] € H.

3aMeTHM, UTO BCsIKasd MOHOTOHHAs IIOCJIEJ0BaTeJbHOCTh 3aBEAOMO
orpaHHyeHa ¢ OJHOH cTOpoHH (JHGO cBepxy, Jubo cHH3y). B camom
JeJe, BcaKasg HeyObiBalomiast IOCJAeA0BaTeIbHOCTL OrpaHHYeHa CHH3Y
(B xauecTBe HMIXKHEH I'DaHHM MOXKHO B35iTh BEJHYHHY €€ IIePBOro 3Je-
MeHTa), a BCsIKas HeBO3PacTamollasi 0c/ef0BaTeJbHOCTh OrpaHHyeHa
cBepxy (B KauecTBe BePXHEH I'DaHM TaKXKe MOXHO B3sTb BeJHUHHY e
1IepBOro 3JEeMEHTa).

Orcroga cienyeT, yTo HeyOpBaiollasi IOCJHEIOBATENbHOCTh OYyIeT
OrpaHHYEHHOH ¢ 06eHX CTOPOH, HJH IIPOCTO OrpaHHYEHHOH, Toria H
TOJBKO TOTJa, KOTZa OHa OrpaHHYeHa CBepXy, a Hepo3pacTamoonlas Io-
CJIe/l0BaTeJbHOCTh OyAET OrpaHHYEeHHOH TOrAa U TOJNBKO TOTAa, KOTrAa
OHa Or'paHHYeHa CHH3Y.

PaccMoTpHM npHMepH MOHOTOHHBIX IOCJeJOBaTebHOCTEH.

1. ITocnepoBatenbHoCThb 1, 1, 2, 2, ... ABAsieTcs HeyOwiBalomeii. OHa
OrpaHHYeHa CHH3Y BEJUYHHOH CBOEro NEePBOTO 3JEMEHTa, a CBepXy He

OrpaHHyeHa.
3 4 n+1
—2—, —5—, ,-——'—n y e SABJAAETCA
yonBawoied. OHa orpaHuueHa ¢ o6enX CTODOH: CBEPXY BeJHUHHOH
CBOEro NepBOro 2JeMeHTa 2, a CHH3Y, HAapHMep, yucaoM 1.

2. Teopema 0 cXOAMMOCTH MOHOTOHHOH OrpaHM4YEHHO mocJexoBa-
T€JbHOCTH, CripaBeAJIuBO CaAeAyollee (yHAaMeHTaNbHOe YyTBepKACHHUE.

OcnoBuas reopema 3.15. Ecau neybosarowas (Hesospac-
Tarouas) nocaedosaressHocTe {Xn} oeparutena ceepxy (CHuUsy), TO
OHQ CX00UTCS. v

JloxasateanbcTBo. PaccMorpum cayyail HeyGhiBaloweil u orpa-
HHYEHHOH CBEpXy IOCJAeNOBATENbHOCTH {X,}. MHOXKeCTBO BceX 3JeMeH-
TOB TaKOH NOCJENOBATEJLHOCTH OTPaHMYEHO CBEPXY, a IOTOMY IO OC-
HOBHOH Teopeme 2.1 1.2 y 3TOro MHOXeCTBa CYLIECTBYeT TOUHAs BEPX-
Hsisl TPaHb, KOTOPYIO MBI 0603HAYHM CHMBOJIOM X. [{oKaxkeM, 4To 3TO
YHCJIO X H SIBJSIETCS NPELEJOM NOC/eA0BATEIbHOCTH {X,}. Bo-nepshix,
3aMETHM, YTO IO ONpEJEJIeHHI0 BEePXHEH IpaHH JI00OH 3JEMeHT Xa
MIOCJIEJOBATEILHOCTH {X} YAOBJIETBOPSET HEPABEHCTBY

Xn<X. (3.31)

2
2. TlocnenoBaresbHOCTD R

Ilanee GuUKCHPYEM IPOM3BOJBHOE TMOJOXKHTEJLHOE YHCJIO & H 3ame-
‘'THM, YTO IIO ONpefesIeHHIO TOYHOH BepXHeH rpaHu HafgeTcs XoTs OBl
OJHH 3JIEMEHT II0CJeJ0BaTeJbHOCTH Xy, YHOBJETBOPAIOUIMH Hepa-
BEHCTBY :

F—e<xy. (3.32)
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YuTeM Temephb, 4TO NOCJEJOBATEJbHOCTh {X,} sBJseTC: HeyOuBalO-
el ¥ BCJEACTBHE 3TOTO Xy < Xn JJIS BCeX HOMEPOB N, YAOBJIETBOPSIO-
X HepaBeHCTBY #>N. ComocTaBiisis HEPaBEHCTBO Xn-<Xp C Hepa-
BeHCTBOM (3.32), MH HOJYYHM, UTO JAJs BceX n=N

F—e<Zn. (3.33)

OO0mnenunsa HepaBeHctsa (3.31) u (3.33), MB NOJIYyYHM, 4YTO JJs
Bcex n>N cnpapelJIUBH HEPABEHCTBA ¥—e<Xn <X.

CaepoBaTesbHO, MJs BceX n>N  cIpaBelJIHBO HepaBeHCTBO
{xn—X| <e, KOTOpOE H [OKAa3HBaeT, YTO IIOCAEAOBATENLHOCTb {Xn}
CXOJNMTCA K Ipefiesiy X=sup{xn}.

Ecam mnogaenoBateJbHOCTh {Xn} siBJsSeTCS HeBO3pacTrawluei H
orpaHHuYeHa CHHU3Y, TO COBEPLICHHO aHAaJOIHYHO JOKa3blBaeTcCs, UTO OHA
cXonHTcs K nmpejdeay x=inf{x,}. Teopema nokasana.

3ameuanune 1. Teopemy 3.15 MOXHO cOpMyJNHPOBATH B JpY-
rom Buae. Bo-nepBhiX, 3aMeTHM, YTO B CHJIYy CKasaHHOro B n. 1 moche-
JOBaTeJbHOCTb {Xn}, YAOBJETBOPSIONIAs YCJIOBHIO TeopeMu 3.15, sB-
JISIETCA OIPaHHYEeHHOH ¢ 00eHX CTOPOH, WJIH IPOCTO OrpaHHYeHHOMH.
Ilostomy Teopemy 3.15 MoxHO nepepopMyaHpOBaTh Tak: 04f TO20
4T00bL MOHOTOHHAA NOCAED08ATEAbHOCT {X5} Cx00uAach, OOCTATOUHO,
4T0006L OHA OblAa 02PAHUYEHA.

Jlerko ybenuThbcs B TOM, 4TO 3Ta (POPMYJHPOBKA MOXKeT GbITh 3aMe-
HeHa 6oJiee «CHJIBHOH»: Oaf TO20 4TOObL MOHOTOHHASR nOCAedosaTelb-
HOCTb {Xn} cxoOuaace, Heobxo0umo u 00CTATOUHO, 4TOOb. OHA Bbira
oepanuyena (HeoOXOJMMOCTb BbITEKaeT M3 TeopeMbl 3.8).

3ameyanue 2. KoHeuHO, He BCAKas CXOASIIAACAd MOCJEL0BA-

TE€JABHOCTh SIBJSIETCS MOHOTOHHOM. HaanMep, 3aB€AOMO cCXonsiascs
1 1

1 1 1 1
K HYJIIO IIOCJEe0BaTENBHOCTD ST T T g e T T e

2’3" 3 n' n

He sBJISIETCS MOHOTOHHOH, TaK KaK 3HaKH €e 3JIEMEHTOB YepeayloTCs.

3ameyanune 3. M3 npHBeAeHHOro BHILE J0Ka3aTeJbCTBA TEO-
peMer 3.15 BBITEKAeT, UTO 8Ce INeMeRTol Heybovisarouedl, 02PanUYeHHO
ceéepxy nocaedogaresvocTy {xn} He Goavuie ee npedesa ¥ (xn<X).
AnanornuHo Jerko yG6efHTbCS B TOM, UTO 8Ce JAEMEHTb. HeB03PACTAIO-
weil, 02PaAHUYEHHOL CHU3Y NOCAe008ATEALHOCTU He MeHbuie ee npe-
deaa x.

H3ssaeyem BaxkHOe cieiCTBHE H3 Teopemnl 3.15.

JloroBopuMcsi Ha3bBaTh GECKOHEUHYIO [OCAEA0BATEbHOCTL CErMeH-
TOB [ay, bi], [as, b2], .., [@n, ba],..cTATHBamelica cucre-
MOH CErMeHTOB, €CJH BHIIOJHEHb JBa TpeGoBaHus: 1) Kaxabi
CIeAYIOWUA CErMEHT  CONEPXKHTCS B NPEABIAYIUEM, T. €. Gn<Onis,
bni1<bn nas moboro n=1, 2,..; 2) AIUHA N-TO CErMEHTa [@n, bn],
T. €. PasHOCTb Up—0n, CTPEMHTCS K HYJIO MPH A—>00.

Chnencrsue u3 Teopemu 3.15. ¥ scakoid crazusawougeiics
cucremol ceemento8 {[an, bn]} cywecreyer u npurom eduncreennasn
TO4KQ C, NPUHAONEHAUAR BCEM CEZMEHTAM ITOL CUCTEMBL.
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JdokaszaTteabcTBoO. Ilpexae Bcero 3amMeTuMm, 4YTO TOUKa C,
IpHHAJJeXKallasi BCEM CerMEHTaM, MOxKeT GbITh TOJBKO OfHA. B camom
nene, ecau Obl HalIach €ile OJHA TOYKa d, OTJIHYHAS OT ¢ W IpHHAA-
Jexaliasi BCEM CErMEeHTaM, TO, IPEIOJOXKHB Daadl ONpe/iesIeHHOCTH,
uto d>C¢, MBI IONYy4uau Obl, 4TO CerMeHT [¢, d] NPHHAIJIEXKHT BCEM
cerMeHTaM [a,, b,]. Ho Toraa nms so6oro HoMepa n BBHIIOJHSJHCH
66l HepaBeHCTBA bp—an>d—c>0, UTO HEBO3MOXKHO B CHJY TOrO, 4TO
bn—an—0 npu n—oo.

Hokaxem Tenepsb, YTO CyIl€CTBYeT TOYKa ¢, NpUHAJJe}RaIas
BceM cermeHTaM. Tak Kak cucreMa CErMEHTOB SIBJISIETCS  CTSITHBAlO-
1efics, TO MOCJAEL0BATENbHOCTh JIEBHIX KOHLOB {a,} He yOLBaeT, a IO-
cJ1e[0BaTeIbHOCTb NPaBLIX KOHIOB {b,} He Bospacrtaer. IloCKOABKY
o6e 3TH IIOCJIEJ0BATEJbHOCTH OTPaHHYEHH (BCe HX 3JEMEHTH Haxo-
AsiTcs Ha cerMeHTe [ay, by]), To 06e oHM cxomATcs (B CHJY Teope-
mMbl 3.15). U3 toro, uto pasHocTh bnp—a, siBiAsieTcst OeCKOHEUHO Ma-
JIOH, BEITEKAET, YTO ITH JABE IOCJEA0BATENBHOCTH {@n} U {bnp} cxonsar-
cs1 K 00IEeMy 1Ipeaeny, KoTophlil Mbl 0603HaUuM uepes ¢. B cuay 3ame-
yaHus 3 1451 JA1060ro HOMepa. A CIpaBelJMBEl HEPABEHCTBA An<C<bn,
T. €. ¢ IPHHA/JJIEKHUT BCEM CerMEHTaM [an, bn]. CielcTBHe aokaszaHo.

3. Yncno e. [Ipumenum teopemy 3.15 1Jisi HOKa3aTeqbCTBa CXOJH-
MOCTH TIOCJIEIOBATENBHOCTH {Xn}, 3J€MEHT X, KOTOPOH ONpejesseTcs

PaBEHCTBOM
1 n
%= (L )"

B cuny Teopembl 3.15 jpoctraTouHo JoOKasaTh, 4TO 3Ta NOCJE/L0Ba-
TeJbHOCTh 1) fIBAsieTCs Bo3pacTalolllefl; 2) orpaHHYeHa CBepXy.
[Ipumensia dopmyny 6uxHomMa HploTOHa, MOJNYyuHM NI X, CJELYIO-
Iee BBIpaKeHHe:
sn—1) 1 aa—D@=2) 1
2! n® . 3! nd
nn—1)(r—2) ...In—(n—11 1
n! o’

xn=1+n-L—]— + ...
n

.+

310 BHIpaxKeHHe IepenyuieM B CJefyiolleM BHAE:

Wﬂ+%@—ﬂ+L«—iw—iwﬂ“

n n

m+%<—%ﬂ—%»”@—%}» (3.34)

HOns cnepyiomero sjneMeHTa NOCJIELOBATENbHOCTH {Xn} B MOJHOM
aHaJIOTHH ¢ (3.34) moayuHuTCs Clejyollee BHIpaXKeHHe:

1 1 1 1 2
s =24 o (1= )+ 5 (V= (1= )+

\
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T Lmbrael | L ) (1=t )+
n! n-1 n—+41 \ n-1

+(ni1)! (1_,”1“)(1— nil)(\ nfrl) (3.35)

Ias toro 4yTo6bl yOEAHTHCS B TOM, YTO NOCJIEIOBATEJBHOCTb {Xn}
SIBJISETCS BO3pacTaloulel, CPaBHHM MexAy co6oil BrlpaxeHHs (3.34)
# (3.35). Bo-mepBmIX, 3aMeTHM, uTO HpaBasg uyacTb (3.34) cocTouT
M3 n ciraraeMbix, a npasas uacTb (3.35) — u3 n+1 cjaaraeMux, OpH-
yeM mocsenHee (n+ 1)-e ciaraemoe B mpaBoél yactH (3.35) sBasercs
CTPOTO TOJOKATENbHBIM.

ConocraBuM Tenepb Mexay coboit soboe U3 OCTaJbHLIX n cjarae-
MBIX B IpaBo# wactH (3.35) ¢ COOTBETCTBYIOIUHM CJaraeMbIM B Tpa-
80#t uacTd (3.34). Jlerko BHJIeTh, uTO AJs Jo6oro HoMepa k, paBHOro
2, 3,..,n, CnpaBellJIHBO HEPaBEHCTBO

=) =) - ()<

.<%<1_ n—ll—_l )(1_ n—2}—l ) (1— :—4——1 )

310 nmocaeaHee HEpaBeHCTBO O3HA4a€T, 4YTO k-e ciaraeMoe B npaBoﬁ
gacTu (3.34) MeHblIe COOTBETCTBYIOIIEro R-ro cjaraeMoro B IpaBoi
gactu (3.35).

Hrak, MB J0Ka3ajH, 4T0 Xn<Xn41, T. €. MNOCJAEJOBATENbHOCTb {Xn}
sIBJISIeTCA BO3pacTalomei.

JlokaxeMm Tenepb, 4TO 3Ta IOCJ]EA0BATENBHOCTD orpanuqeﬂa cBep-
Xy. 3aMeTHM, 4TO €CJH Kax1ylo Kpyriayio cKOOKy B IpaBOH uacTH
(3.34) sameHHTb ejHHHUEH, TO yKa3aHHas NpaBas 4acTh BO3PACTeT.
{losTomy

1 1 1
R R (3.36)

3ameruMm paJiee, 4TO AJs JIO60TO HOMepa k>2 cupaBel/HBO Hepa-
BEHCTBO k!=2.3 ... k> 2k1,
[Tosromy nepaseHcTBo (3.36) Naet mpaBo yTBepKAaTh, UTO
1 1 1
xn<2+—2-+-2?+ cee F

on-1

(3.37)

(Mb1 Bocnosib30BaIHCh GOPMYJION ISl CYMMBbI YJIEHOB T€OMETPUUECKOH
aporpeccun.) Hepasenctso (3.37) nokasbiBaeT OrpaHHYEHHOCTH IOCTe-
JIOBATENBbHOCTH {Xn}.

ITo ocuoBHo#l Teopeme 3.15 nocaefoBaTeNbHOCTb {¥n} HMeEET mpe-
JeJ, KoTophiil, cneaysa JI. Dinepy *, Mul 0003HauNM Uepes e.

* Jleonappy Ditep (1707—1783) — Benuxuit martemaruk, unex [letep6yprcxoit
AkajeMHH Hayk, GOJBUIYIO 4acTh XKH3HH mpoBes B POCCHH, 0O NPOHCXOXKIEHHIO
IiBeiapen. :
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¥Y6enrumcss B TOM, 4YTO UHCJO ¢ YAOBJETBOPSET HEPABEHCTBaM
2<e<3. las storo (B cuily cieAcTBHsA 2 H3 TeopeMH 3.13) mocratou-
HO J0Ka3aTb, YTO KaXJABI 3JEMEHT X, IOCJHELOBATEJLHOCTH {Xn}
YAOBJIETBODPSIET HEPaBEHCTBAM 2<e<3.

HepaBeHcTBO X, <3 BeITekaer u3 (3.37), a HepaBeHCTBO 2<X,
BeITeKaeT M3 (3.34), ecan orbpocutsb B (3.34) Bce ujieHH, KpoMe Hep-
BOTO.

B nanbHefimieM BHSICHHTCSA, 49TQO UHCJO € Hrpaer BaxkKHYI0 pOJb
B MaTeMaTHKe, H OyAeT yKa3aH CNoco0 BBIYHCJCHHMS 3TOTO YHCJIa €
J1000% CTeNneHbio TOYHOCTH.

4. MpuMeprl cXoAANMXCH MOHOTOHHBIX MOCJeROBaTenbHOCTEH. Hay-~
HEM C PacCMOTDPEHHs! NOCJAE[OBaTe/JbHOCTH, KOTOpas IIHPOKO HCIMOJb-
3yeTcs1 B COBPEMEHHOH BBIYHCJIHUTENbHON MaTeMaTHKe AJs NPHOJHKEH-
HOro HaxoXXJEHHsi KOPHSI KBaJPaTHOI'O H3 IOJIOXKHTEJbHOTO BellecT-
BEHHOTrO YHCJA @. DTa NOCJEJ0BATENBHOCTh ONpejeldaeTcs caelylomerr
peKyppeHTHOH (opmyson *:

xn+1=_;-(xn+—;;—> (n=1,2...), (3.38)

IZle B KauecTBe NepBoro npubauxenus x; 6epercs moboe MOJOKUTENb-
HOE YHCJIO.

Ilpexkpe Bcero noKaxeM, 4TO Takasi HOCJAELOBATENbHOCTb {Xn}
CXOJHTCH, JJIS Yero B CHJY TeopeMbl 3.15 10CTaTOUHO AOKAa3aTh, YTCG
OHa OrpaHHueHa CHH3Y H, HauHHAasl CO BTOPOTO HOMepa, ABJSETCS He-
BO3pacralomei.

HauyreM ¢ jokasaTesnbcTBa OrpaHHYeHHOCTH cHu3y. Ilo ye-
JgoBuio x,>0. Ho Torma u3 pekyppentHoit ¢opmyan (3.38), BasAToik
npu n=1, BHTeKaer, 4To x>0, najsee u3 Toil ke opmyas (3.38),
B35TOH NpH n=2, BLITeKaeT, yTo x3>0, ... . [Iponoaxkas atu paccyxue-
HHs JaJjiee, MBI TTOCJelOBAaTeNbHO JOKaxKeM, 4To Bce X, >0. Hrtak, pac-
cMaTpHBaeMasi NOCJeJOBaTeNbHOCTh OTPAHHYEHA CHHA3Y.

JlokaxeM Temeph, UTO IPU N>2 BCE JEMEHTH X, YAOBIETBOPSIOT

HEepaBEeHCTBY X, >YVa. Ilepenncas dopmyay (3.38) B Buze

o = 5 (2 LB, (3.39)

1
BOCIIOJIb3YeMCsI TPHBHAJBLHEIM HEPaBEHCTBOM t+—t—>2, crpaBesi-

JIMBBIM IS BCeX >0 **.

* PexyppentHasa ¢opmyaa (OT JATHHCKOrO recurrens — BO3BDAHIAIOUIMACH) —
dopmyna, BHpaxalomas (n-+1)-fi sJeMeHT mOC/IeIOBaTeJLHOCTH 4Yepe3 3HAUEHHs ee
OepBHIX 7 3/1EMEHTOB.

** 910 HepaBeHCTBO Js BcexX !>0 3KBHBAJEHTHO HEpaBeHCTBY (241> 2f, BHTe-
KamomeMy u3 Toro, uyro (i—1)2=0. ’
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- Ix, X
Basis B 3TOM HepaBeHCTBe ¢ = V”_>O, MBI IIOJYYHM, qTo—l—/ﬂ_—.—l-
a a
re —

+ 14 > 2, u noatoMy coortHoleHue (3.39) Aaer Xn41>7}a npu n=1,

n
2,.... JTO U 03HAYaeT, 4F0 Xp>Ya npu n=2, 3, ....

JlokarkeM, HaKOHEI[, 4TO MOCJEN0OBaTeNbHOCTb {Xn}, €ciaH ee pac-
cMaTpHBaTh C HOMepa n=2, aBJseTcs Hepospacraiollel. Ms pekyp-

pPeHTHOH (popMyJaH (3.38) BHITEKAET, YTO ¢
x,-,+1 — _1_ 1 a \
Xn 2 ( + x,2; )

M3 nocieaHero COOTHOIIEHHS, YYHTHIBAS, YTO X, >}/ a 1pH n>2, no-
X .

ayguM, yT0 —tL <1 1npu n>2 WIH Xpy<Xn 0pH n>2. Mrak, npu
Xn .

n>2 NOCJIeN0BATENbHOCTb {X,} ABJIAETCA HEBO3PaCTaIOILEH.

ITo Teopeme 3.15 moc/ieflOBaTENbHOCTb {¥n} CXOAHTCH K HEKOTOPO-
My npepeny x. OcraeTcs HAHTH 5TOT Npefes. YUUTHIBAA, 4YTO X,>}a
npu n>2, MH N0Jy4uM (B cuay TeopeMn 3.13), uto x>Ja>0.

INpuHumas Bo BHHUMaHMe, yTo x>0, mepeijeM K mpejeny IpH
n—>o0o B PEeKyppeHTHOM cooTHoimleHuH (3.38). Mel moayuum B npenenae
npu n—oo u3 (3.38) caeayiolllee paBeHCTBO:

=1 2
x—2<+x)'

D10 paBeHCTBO HpeicTaBJiseT COOOH ypaBHEHHe JJs ONpeJesieHHs
npejesia x¥. EAMHCTBEHHBIH MOJIOXKHTEJbHBIH KOPEHb 3TOr0 ypaBHEHHS
ectb x=Va.

WTaK, MBI OKOHYATEJBHO HOKA3aJH, YTO NOCJAEJ0BATEJIbHOCT {Xn},
omnpejeaseMas peKyppeHTHoOH Qopmysod (3.38) mpu Jobom BHGOpE
x>0, cxonurea x npexeny Va. -

B KauecTBe JPyroro NpUMEHEHHs Teopembl 3.15 paccMOTpUM BO-
IIPOC O BLIYMCJIEHHH NPEjesia IIOC/eJ0BATeNbHOCTH {Xn}, SMEMEHTH KO-
TOPOH HMEIOT BHJ

"
n!

Xn =

, (3.40)

rie ¢ — mio6oe HUKCHPOBaHHOE BellleCTBeHHOe uyHcao. Jas aoboro
¢uKkcHpOBaHHOrO ¢ Haiigercss Homep N Takoit, uTo |¢| <n+1 npu Bcex
o ' vy moayumw, uto
Xn n+1 :
|*¥n+1| <|xn| npHu Bcex n>N, 1. e, HauuHas ¢ HoMepa N, mociaeloBa-
TeJbHOCTb {|Xn|} ABAfercs yOwmBalomell. Tak Kak, kpomMe TOro, 3Ta
I0C/IE[0BATEJIbHOCTh OrPaHHYeHa CHH3y (HampHMep, YHCJIOM HyJb), TO

n>N. Ho Torga, IOCKOJbKY
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no teopeMe 3.15 oHA CXOAMTCS K HEKOTOPOMY Ipeneny X. L1 HaxoxK-
IeHHs1 X 3anuileM cooTHoueHnue (3.40) mas HOMepa a-+1:
i n ¢ . Ft

xn_l_l'—:————-—-:———. :xn. .

(n-+1)!  nl atl nt1

Takum o6pasoM, |x,44]=]|x ,,| , U, Iepefiisl B IOCJIElHEM paBeH-
CTBe K IpeJeay NpPH #—>00, MbI nonquM COOTHOIIEHHE
. ¢
(x| =]x| Jim— —o.
n—wo N 1

HMrtak, nocnefoBareqbHOCTh |Xn|, 2 BMecTe ¢ Hefl H IOCJEAOBATeNb-
HOoCcTh (3.40), cxomurcs K npepeay x=0.
. B o6oux paccMOTpPeHHBIX IpHMEpaxX Mbl IPHMEHHJIH 4acTO YNOTpe6-
JSIeMBIH IIDHEM: CHadYaJja C NOMOIIbI0 TeopeMbl 3.15 nokasanu cymecr-
BOBaHHE Ipejiesia IOCJEIOBATENbHOCTH, @ 3aTEM HAUIIH 3TOT IMpejed,
YCTPEMHB HOMEp n K GeCKOHEYHOCTH B DPEKyPPEeHTHOM COOTHOLIEHMH,
BhIpaxammem (n-+1)-# 3jeMeHT NoOCJAeJOBaTEIbHOCTH dYepe3 ee
n-¥ 3J€eMeHT.

B kagecTBe TpeThero NpHMepa H3yYHM BOIPOC O CXOAHMMOCTH IOCJIe-
JOBaTeJNbHOCTH {Xp}, 3ME€MEHT X, KOTODOH HMeeT BHUJ

%z_Va+J/a+Vﬁ+”.+VE (3.41)

Opu ycJaoBHH, uto a>0 u obllee yHCJO H3BJIeKaeMblX KOpHeH paB-
HO n. _

Yka3anHylo IOCJe0BaTeNbHOCTb {X,} MOXKHO 3a1aThb PEKYpPDPEHT-
HBIM COOTHOILCHHEM

$=Va+tx, (n=12 ...) (3.42)
IIPH YCJOBHH, YTO '
n=Va. (3.43)

.Jast nokasatespcTBa CXOAHMOCTH paccMaTpHUBaeMoH IocjenoBa-
TEJNILHOCTH JOCTATOYHO (B CHJY TeopeMnl 3.15) H0KasaTh, YTO OHA BO3-
pacTaer u orpaHHyeHa.

CHayasia JoKaxeM Bo3pacTaHHMe HociejoBatenpHoctH (3.41), T. e.
JIOKaxKeM, 4To JAJd Jio60ro Homepa

Xn<Xnt. (344)

JlokasaTenbCTBO 3TOr0 HEpaBeHCTBA MpPOBENEM 10 HHAYKIHH Jlo-
CTATOYHO JlOKa3aTh [ABa yTBepxKAeHHs: 1) HepaBeHcTBO (3.44) cmpa-
BEeJJIMBO 17 HOMepa n=1, T. €. CIPaBeAJIUBO HEPABEHCTBO

X< Xp; (3.45)

2) u3 cnpaBeLJMBOCTH HepaBeHcTBa (3.44) mJs 1aHHOTO HoMepa i
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BLITEKAET CIPABEJJHBOCTb 3TOr0 HepapeHCTBA U JUJIS HoMepa n-+1,
T. €. BHITEKaeT CIpaBeAJIMBOCTh HepaBeHCTBa

Xnp1<Xnyo. (346)
CnpaBelauBOCTL HepaBeHCcTBa (3.4D) cpa3y BbITEKaeT H3 PaBEHCT-

Ba (3.43) u u3 cootHomenuss x, =V a+V¥Va>Va.

HokaxxeM, 4To U3 CNPaBeJJIHBOCTH HepaBeHCTBa (3.44) BhiTekaeg
CPaBE/LTMBOCTh HEPABEHCTBA (3.46). M3 nepaBenctBa (3.44) u pekyp-
peHTHOH (opmyanl (3.42) BHITEKaeT, UTO

fuir =VaT 5 <VaT Fomr, (3.47)

C npyro#t CTOpPOHH, 3alHCHBasi PeKypPeHTHOE COOTHOouUIeHHE (3.42)
Ass HoMmepa n+1, MBI IOAYYHM PaBEHCTBO

Xbe =V @+ xppy. (3.48)

13 conocrasnenust paBeHctBa (3.48) c mepamenctBoM (3.47) M BHITe-
KaeT HepaBeHCTBO (3.46). TeM caMbIM HHAYKIMS 3aBeplieHa H BO3-
pacTanHe nocjaenoBaTenbHocTH (3.41) HokasaHo.

JlokaxeM Temepb, 4TO 3Ta NOCJEJOBATEJLHOCTL OrPaHHUEHa CBEp-
xy. CHOBa noJib3ysicb METOAOM MaTeMAaTHYeCKOH HHIYKIMH, MH JOKa-
3KEeM, 4TO JJIsl BCeX HOMEpOB 1

tn<M, (3.49)

rae M — HauboJbliee U3 ABYX YHCET @ 2.

CHayana npoBepuM, 4TO HepaBeHCTBO (3.49) cmpaseaauso aas
Homepa n=1. Iloab3ysicb pasenctBoM (3.43) u paccmarpuBast OT-
JeabHo ciayuad 0<a<?2 u a>2, Mbl OJyUYHuM

n=Va<V2<2 mpu 0<a<x?2

(3.50)
¥ =Va <a npu a > 2.
Hs (’3.50) BHITeKaeT, uTo X3<M, rae M=max{a, 2}.
ITycte Temepn HepaBeHcTBO (3.49) cnpaBeiauBo AJs JAHHOTO HO-

mepa n. Ilosap3ysicb peKyppeHTHEIM cooTHoueHHeM (3.42) ¥ paccMmar-
puBasi oTAeabHO ciayyan 0<a<?2 u a>2, MBl HOJYYHM, 4TO

=Va+x,<V2+2=2 mpu0<la<?2

(3.51)

Yo =Va+x,<Va+a=V32a<anpua>2.

M3 (3.51) BEITeKaeT CIpaBeJHBOCTL HEPABEHCTBA Xnp1<M, rie
M=max{a, 2}.

Takum obpazoM, HHAYKIUS 3aBepileHa, U OrpaHHYeHHOCTh MOC/Ie/10-
BaTeabHOCTH (3.41) AoKasaHa.
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Ilo Teopeme 3.15 mocnenoBatenvHocTh (3.41) cXOAHTCH K HEKOTO-
pOMY Ipeneny X.

Ocraerca Ha#TH 3TOT HpeneJ. _

N3 cooTHomwenus (3.41) oueBHAHO, YTO BCE JEMEHTH DacCMaTpH-
BaeMOH IOCJeJOBATENbHOCTH HeoTpHuaTeJbHH. CJjeroBaTesbHO, B CH-
Jy TeopeMbl 3.13 M HMCKOMH# Npefes X 3TOH NOCJAELOBATEJBbHOCTH He-
OTpHUIATEJEH.

BosBoas B kBazpaT pekyppeHTHoe cooTHoumeHHe (3.42), Mbl moay-
YHM paBEHCTBO
' ' pp=a-+Xn (3.52)

Tak xak mnocnenoBaTeNbHOCTb {Xr} CXONHTCSH K INpeleNy X, TO,
nepexosas B paBeHcTBe (3.52) K mpeneny NpH n—»oco H MOJb3YSICh TEO-
peMoil 0 npesese CyMMBl H NIPDOH3BEIEHHS JBYX CXOASIIMXCS TOCJEI0-
BaTeJbHOCTEH, MBI NOJYYHM CJEAyIollee COOTHOUIEHHe AJs Ompejee-
HHSI HCKOMOTO IIpejesa X:

Xl=a-+x

x2—x—a=0. (3.53)

CootHomenune (3.53) npexacraBasier co6oit KBaJpaTHOE ypaBHEHHE
A5l ompejiejleHHs HCKOMOTo npefena x¥. DTO ypaBHeHHe HMeeT [Ba
KOpDHSI:

HJIH, 9TO TO K€ caMoe,

v 1+V21+4a >0 5= 1—}/21+4a <o.

Tak kKak HCKOMBIH Npefiesl, KaK YK€ YKa3aHO BHIIE, fBJSETCS He-
OTPHLATEJbHBIM YHCJIOM, TO MBI OKOHYAaTEJbHO IOJYYHM, YTO OH COB-
najaer ¢ MOJOXKHTEJbHBIM KOpHeM ypaBHeHHs (3.53), T. e. paBeH

1+ViT4a

X = —
2

§ 3. NTPOHU3BOJIbHBIE NOCJENOBATEJABHOCTH

1. TlpenenbHble TOYKH, BEPXHUHA M HHKHHA Npeledbl NOCJeH0Ba-
TEJbHOCTH. PacCMOTPHM HEKOTOPYIO NOCJE0BATENLHOCTD X1, X, ..., Xn, ...
H NPOM3BOJIBHYIO BO3PaCTAaO U YIO NOCHEI0BATEILHOCTb HEJBX 110~
JIOXKHTEJIbHBIX YHCeNl Ry, Ry, ..., kp, ... . BoIOepeM M3 mocjeoBaTebHOCTH
{xn} aneMeHTH c HOMepaMu ki, Ry, ..., Rn,... H PACIOJOXUM HX B IO-
pslKe BO3PACTAHHS yKA3aHHHIX HOMEPOB. ME MOJNyYUM NpPH 3TOM HO-
BYI0 NOCJIEAOBATENBHOCTD -

Xbs Xbyy oo - ’xkn1 ceey

KOTOPYIO NPHHSITO Ha3bBaTh HOANOCJAE€JOBATEJNbHOCTbIO HC-
XOJHOH MOCJIeN0BATENBHOCTH {Xn}.

B yacTHOCTH, H caMa NOCJIENOBATEJNbHOCTh {¥n} MONKET paccMmaT-
PHBaTbCs KaK MOANOCJAENOBATENbHOCTL ¢ HOMEPAMH Rp=N.
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3aMeTHM Cpasy e, 4TO BCerfa k,>n, u6o mobas Noanocaenosa-
TeJBHOCTD, HE COBNAaAAIONIast co BCell T10CIE10BATENbHOCTHIO, 0JIydaeT-
Csl TIyTeM HEKOTOPOro IPOPEKEHHs 3JeMEHTOB IOCJeJOBaTebHOCTH.

CrnpaBe/iuBHl Ba TPHBHAJBHBIX YTBEPXKACHHS!

1°. Ecau nocaedosareavHocTs {xn} cxodurcs K npedery a, TO 4
at06as ee noonocaedo8aTeAbHOCTL CXOOUTCA K TOMY %e camomy npe-
deay a.

2°. Ecau 8ce nodnocaedosaresvHOCTU HEKOTOPOL nocaedos8aresbs
HOCTU {Xn} €X00ATCS, TO 8Ce OHU CX00ATCA K OOHOMY U TOMY e npe-
Oeay a (k aToMY de npedeny a cXOOUTCS U 8C NOCAEOOBATEALHOCTD ).

JokaxeM cHauasa yTBepiKieHue 1°

durcHpyeM INPOU3BOJbHOE HOJOMKHTEIbHOE YHCJIO & H, HOJb3YHACh
CXOJUMOCTbIO IIOCJIE0BATENBHOCTH {X,} K mpeleny a, Boibepem mo
aToMy & HoMep N Tako#, uTo |X,—a|<e mnpu Bcex n>N. Tlycts
{x#,} — TpOHM3BOJIbHAS MOANOCJENOBATEJbHOCTb MOCHELOBATELHOCTH
'{x,,}. Tak kax ky>N,To AJs BceX HOMepoB n> N 3jieMeHTHl II0JAIO0CTe-
JOBATENbHOCTH {X,} YOBJIETBOPSAIOT HEPABEHCTBY | x,, —al<e, asto
M 03HAYaeT, YTO MOAMNOCIEN0BATENLHOCTb {Xk,} CXOAUTCA K Npefeny a.

Jis nokasaTesbcTBAa YTBEPKIAEHHsT 2° JOCTATOYHO yd4eCTb, YTO TaK
KaK caMa INOCJIeJoBaTeJbHOCTh {¥n} (KaK YacTHLIH caydaii moamocie-
JOBATEJbHOCTH) CXOZUTCS K HEKOTOPOMY Ipelenay @, To M Jjwobada ee.
MOANOC/EAOBATENLHOCT:  CXOAUTCA K TOMY ke NMpeiely a (B cuay
YTBEDKICHHA 1°).

B mosHoON aHajoruy ¢ yTBep:kJeHHeM 1° nokasmpiBaercs, yTo ar06as
noonocaedosaresbHocTs 6eckoneuno 60abwol  nocaedosaresbHOCTY
npedcrasasner coboil Takme 6eCKOHEUHO 6OALULYIO NOCAED08ATEALHOCTS.

Benem ¢ynnameHTanbHOE MOHSTHE NPEAEJIbHOH TOYKH IOCJEIO-
BATEJbHOCTH.

Onpenenenue 1. Touxka x Geckoneunoidl npsamoti (—oo, + oo}
Hasvieaercs npedesbrnoll TO4KOU nocaedosaressrHocTyu  {xn},
ecau 8 a060L g-OKPECTHOCTU TOUKU X COOePHUTCA GECKOHEUHO MHO20
dNEMEHTO8 3TOU NOCcAe008ATENbHOCTU.

Onpenenenne 2. Touxa x beckoneunoil npamoti (—oo, -+ o0)
Ha3oleaercs npedesvHOl TOUKOU nocaedosarenvHocTu {Xn},
ecau u3 3Toil nocaedo8aTeNbHOCTU MOXCHO 8ol0eauTs noodnocaedosa-
TeAbHOCTH, CXO0AUYIOCS K npedeny X.

Yo6enuMmcs B TOM, uTo onpezneneHus 1 u 2 SKBHBAJEHTHEL

1) Ilyctb B 11060# €-OKPECTHOCTH X COAEPKUTCS GECKOHEUHO MHOTO
3JIEMEHTOB II0C/Ie/I0BATENbHOCTH {X5}. PaccMOTPHM COBOKYNIHOCTb &-OK-

peCTHOCTefI TOYKH X, Aad KOTOprX & NocJeJ0BaATEJbHO paBHO
B nepBoii U3 3THX OKPECTHOCTEH BLIGEpEM 3JEMEHT NOCJEA0BATE/b-
HOCTH X3, C HEKOTOPHIM HOMEDOM R;, BO BTOPOH U3 yKa3aHHEIX OKPeCT-
HocTeli BhIGepeM OJIEMEHT IIOCJENOBATENBLHOCTH Xp, C HOMEpOM ks,

YIOBJIETBOPSIIOIINM YCJIOBHIO k3>>ks, B TpeTbeil H3 yKa3aHHEIX OKpecT-
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HOCTEH BBIGEpPEM 3JIEMEHT [OCJeL0BATENbHOCTH Xp, C HOMEPOM Ks,

YIOBJETBOPSIOUHM YCJIOBHIO k3>ks.... DTOT NpOIECC MOXKHO IPOJOJ-
JKaTh HEOTPAHHUYEHHO, TaK KakK B JIOGOH &-OKPECTHOCTH TOYKH X CO-
Jepxurcsi GECKOHEUHO MHOro 3JEeMEHTOB IOC/AeI0BATENbHOCTH {Xn}.
B pesysnbraTe MBI NONYYHM MOANOCJEJOBATENBHOCTD Xk» Xigs Xkgy « - -+
Ky =« - MOCJIEJOBATENBbHOCTH {Xn}, KOTOPAsi CXOAUTCS K Hpefeay X,

ubo | xp, —x|< -’l—l—

2) TlpeanosioxkuM, yTo H3 NOCAEZOBATENBHOCTH {Xn} MOXKHO BbIJE-
JIHTh TOJIIOCJIE0BATENbHOCTD, CXOAANIYIOCS K npeneay X. Toraa B Jaio-
00l £-OKPECTHOCTH TOYKH X JIE?KHT OECKOHEYHO MHOrO 3JIEMEHTOB NOJ-
II0C/Ie0BATEJLHOCTH (Bce, HAuHHas C HeKoToporo HoMepa). Tak Kak
KA bl 3JIEMEHT NIOANOCIIEA0BATENLHOCTH SIBJSIETCS 2JEMEHTOM H BCEH
TI0CJIEI0BATENLHOCTH, TO B JII0GOH £-OKPECTHOCTH X JIEXKUT OECKOHEUHO
MHOTO 3JIEMEHTOB ITOCJIeI0BATEJIbHOCTH. o

DKBHBaJEHTHOCTD olpelenenufi 1 U 2 fokasaua. :

BhisicHUM Bompoc 0 HaJWHYUM IIpefesbHBIX TOYeK y CXOAsIeics
I10CJI€10BATEJNBHOCTH.

JlemMmma 1. Kamodas cxodawancs nocaredosaresbHocTy UMeeT
“TOALKO O00HY npederdbHYyr0 TOUKY, cO8Radaroujyro ¢ npedesom 3Toi no-
€2008aTEeAbHOCTU.

HdokasateabcTBo. Ilycrh HOC/KENOBATENBHOCTh {Xn} CXOMHTCH
K npepeay x. Torma B 1060 ¢-OKPECTHOCTH X JIeXKHT OECKOHEYHO
MHOTO 3JIEMEHTOB II0CJIEJOBATENHOCTH {¥n} (Bce, HAUHHAA C HEKOTOPO-
TO HOMepa), a NMO3TOMY X SIBJSIeTCS NMpeleJbHOH TOYKOH MocJjeroBa-
TEJIBHOCTH {Xn}.

Ocraercst [0Ka3aTh, YTO HH OJHO YHCJO X', OTJIHYHOE OT X, HE fB-
JISETCsT MPEeJEeNbHON TOYKOH IOCJAEL0BATENLHOCTH {X,}, HO 3TO HeNo-
‘CPEICTBEHHO BBITEKAeT U3 HOKAa3aHHOrO BhIle YTBepXKAeHHs 1, coraac-
HO KOTOPDOMY H3 CXOAMMOCTH BCEH NOC/JeA0BaTeIbHOCTH K Ipeleny X
BbITEKaeT CXOAHUMOCTh JI0OOOH ee NMOANOCIEJOBATENILHOCTH K TOMY XKe
fIpefieny X.

[puBeneM npuMep 02panutennol nociedo8aTenbHOCTU {Xn}, UMEIO-
wiell 0se npedeavHvle Touku. JlokaxeM, dYTO MNOCJHELOBATEJIbHOCTh

1 1 1 1 1 1 i

_ =1 ——, ..., —, 1 ——, ... HMeeT TOJLKO [Be€
2 2 3 3 n n

npenenbHbie TOUuKH Xx=0 U x=1. ToT dakr, uto 3TH ABe Toukd x=0 U
x=1 gBaAOTCA NpeAeJbHBLIMH, BHITEKA€T H3 TOrO, YTO MOANOCJENO0Ba-
TeJbHOCTh BCEX HEUYEeTHBIX 3JIeMEHTOB paccMaTpuBaeMoil IocjieloBa-
“TeJIbHOCTH CXOAHTCA K mpeneny x=0, a moamocjegoBaTeJbHOCTb BCEX
"ETHBIX 2JIEMEHTOB paccMaTpPHUBAaeMOH IIOCJEJOBATENbHOCTH CXOAHTCS
K mpeneiy x=1. OcraeTcs A0Ka3aTh, YTO HH OJHO YHCJIO X, OTJIHYHOE
oT 0 u 1, He siBJseTcs IpeJeJbHOH TOYKOH Halel IoCJaed0BaTeNbHOCTH.
Tak Kak x50 ¥ xp==1, To 3aBeJOMO MOXKHO YKa3aTb CTOJb MaJjioe IO-
JIOXKHUTENbHOE YHCJO €, UTO g-OKpecTHocTH Tpex Todek 0, 1 m x, He
Oy.1yT uMeTh 06muX Touek (pHc. 3.1).
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—~—eTT SRS
& € - £ € E &
Puc. 3.1

Ho Bce HeueTHbIE 3JIEMEHTH Hallleli IOCAe10BATENLHOCTH, HauHHas ¢
HEKOTOpOro HoMepa, HaXOASATCS B &-OKPeCTHOCTH yucia 0, a Bce uert-
HBIE 3JIEMEHTH Halle# NOoCJAef0BATEJbHOCTH, HAYHHAas C HEKOTOPOTO HOg
Mepa, HaXoJsATCsA B e-OKpecTHOCTH udcaa 1. IlosTomy 3a mnpelrenamu
e-okpectHoctell unces O 1.1 (M, B YaCTHOCTH, B &-OKPECTHOCTH YHUC/&
Xg) MOXKET JieXKaTh JIHIIb KOHEYHOe YHCJO 3JIEMEHTOB HalleH Moc/aexo-
BATEJIbHOCTH. DTO M O3HAUAET, YTO Xy HE SIBJSETCS NpeieJbHOH TOYKOM
HOCJIeI0BATEJbHOCTH.

[TpusejeM Temepp TIPHMEDP O2PAHUUEHHOU NOCAL008ATENbHOCTU
{xn}, umeroujeii Gecxoneuno mHo2o npedeavrolx Touex. Buime (B m. 3
§ 7 ra. 2) MBl YCTAGHOBHUJH, YTO MHOMXKECTBO BCEX PAlMOHAJbHBIX YHUCEJL
u3 cermenta [0, 1] MOXHO 3aHYMepOBaTb B MOCJACAOBATENLHOCTL {Xn}.
Jlokaxkewm, 4to J1060€ BEIIECTBEHHOE yHcJI0 X 3 cermenra [0, 1] sB-
JISIETCSl TMpe/leIbHON TOUKOH YKa3aHHOH IOC/IeNOBATebHOCTH {Xn}.
3aMeTuM, 4yTO, KaKOoBO Okl HH OBLIO uHca0 X u3 cermenra [0, 1] amas
aoboro 0<e<<1/2 xoTss 6Bl OJHO H3 ABYX UYHCEJ X—& H X-+& TaKKe
npuHaaiexut cermenrty [0, 1].

[IpeanosoxkuM pafu ONpPeAeNeHHOCTH, YTO YHCJAO X-+& NPHHAA-
nexur cermenty [0, 1]. Mexay AByMsi He PaBHBEIMH JApyr APYTry Be-
IIECTBEHHLIMH YHCJAAaMH X H X+¢€, B cuay JemMMmel 2 § 3 ri. 2, JNexuT
OeCKOHEUHO MHOIr0 PA3JHYHBIX PalHOHAJBHBIX YHCeJ. DTO O3Hauaer,
uyto 1pH Jo6oM 0<<g<1/2 B £-OKPECTHOCTH TOUKH X JeKHT GeCKOHed-
HO MHOTO 3JIEMEHTOB MOCJIELOBATEJIBHOCTH {Xn}, T. €. X fBJAETCS INpe-
AeAbHON TOUKOH 5TOH NOCAELOBATENBHOCTH.

EcTecTBEeHHO, BO3HMKAET H/Aes PACCMOTPEHHs] HauOOJblIeH H HaH-
MeHblIell npeJeJbHLIX TOUEK NOCAeL0BaTeNbHOCTH.

Onpenenenue 3. Hauborvwan npedesvnas Touka nocaedosa-
TeAbHOCTU {X,} Ha3vleaeTca 8epXHumM npedesrom. Tol nocredo-
BATEALHOCTU U 0603HAUACTCS CUMBOAOM

x=lim x,.
n-w

Onpenenenne 4. Haumenowas npedesvHas TO4KQ nOcaedo8a-
TeAbHOCTU {Xn} HQ3bIBAETCA HUXCHUM npedesom 23Tol nociedo-
8aTeAbHOCTU U 0603HA4AETCA CUMBOAOM

x=limx,.
T how
BosHHKaeT BONpPOC O CYHIECTBOBAHHH XOTS1 OBl ORHOH IpeaedbHOR

TOYKM M BEPXHEro M HUKHEro NpejesoB y Jio0o# OrpaHHYeHHOH No-
CACA0BATENBLHOCTH.
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CrnpaBeaguBa cjefylomas 3ameyartesbHas TeopeMa.

Ocuosuad teopema 3.16. ¥ scaroil ozpanuuennol nocaedo-
BATENLHOCTU CYULECTBYIOT BepXHull U HUXCHULl npedenvt u, 8. 4ACTHO-
CTU, cyuiecTsyer xoTa 6bl 00HA npedesbRas TOYKA.

JJoxasaTeabcTBO. OCTaHOBUMCS Ha AOKAa3aTeJbCTBE CYIIECT-
BOBaHHs y JI060# OrpaHHYEHHON NOCJENOBATEJBHOCTH XOTsi Obl OXHOM
TpeJeSbHON TOUKH M BepxHero npefena. (CyllecTBOBaHHE HHIKHErO
npefena J0Ka3hBaeTCsl aHAJOTHYHO.) .

Ilyets {x¥n} — npousBosibHAd OTpaHHYEHHAS IIOCJAENOBATENBHOCTD.
ITo ycsioBHIO OrpaHMYEeHHOCTH HaMAYTCA [ABa BELICCTBEHHLIX yHcJa M
u M TaKue, uTO JIIOGON 3JEMEHT X, IIOC/AEI0BATENbHOCTH {X,} YHAOB-
JIETBOPSIET HEPABEHCTBAM M<Xn <M.

PaccmoTpuM MHOXecTBO {X} BceX BeUIECTBEHHBIX YHCEN X TaKHX,
4TO HmpaBee * KaxJAOro M3 3THX yHceJ JHOO BOBCEe HET 3JEMEHTOB IO-
CJIeflOBAaTeJbHOCTH {X,}, 1H00 TaKHX 3JEMEHTOB JHIIb KOHEUHOE YHCJIO.

VHpIME cJIOBaMH, BeUIECTBEHHOE UYHCJO X NPHHAIJIEXKHT MHOXKeCT-
BY {X}, eciu npaBee X JEXKHT He GoJiee yeM KOHEYHOE UHCJO 3JeMEeH-
TOB TOCJNEJOBATEJBHOCTH {Xn}, H He NPUHANJIERHT MHOXKeCTBY {X},
€CJIM NpaBee 3TOr0 YHCJA X JIeKUT GEeCKOHEYHO MHOIO 3JIEMEHTOB IIO-
CJIeI0BATEALHOCTH {Xn}.

3aMeTHM, 4YTO MHOXKeCTBO {X} 3aBeIOMO He SBJSTCS NMyCTHIM: eMy
TIpUHAAJIEKUT J0GOe BELIeCTBEHHOE YHCJIO X, YAOBJIETBOpSIOLIEe Hepa-
BEHCTBY ¥>M (u60 npaBee TAaKOro X HeT 3JEMEHTOB NOCJel0BATENb-
HoCTH {X»n} ). Kpome Toro, oueBHAHO, 4TO MHOXeCTBO {X} OrpaHHYeHO
CHH3Y H B KauecTBe ero HHXKHel rpaHud MoxeT OblTb B34TO Ji000e
YHCJI0, MEeHblIee m (MpaBee TAKOTO YUCJA JeXaT BCe 3JEMEHTH MocJe-
JOBaTeNbHOCTH {X5}, a HX GECKOHEUHO MHOIO).

ITo ocHoBHOii Teopeme 2.1 rui. 2 y MHoxecTBa {¥} CyIecTByer
TOYHAsl, HUXKHSAS T'paHb, KOTOPYI0 Mbl 0603HauHM cHUMBoJOM X. Joka-
JKeM, 4To 3T0 uyuciao X=inf{x} W siBAseTcs BEPXHHM NPEALIOM MOCJe-
JOBATEJbHOCTH {Xn}.

JlocTaToyHO MOKa3aTh ABa YTBEPKACHHS:

1°. Yueno X siBasieTcsi NpefesbHOM TOUKOH MOCJIeN0BaTebHOCTH
{xx} (1. e. B M060ii €-OKPECTHOCTH X JIEXKHT GECKOHEYHO MHOro 3Jje-
MEHTOB II0CJIeJIOBATEJbHOCTH {Xn}).

-2°. Hu onHO uyucno x, Gojbllee T, ykKe He SBJIAETCA TNPELEIbHON
TOYKOH MOCJeN0BAaTEeNbHOCTH {X,} (3TO M OymeT o3HayaTh, YTO ¥ SIB-
JsieTcsl HanboJibiuefi TNpefesbHOH TOUKOH, T. €. BEPXHHM MpelesioM
{xn}).

Jasi noKasaTenbCTBa YTBePKACHHA 1° GHKCHPYEM NIPOU3BOJILHOE
HOJIOXUTEJIbHOE UHCJHO €. [I0 olpeneseHUIO HuUKHeH rpaHH Jw06oe
4HCJI0, MeHblllee X (¥, B YaCTHOCTH, YHCJIO X—e), He NPHHAILJIEKHUT
BBEJleHHOMY HaMH MHOXeCTBY {X}. 3HauHT, npaBee F—¢ JEKHUT GECKO-
HEYHO MHOIO 3JIEMEHTOB NOC/EN0BATEJIbHOCTH {Xn}.

* HanomHuM, uTO TEePMHH «Y JIEXKUT MNpaBee Xx» O3HayaeT, YTO YHCJIa X H Y
CBs3aHbl HEPABCHCTBOM Y > X.
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Hanee, 13 TOro, 4TO YHCJO X SIBJSIETCS TOUHON HUXKHeH rpabio {1},
H U3 HepaBeHCTBA X<X-+& BLITeKaeT, UYTO Haliflercsi XOTsH OHl OLHH
3JIEMEHT X’ MHOXKeCTBa {X}, yAOBJETBODPSIOWIHI HeDABEHCTBAM T <X <
<X -+e, T. e. JeXKallUl JeBee T +¢ (pnc 3.2). B cuny onpeneieHus
MHOXKeCTBa {x} mpaBee 3TOro uyucja X’ JIEKHT He Gojiee 4eM KOHEYHOe
YHCJIO 3JIEMEHTOB I10C/E0BATENbHOCTH {Xn}.

Ha puc. 3.2 ycaoBHO yKasaHo, yTo IpaBee 4Hcsia X—e JEXKHT Gec-
KOHEYHO MHOTO 3/IEMEHTOB IIOCJEeJOBATeJbHOCTH {Xn}, a npaBee quc-

Ja x' nexutr He GoJsiee 4eM KOHEYHOE YHCJO 3JEMeHTOB 3TOH nocJjeno-
BaTCJNbHOCTH.

becroneyroe vueao snemenmol

7 Koweyeoe waecns
f w1 el e e m= = =
l Ir-€ T T+eE=T-E€ I T+E
Z-€ T Z+g -
€ 3 € € & e
Puc. 3.2 Puc. 3.3

Tak Kak npaBee ¥—e JIeKHT O€CKOHEYHO MHOTrO, a npasee x’ —
JIMIIb KOHEYHOE YHCJIO 3JIEeMEHTOB IOCJIE0BATeNbHOCTH {Xn}, TO MBI
NPHXOJAMM K BBHIBOAY, YTO Ha IoJycerMeHTe (X¥—e, ¥'] (a 3HauuT, U
Ha HHTepBaje (X—&e, Xx-+¢&)) JeXKUT 6eCKOHEUYHO MHOLO 3JeMEHTOB IO-
CJIEIOBATENILHOCTH {Xn}. '

Hrax, mbpl gokasans, yto Aas Jaiwoboro £>0 B e-OKPECTHOCTH TOY-
KM X JIeKHT GECKOHEYHO MHOTO JIEMEHTOB IOCJe]0BaTeJbHOCTH
{xn}. D10 M O3HAayaeT, uTO X sBJAETCA HPEAEJbHOH TOUKOH NMOCAENO-
BaTeNbHOCTH {X,}. YTBepxkKAeHHe 1° NOKa3aHo. :

ITonuepxHeM, YyTo MONYTHO MEI JloKasaau, uto Aas Jwboro >0
mpaBee YHCAA X+e JIEKHT He Gojee UeM KOHEYHOE YHCJIO DJEMEHTOB
NOCJIeI0BaTeBHOCTH {X,}.

910 mocjaefHee YTBEPKACHHE HCHOJB3YeM [Jisi  JOKa3aTeAbCTBA

YTBEPKJEHHsA 2° O TOM, YTO ¥ ABJAseTcs HauboJblued npenensHON
TOYKOI.

ITycts X — moboe gHcI0, Gosnpuwee ¥. O603HaynM Yepes g noJIO-
HKHTEJIbHOE YHCJIO e—(x—x)/2 IIpn TakoM BeIGOpE € HHTepBanm
(X*—e, X+¢) n (x—s, "X+g), T. e, e-OKPECTHOCTH TOUeK X U X, He GYAyT
uMeTh OOIMX TOYeK, a TOYHee, BCSL &-OKPECTHOCTb TOUKH X Oyaer
JexaTh Npasee ydcjaa X-+eg, T. €. HPaBO#l IpaHHIbl e-OKPECTHOCTH TOY-
xu Z (puc. 3.3). .

Brellle MBI yCTaHOBHJH, 4TO JJisi JioGoro e>0 npaBee X-+& JEKHUT
He Gosee yeM KOHEYHOE YHCJO SJEMEHTOB NOCIEAOBATENBbHOCTH {Xn}.
3HauuT, B pacCMaTPUBAEMOli HAMH -OKPECTHOCTH TOYKH X JIGXKHT He
GoJee yeM KOHEUHOE YHCJIO 3JEeMEHTOB [IOCAEJ0BATENbHOCTH {Xr}, & 3TO

¥ 03HAYaeT, 4TO X He SBJIAETCS Npe/lesbHOH TOUKOH Iocse]oBaTeNbs
HOCTH {Xn}. YTBepKAeHHe 2° ZOKa3aHO.

4 3axk. 72
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Mur oKa3afii CyIIeCTBOBaHHE Yy OTPaHHYEHHOH IOCJeA0BATeIbHOC-
1 {X,} BepxHero Ipefesa (T. e. HaubGoJblIeH NpeaenbHO# ToukH). Co-
BEPIIEHHO aHAJOTHYHO [OKa3bBaeTCs, 4YTO Yy TaKOH IOCHeZ0BaTEe/b-
HOCTH CYIIEeCTBYeT HHXKHHH NpefeJs, SBJSIOMHUICT TOYHOH BepXHelh
IPaHbIO TOTO MHOXKECTBA BELIECTBEHHLIX yHces {x}, jJieBee KaxKIOro U3
KOTODBIX JIEKHT He GoJiee ueM KOHETHOE YHCJIO DJIEMEHTOB TMOCJ]eJ0Ba-
TeNbHOCTH {X»}. Teopema 3.16 mokasana.

Cnepcreue 1 us reopemn 3.16. Ecau {x,} — oepanuuecn-
Has nocAed08aTEeAbHOCTb, X U X — ee HUCHUl U eepxnuil npedesot,

e — at060e NOAOKUTeNbHOE HUCAO, TO HA UuHTepsare (x—e, X+¢&}

AEKHCAT BCE INEMEHTbL 3TOL NOCAEO0BATEALHOCTU, HAYUHAS € HEKOTOPO-
20 Homepa (3asucsauijeco, KOHEYHO, OT &).

JlocraTouHo AOKas3aTh, u4TO [Js1 JiobGoro e>0 BHe HHTEpBaja
(x—e, X+¢) nexur He Gojiee yeM KOHEUHOE UHCJIO IJIEMEHTOB IOCJe-

JA0BaTeNbHOCTH {¥,}. Tem Gosee HOCTAaTOUHO AOKa3aTh, YTO TpaBee
= e &
x+ —~ HJIeBee X——- JIEKHT He Goslee yeM KOHEUHOE YHCJIO dJeMEeH-

TOB IOCJIe/10BaTeNbHOCTH {xx}. Tor (baKT uTo AJis1 jao6oro £>0 npasee
x+7 JEXHT He 6oJiee ueM KOHEUHOE UHCJO 3JEMEHTOB {X.}, yxe

YCTaHOBJIEH B Ipouecce JokaszaTenncTBa TeopeMbl 3.16. CoBepiieHHO
&
aHaJOTHYHO AOK&3BIBAETCS, UTO AJA Jilo6oro >0 JeBee x-—--z— JIeXKUT

He Gojiee yeM KOHEUHOE YHCJO 3JIEMEHTOB IIOCAEA0BATENbHOCTH {Xn}).
CneagcrtBue 2 u3 TeopeMmul 3.16. Ilycro {xn} — ozpanuuen-
HAS NOCAEO0BATEAbHOCT, X U X — ee HudcHull u eepxuutl npedeno,

(a, b) — unTepsas, 6ne KOTOPO20 nedcUT He 6oaee uem KOHEHHOe Huc-
A0 INEMEHTOB NOCAeD0BATeAbHOCTU {Xn}. Toeda unrepsasr (x, X) co-

depocutca 6 unrepsase (a, b) u, 8 wacrTHocTy, x—x<b—a.

JNokaszareabcTso. JlOCTATOUHO J0Ka3aTh [IBa HEpPABEHCTBa
<b u a<x. IlepBoe U3 3THX HEPaBEHCTB BHITEKaeT M3 TOrO, 4TO TOU-

Ka b, mpaBee KOTOPOH JIEXKHT He 60Jiée 4eM KOHEYHOE UYHCJIO 3JIeMeH-
TOB TIOCJIEOBATENLHOCTH {X,}, NPHHAIJIEXKUT MHOXKeECTBY {X}, pac-
CMOTPEHHOMY IIPH J0Ka3aTeJbCTBE TeopeMbl 3.16, a X ABJseTCS TOUHOMH
HHJKHeil TpaHbi0 3TOro- MHOXeCTBa. BTopoe HepaBeHCTBO a<x ycra-

HaBJHMBAETCS aHaJIOTHYHO.

CaepncrBue 3 u3 teopemb 3.16 (reopema Boabua-
Ho—BeilepmTpacca®*). H3 scakoi oepauutennol’ nocaedo-
BATENLHOCTU MOXMCHO B8b6l0€AUTS CXO0AUYIOCA NOONOCAE008ATENbHOCTS.

Dta TeopeMa SBJSETCS] HENOCPEACTBEHHBIM CJEACTBHEM TEOpeMbl
3.16 u onmpenenenus 2 npefeSbHON TOUKH. ,

Teopema 3.16 mposuBaeT CBeT Ha TO, KaK YCTPOEHO MHOKECTBO
BCEX INIPEACNbHEIX TOYeK JI0O60H orpaHuuyeHHOH IOCJAEN0BATEJNbHOCTH.

* Bepurapa Doabuano — ueinckufi ¢punocod u matemaTtnr (1781—1848), Kapa
Betiepmitpacc — Hemenxuii matematHk (1815—1897).
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Ecnu, Kak H Bhiwe, 0603HAUHTL 4epe3 ¥ U ¥ HHUKHHH M BepXHHH IIpe-

JleNbl 3TOH MOCJEN0BATENBHOCTH, TO MOMKHO YTBEpKAaTh, UTO BCe €€

npejesbHbIEe TOYKH JieXKaT Ha cerMeHTe [X, X], mpHueM ecnH yKa3aH-

Hasi [OCJe[0BaTeNbHOCTh HE SIBJSIETCS] CXOAsiielicd, TO OHa HMEET II0

KpaiiHeil Mepe [Be IpelebHBle TOYKH X H ¥. PaccmorpenHas HaMu
1 1 1 1 1

BBHILIE TOCJIEN0BATENALHOCTD _ ]l — == ..., — 1=
2 2 3 3 n

1 . \
—_——y ... [pelcraB/ger coboi HpHMep IIOCJIeA0BATEJbHOCTH, HMCIO-
n

1efi TOJBKO JBe IpejesbHble TOUKd x=0 1 ¥=1.

Ilpyras paccMOTPeHHasi BHILIE IMOCJELOBaTeJbHOCTb {Xn}, COLep-
JKallas BCe palHOHaJbHBIE uHcia u3 cerMenta [0, 1], mpeacraiser
coboii mpuMep NOCJENOBaTEJbHOCTH, IpeJeJbHBIE TOYKH KOTOPOH IO-
KPHIBAIOT BeCh CerMeHT [x, X], y Kotoporo x=0, ¥=1.

JIerko mOCTPOMTb NMPHMeP IOCJEJ0BATebHOCTH, NPEAEILHBHIMHE TOY-
KaMH KOTODOH cayxaT: 1) HamepejJ 3aJlaHHOe KOHEUHOE MHOXKECTBO
TOUEK @1, @y, ..., Qp; 2) Hamepej B3sATas OeCKOHeyHast II0CJeJ0BaTeNb-
HOCTb TOYEK di, dg, ..., n, ... © (BO BTOPOM cCJyuae Kaxjasi npejesbHas
TOYKa MNOCJEJOBATEIHHOCTH NpelesbHEIX ToYeK {an} OyAeT SBIATHCA
1peNebHON TOYKOH HCXOIHOH MOCIENOBATENLHOCTH {Xn}).

2. PacmiupeHue MOHATHIA MpeJeJbHOM TOYKH H BEPXHEro M HHUIKHEro
npenenos. AnajoroM TeopeMbl DBousbliano — Bedepmrpacca asis He-
OTPaHHYEHHOH IOCJEAOBATEIbHOCTH SIBIAETCS CJEeAyHollee yTBEDXK-
IeHue.

JlemMma 2. Hz scakoll HeozpanuueHHOU nocae008aTeAbHOCTU
MOICHO 86l0eAUTo OeCcKOHe4HO 60abiuyto nodnocaedosaresvrocrs (U,
8 4aCcTHOCTU, Beckoneuno 6oabulyr0 no0nociedoBaTeAbHOCTb, 8Ce Ne-
MEHTbL KOTOPOY uMeroT onpedeseHtblll BHAK).

JdokasareascTBo. [Ipexnae Bcero samMeTHM, 4YTO €CIH Y He-
OrpaHHYEHHOH II0CJIeA0BATEILHOCTH OTOPOCHTh JI060€ KOHEYHOE YHCJO
IIePBHIX €€ 3JEMEHTOB, TO IOCJe TaKoro OTOPaCHBAHHS IOJYYHTCS
CHOBa HeorpaHHYeHHag nocjaenoBatesbHOCTb **. TlycTh {X,} — mpoms-
BOJIbHAsl HeOT'paHWYEHHas IOCJeJOBaTEeNbHOCTb. Toraa Haiijercs sJe-
MEHT Xp, 9TOH MOCJENOBATENLHOCTH, YIOBJETBOPSIOMUA HepaBeHCTBY
{x¢,| > 1. VYunthiBas, uto mocCJeNOBATENbHOCTh {Xr}, paccMaTpHBae-
Mas ¢ HoMepa Ryt 1, Takxke sIBJIsieTCS HEOTPaHHUYEHHOM, MBI MOJYYHM,
YTO Ha#/IeTCA 3JIeMEeHT 3TOH NOCIeJOBATENBHOCTH Xg,, YAOBJIETBOPSIO-
IUHH HEPABEHCTBY |Xk,| > 2 1ipu Ro>ky. IIpomosikas 3TH paccyAeHHs
Jlajee, MBI IIOJYYHM, YTO JJs JIOGOr0 HoMepa n HalJeTcs 3JIeMEHT
Xk,  YAOBJETBODPSIIOLUIHI HEPABEHCTBY kanl >n nupu ka>kp-y.

* TaroBOH ABJAETCS MOCACLOBATEIBHOCTH
aQ, 4, Q, M, A, A3z, «.. «
- ! Sl

** H6o mpeamnosioxeHne 0 TOM, YTO 3TO He TaK, NPUBOJMT K NPOTHBOPEYHIO C
TpeGoBaHHEM HEOrPAaHHUYEHHOCTH HCXOAHOH MOC/IEA0BATENHLHOCTH.,
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OueBHIHO, YTO NOCTPOEHHAs HaMH MOANOCJ]EA0BATENIbHOCTD Xkys
Xkgs o v s Xk, -« SIBJISICTCS GECKOHEYHO OGOJbIIOH. 3ameyasi, 4TO 3Ta

IOJIIOC/IEA0BATEILHOCTb 3aBEIOMO COJEDPIKHT GECKOHEeuHO MHOro Ju6o
HOJIOXKHUTENbHBIX, JH60 OTPHIATENIbHEIX WJIEHOB, Mbl MOXKET BBIACJIHTH
U3 Hee 0eCKOHEUHO GOJIBINYIO MOMAINOCIENOBATENBHOCT, BCE 3JCMEHTHE
KOTOPO# HMEIOT Ompe/ie/IeHHbH 3HaK. JleMMa JokasaHa.

U3 semmut 2 u u3 TeopemMul Dogblano — BefiepmiTpacca BHTEKaeT
cyelylolllee yTBEPKAEHHE.

Jlemma 3. H3 cosepuienno npousgoasHoll nocaedosaresbHOCTL
MOJCHO 8biGeAuUTs AUOO CXO0AUYOCE NOONOCAedO8aATEAbROCTL, AUGO
6ecrkoneuno 60abUY0 NOONOCACO0BATENBHOCTS, BCE 3/ MEHTbL KoTopou
umeroT onpedeserHolil 3HAK.

JleMMa 3 ecTeCTBEHHO IPUBOAUT K Hiee DaCIIMPeHMs NOHATHS Hpe-
JeJbHOH TOUKH NocjaefoBaTenbHOCTH. JloroBopumcs QopMalibHO J0-
HOJIHUTh BBEJICHHbI€ BHIE KOHEYHEe NpeJesbHBIE TOYKH IOCJIEJ0Ba-
TEJILHOCTH eule JABYMSI BO3MOXKHBIMH NpEeJEeNbHBIMH TOYKaMH -oo H
— 00,

Bydem eosopurs, 4uto + oo [— o] sneanerca npedensHoli TOUKOL
nocaedo8aTesbHOCTU {Xn}, ecal U3 3T0L nocAedo8aTeAbHOCTU MONCHO
8610eAUTb BecKOHeUHO b6oabuyro N0ONOCAe008ATEAbHOCTS, 8CE 3AEMEH-
ToL KOTOPOU NOAOHCUTEAbHOL [OTPULATENAbHBL].

IIpu TakoM paclIMpPeHHH NOHSTHS NpeJeNbHON TOYKH U3 JeMMH 3
BHITEKAET CJelylollee YTBEPXKAEHHE: Y COBEPULEHHO NPOUBBOAbHOL Nno-
c2e008aTEABHOCTU cyuiecT8yeT X0TA Obl 0OOHA npedesbHas TOUKA *.

EcrecTBeHHO, cuuTasi, 4yTO + oo H -— 0o CBSI3aHBI C JIOGHIM KOHeu-
HBIM BCILECTBEHHBIM YHCJOM X COOTHOLIGHHEM =00 <x<+ 00, ybe-
AHUMCSI B TOM, UTO Y COBEPULEHHO NPOU3BONLHOL NOCACO0BATEALHOCTY
{xs} cyuwjecrsyior sepxnull u HusCHUL npede/zbt (7. e. cywecrsyior Hau-
borbwiasn U HAUMEHbULAS npedesbrble TOYKU).

Pany onpeneJeHHOCTH OCTAHOBHMCSI Ha J0Ka3aTeNbCTBE CYILECTBO-
BaHHS BEpXHero Ipejesa:

B cuny Teopemnt 3.16 moctaTouHO paccMOTpETh JHUIb CaAydYai, Kor-
Aa TOCJeI0BaTeJbHOCTh {X¥n,) He SIBAAETCS OTPAaHHUYEHHOH.

Ecau npu 3TOM NOC/E0BaTeNbHOCT {X,} HE SIBJsETCS OrpaHHYeH-
HOH CBepXy, TO M3 Hee MOXKHO BBIAEJUTb OECKOHEUHO OOJBIIYIO MocJae-
JOBATEJILHOCTD, BCE 3JIEMEHTH KOTODOH IOJIOMHTENbHEL, H HO3TOMY
+ co sABJAseTCS NpeJesNbHOH TOUKOH, a 3HAYHT,  BEPXHHM MpPEIEJoM
NIOCJIEI0BATENBHOCTH {Xn}.

OcraeTcs paccMOTpeTb Ciyuai, KOTAa HEOTpaHHueHHas MOCJefoBa-
TEJBHOCTh {Xrn} ABJAETCA OTPAHAYEHHOH CBEpXy, T. €. KOTAa CYIIeCT-
ByeT BeLIeCTBeHHOe 4HCJ0 M Takoe, YTO BCe 3JIEMEHTHI X IOCJE0Ba-
TEJILHOCTH YAOBJETBOPSIOT HEPaBEHCTBY X,<M. Tak kak npu stom
II0CJIe/IOBATENbHOCTh {¥n} HE SIBJSETCS] OrpaHHYEHHOH CHH3Y, TO U3
Hee MOXKHO BBIZEJNHTh GECKOHEYHO GONbUIVIO MOAMOC/EN0BATENLHOCTD,

. .
* JIn6o xoHeunas, auGO paBHasi +00 HAH —oo,
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BCE 3JIEMEHTHl KOTODOH OTPHLATEJbHH, T. €. — 00 SBJSAETCS NpPEelebe
HOH TOUKOH TaKOH NOCJeL0BATEJIbHOCTH.

Ecau npu 3TOM yKasaHHasi NOCJENOBATeNbHOCTb {X,} He HMeeT HH
OJHOI KOHEeYHOH NpeiesbHOH TOUKH, TO €JHHCTBEHHAs NpejiesabHas TOY-
Ka — oo H SBJISIETCS] BEPXHHUM IIPEAeJOM 3TOH IIOCJEA0BATENbHOCTH.

Ecsin 3Xe NIpH 3TOM y YKa3aHHOH IIOCJIe0BaTENbHOCTH €CTh XO0Td GH
OJHa KOHeYHas NpejesbHas TOUKa X, TO, QHKCHpOBaB HekoTopoe g>0,
MBI BBLAEJIHM H3 3TOH MOCJ€J0BATENbHOCTH NOANOCAEJ0BATENLHOCTD TEX
ee  2JeMEHTOB Xpn, KOTODHIE YJOBJETBOPSIOT HepaBeHCTBAM *
xo—8<x‘n,<M- .

BrijesieHHasi NOANOCJAEAOBaTEJNbHOCTh OrpaHHYeHa, M IO Teope-
Me 3.16 y Hee cymecTByeT HauboJjbllass IpelesbHass Touka, KOTopas
sIBJisSieTcsl HanbGoJbuieli npejieIbHOH TOUKOH (T. €. BEPXHHM IpejesioM)
H Bcell MOCJeJOBaTeNbHOCTH {¥n}. CyllecTBOBaHHE Yy COBEPIIEHHO
NPOH3BOJBHOH IOC/IE0BATENLHOCTH BEPXHEro Mpejesa A0Ka3aHo. AHa-
JIOTHYHO JOKa3biBaeTcsi, 4TO Y COBEPUIEHHO NMPOH3BOJILHOH IOC/Aef0Ba-
TEJbHOCTH CYHIECTBYeT HHXKHHUI Npejel.

B szaxiiioyeHHe 3aMeTHM, YTO IIOYTH BCe NOHATHS H YTBEPIKICHHS,
yCTaHOBJICHHbIe HAMH B 3TOM H B NpPEeAbIAYIIEM NYHKTaX, epeHocATCH
Ha Cyuall npou380AbHO20 4UCA08020 MHOKECTBA {X}, UMeOU €20
beckonedHoe YUCAO INCMEHTO8.

Touxy a 6ecxkoneunoti npamoii (— oo, + oo) Hasoceem npedenrsd-
HOU TO4KOU TAKO20 MHONMECTBA, ecau 8 A060l e-0KPEeCTHOCTU TOY-
Ku a codepacurcs 6eCKOHEYHO MHO20 3NEMEHTO8 3T020 MHOXMCECTEa.

Han6oabluyio ¥ HAHMEHBIUYIO NpeJENbHbIE TOUYKH MHOMKeCTBa {X}
Ha30BeM COOTBETCTBEHHO BeDXHeH M HHXHeH NpefeJbHBMH
TOYKAaMHU 3TOr0O MHOMKeCTBa. '

IToBTOpsiss paccyxkaeHusi TeopeMnl 3.16 ¢ 3aMeHOfl TepMHHA «IO<
CJIeI0BATeILHOCTb {Xn}» TEPMHHOM «MHOXKecTBO {x}, comepxaiiee Gecs
KOHEYHOE YHCJIO 3JIEMEHTOB», Mbl IIPHJEM K CJCAYIOIEMY YTBEpxKae-
HHIO: Y 8CAKO20 02PAHUYEHHO20 MHOXMcecTeéa {X}, umeroujezo Geckorey-
HOe YUCAO INEMEHTO8, CYUW,eCTBYIOT BEPXHASL U HUMCHAA npedeibHolie
To4Kku (U, 8 HACTHOCTU, CYULeCcT8YeT XOTs Gol OOHA NPefenbHAs TOHKA).

U3 sToro yreep:kAeHHs BHITeKaeT cjelymoiulee o006IIeHHe TeopeMbl
Bonpuano — BefiepmiTpacca: u3 394eMEHTO8 8CAKO20 02PAHUHEHHO20
MHOJCecT8a {xg, umeroujeéo becKOHeuHOe HUCAO INEMEHTO8, MOSLHO
8610ealTy cx00auwyrocs nodnocaedo8aresbHOCTd **,

Kak u aasa cayuas mocjieloBaTENbHOCTH, YAOOHO pacIIHpUTh HOHS-
THE NpeJesbHOM TOYKH M CUHTaTh, YTO + oo [— oo] ssaserca npe-
JenrbrOll TOYUKOU MHOJCECTBA {X}, ecau u3 3NeMEHTO8 3TO20 MHO-

* 3ameruM, uTo Xo<CM, HGO Bce 3JMeMEHTH X, NOCHAEAOBATENLHOCTH  {Xn}
YIOBJETBOPSIOT HEPABEHCTBY Xn<<M. Jlanee saMeTum, 4TO B CHJy TOrO, YTO Xp —
pefie/ibHas TOUKA, CYMECTBYeT GECKOHEYHO MHOTO 3JEMEHTOB X, IIOC/E[0BATENb-
HOCTH {Xn}, YZOBJETBOPSHOINHX HEPABEHCTBY Xo—e<Xn<M.

** Jlio6ple ABa 3JeMeHTa KOTODOH SABJASIOTCS pPa3jHYHHMH  3JIeMEHTaMH MHO-
xecTsa {x}.
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JHECTB8A MOMHO BbL0CAUTL GecKOHedHO BOAbULYI0 nOCAEJ08ATEALHOCTS,
COCTOAWYIO U3 NOAOHUTENbHBIX [OTPUYATEAbRbIX] 4dlCce.

dra (opMaJu3aiusa NMO3BOJsAET HaM YTBEPXKJIaTh, YIQ Yy co8ep-
UWEeHHO NPOUBBOALHOEO HUCAOBO20 MHONECTBA {X}, UMeroujezo
6EeCKOHEUYHOe YUCAO 3AEMEHTOS8, CYUECTBYIOT x0T Gbl 00HA
npedenbHas TOUKA, a TAKKHE BEPXHASNL U HUINCHASL npedeabHble TOYKU.

3. Kpurepuii Komn * cxogumocTn nocjaeaoBatesbHOCTH. [Ipu usy-
YeHHH BOIPOCA O CXOAHUMOCTH IOCJENOBATEJbHOCTH {X¥n} C IOMOLIKIO
ONpeeJIeHHsT CXOASIIEHCS TOCIel0BaTENLHOCTH IPUXOAHTCS OlleHHBATh
PasBOCTb Xn,—@ 3JIEMEHTOB II0CJIeJ0BATEJILHOCTH H €€ IpeanoJjaraemMo-
ro npejesa a.

WHBIMU cjioBaMH, TIPUXONUTCS NpeRyrajblBaTh BEeJHUHHY NIpejea a
STOH 70CJIE10BATENbHOCTH.

B 3TOM NyHKTE MBI YCTAHOBHM «BHYTPEHHHH» KPUTEPHH CXOAMMOCTH
NOCJIE0BATE/IbHOCTH, TIO3BOJISIIOIUUI c/le/IaTh 3aKJUeHHe O €€ CXOIH-
MOCTH JIHIIb HO BEJHYHHE €€ 3JIeMEHTOB H He HCIOJb3YIOIIHH BeJaHyH-
HBEl IpejrojaraeMoro npefesa Tofl nocnaejoBaTensHOCTH. s ycra-
HOBJIEHHSI TaKOTO KPHUTepHs BBeleM MOHATHEe (YHAAMEHTAJbHOH MO-
cJel0BaTebHOCTH.

Onpenenenune. Ilocaedosaresvrocte {x,} Ha3bIBAETCA P YH-
damenTanbrOlU, ecau 0aa 4106020 NOAOICUTEABHOZ0 HUCAA € HALL-
derca Homep N Takoil, 410 0A8 8Cex HOMeEPOS n, YOOBAETEOPAIOUWUX
ycaosuto n=N, u dan arwboeo narypasvrozo p (p=1, 2,..) cnpased-
AUBO HEPABEHCTEO

| Xntp—2n]| <e.

YcranoBHM ABa BaXKHBIX CBOHCTBA JI06OH (PyHAZaMeHTadb-
HOH MoCJefOoOBaTENbHOCTH.

CBolictBo 1. Zaa 2106020 nosoxcuTesbro2o ducaa e Halldercs
JNCMEHT (YHOAMEHTANLHOL NOCACO0BATEALHOCTU Xyn TOKOL, 4TO 8
&-0KPECTHOCTY 3ITO20 3NEMEHTQ Xy HAX00ATCs 6Ce 3AEMEHTbL X, 9TOL
nocaedosaTe bHOCTU ¢ HOMEPAMU N, YOOBAETBOPAIOUUMY YCAOBUIO
n>N.

Jlpyrumu ciaosawmy, aas mwoboro e >0 Haligercs saeMeHT QYHIAMEH-
TaJIbHOU IIOCJIEAOBATENbHOCTH Xy, BHE £-OKPECTHOCTH KOTOPOTO JIEKHT
He 6oJiee ueM KOHEUYHOE YHCJIO 3JIEMEHTOB 3TOH IIOCJEL0BAaTeJAbHOCTH.

Jlnst nokasaTeNbCTBA 3TOrO CBOHCTBA CJeLYeT (PUKCHPOBATH IPOU3-
BOJIbHOE MOJIOXKHTEJbHOE YHCJIO €& U B3AThb B ONpEeNeJeHHH (QyHIaMeH-
TaJbHOH IIOCJNEAOBATENILHOCTH HOMED n paBHbIM N. MH NOJyYHM IIpH
3TOM, YTO JJs1 J10060oro HaTypadwbHoro p (p=1, 2,...) ajaeMeHTs QyH-
JaMeHTaJbHOH IOCJIe0BATeNILHOCTH YIOBJETBOPSIIOT HEPaBEHCTBY

[Xvip—2xn]| <e
HJH, 4TO TO K€ caMoe, HepaBeHCTBY
In—e<Xypp<Xy-te.

* Oriocren Jlyn Kouml — ¢paHnyackuii MateMaTtuk (1789—1857).
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Tak kak p — J/060e HaTypaJbHOE YHCJIO, TO IMOCJHEIHHE HEPABEHCTBA R
03HAYaIOT, YTO BCE 3JEMEHTH (hyHAaMeHTAJbHOH IOCJeL0BaTe]bHOCTH,
HOMep KOTOpbiX He MeHble N, HaXOJSATCS B HHTEpBaJe
(xy—se, xnv-¢2), T. e. B e-OKpecTHOCTH Xn. CBOHicTBO 1 JlOKa3aHo.

CBolicTBO 2. PYHOAMEHTANOHASR NOCAEO0BATEALHOCTb ABAAETCA
02paHUYEHHOLL.

HorkasateabcTBo. OukcupyeM HekoTopoe £>0. Tak Kak 1o-
CJIelOBATENbHOCTb {X,} fBJAETCS (QYHAAMEHTAJbHOH, TO s 3TOro g
(B cuny cBofictBa 1) HaligeTcs 3JeMeHT Xy TakKOH, 4TO BCE 3JIEMEHTH
X, C HoMepam# n> N YIOBJETBOPSIOT HEPABEHCTBY

An—e<Xp<Xn-te.

O6osnaunM Tenepnr depes A HanGoabuwee u3 caeayomux (N41)
unces: |xi|, |x2}, .., |¥nv—1], |¥n—¢|, |¥n+¢|. Torna, ouesnnno, aus
BCEX HOMEPOB 1 GyjeT CIpaBelJHBO HEPABEHCTBO |X»| <A, KOTOpOE H
O3HayaeT OrpaHHYEHHOCTb NOCJeAOBaTeIbHOCTH {X,}. CBodcTBO 2 10-
Ka3aHo.

JokaxeM Tellepb CJEAYIOIIYIO BCIOMOraTeNbHYI0 TEOpPEMY.

Teopema 3.17. [uaa 1020 4T06b NOCAEJOBATEALHOCTS {xn}
6oira cxo0aueiicsa, Heo6xo0umo 1 GocTaro4ro, 4To6st OHG Obviaa 02pa-~
HU4eHHOU U ee BepXHull U HuxcHul npedesvt X u x cosnadaiu mexoy

coboll.

HdokasareasbcTBoO. 1) Heobxodumocre. IlycTs mocaenoBa-
TEJBHOCTb {X,} cxoautcsi. Torga ona orpaHuHueHa (B cCHJay Teope-
Mbl 3.8) M HMeeT eLAUHCTBEHHYIO HPeNEeJbHYI0 TOYKY (B cHJy JeMMbl 1
u3 1. 1 sToro naparpada). ATo U O3HAYAET, UTO €e BePXHHH U HHXKHHH
Ipejesbl X 1 X COBNajaloT Mexay coboil.

2) Hocrarourocrs. Ilycts nocnenoBaTelbHOCTh {Xn} OrpaHuueHa
(npu aTOM OHa B cHay TeopeMBl 3.16 HMeeT BepXHHH Ipelesa X H
HHXKHUE npejen x), H nycTb =x. [lonoxum x=Z =x. B cuny caeacr-
Busi 1 u3 teopemul 3.16 mas J06Goro >0 B uHTepBale (X—e, X+¢&)
JIeXKAT JIEMEHTHl IIOCJIef0BATENbHOCTH {¥n}, HaUHHAs C HEKOTOPOTO
HOMepa. B cuay ompeneneHus 3 cxoAadmelics MOCJaef0BaTCIbHOCTH (CM.
n. 4 § 1) 570 ¥ 03HAYAET, YTO NOCJIEAOBATENLHOCTh {¥n} CXOAUTCH K
npegeay x. Teopema 3.17 nokasaHa.

JlokaxkeM Tenepn CJAeAYIOUIYIO BaXKHCHIIYIO TeopeMy.

OcunoBuas Tteopema 3.18 (kputepuit Komu cxonu-
MOCTH IOCJHEeZXOBaTedbHOCTH). [as 1020 4T0606L nocaedosa-
TeAbHOCTb {Xn} Obiaa cxodaujelics, Heo6x00umo u 00CTATOURO, 4TO6BL
oxa boira pyrndamenrTasrvHoll.

HokasateancTBo. 1) Heobxodumocrs. IlycTe mnocaenona-
TEJBHOCTb {X,} CXOLHTCS K HEKOTOpoMy Ipefenay x. [lokaxewm, uro 31a
HOCJIe0BATENLHOCT SABASETCs (PyHAaMeHTaabHOH. PHUKCHpyeM HpoOU3-
BOJIBHOE MOJIOKUTEJIBHOE UHMCJO &. Tak Kak NOC/He0oBaTelbHOCTh {Xn}
CXOMHTCH K TpeJeay X, TO AJsi NOJOXKHTEJIbHOTO uwHCaAa e/2 Halijercd
HoMep N Tako#, uro npH Bcex n>N :
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|xn—x]| <e/2. (3.54)

Ecau p — moGoe HaTypaJbHOE WHEJO, TO NPH Bcex n>N M NOAABHO
OyZner cnpaBelJINBO HePaBEHCTBO

| %nsp—% | <6/2 (3.55)

(u6o npu n>N 3aBenomo GyleT CIPAaBENJIHBO HEPaBeHCTBO n+p>N).

Tak KaK MOJAYJib CyMMBI ABYX YHCEJ He NPEBOCXOAMT CyMMBI HX MO-
nyJae#t, To us HepaBeHcTB (3.54) m (3.55) MBI MOJYYHM, YTO NpPH BCEX
n>=N ¥ aas a060ro HaTypPaJabHOTO P

|Xnpp—2%n| = | [¥ntp—2] + [x—2n] | < | Xnsp—r] + ]| 2n—x] <&,

a 3T0 M O3HayaeT (YHAAMEHTaJbHOCTb NOCJEJ0BATENbHOCTH {Xn}.

2) Hocrarounocte. IlycTh nOCJA€0BaTEABHOCTh {Xn} ABJIAETCA
¢pynnamentanpHol. Tpebyercsa N0Ka3aTb, YTO 3Ta MOCJ]EAOBATENBHOCTh
ABJsIeTCH cXopsmelics. B cuny Teopemsl 3.17 HOCTATOYHO J[0KAa3aTh,
YTO NOCJIEIOBATENBHOCTb {X¥n} OrpaHHUEHA H UTO €€ BEPXHHH H HHKHHHA
Ipeliesibl X U X COBHAAalOT MexXIy co6oi.

OrpannueHHOCTb JI060H GYHAAMEHTANAbHOH IOCJAENOBATEILHOCTH
yKe yCTaHOBJIEHa HaMu Bblule (cM. cBoiicTBo 2). OcTaercsi H0Kasarh,
YTO A 060K QyHAAMEHTaJbHON NMOCTEN0BATENLHOCTH {X,} BepXHUH
npenes X M HHXHHH mpefes X coBnajalT. PHKCHPYeM IIPOM3BOJBHOE
HOJIOKHTEJIbHOE YhCsIo . B cuny cBoficTBa 1 pyHzaMeHTanbHOR HOCTe-
JOBaTeJILHOCTH HAMIETCS MEMEHT 9TOH IOCJIeI0BaTENbHOCTH Xy TaKOH,
4TO BHE €-OKPeCTHOCTH JTOTO  3JIeMeHTa, T. €. BHe HHTepBaJja
(xn—e, Xy+¢&) Jexur He 6ojiee YeM KOHEUHOE YHMCJO 3/E€MEHTOB IIO-
CJefoBaTeNbHOCTH {¥n}. Ho Torma B cuay chaeacTBHs 2 U3 Teope-
Mb 3.16 mHTepBa) (X, X) 006s3aH  CONEpXKATbCA B HHTEpBase
(*N—e, Xy+8&) M, B 4aCTHOCTH, JOJIKHO OLITb CIPaBeJJHBO HEPaBEHCT-
BO ¥—x< (Xy+e)—(xn—e) =2e.

Tak xak, KpoMe TOro, ¥>x, To AJs jaioboro ¢>0 GyayT cnpaBeisu-
Bpl HepaBeHcTBa 0<ZT—x<2e. B cuily IpPOU3BOJLHOCTH & U3 3THX He-
PaBEHCTB BHITeKaeT, uto ¥—x=0* 1. e. ¥x=x. Kpurepuit Kowmu mon-
HOCTBIO JOKa3aH.

IIpumennm kpurepuit Komu AJsl yCTAHOBJEHUS PACXOAHUMOCTH

1 .
[OCJIeJOBATENILHOCTH {X,} ¢ aJeMeHTaMH X, =1 + Y o+
n

3aMeTHM, 4TO ecJaH AJs JI0O0TO HOMepa 7 HATypajbHOE YHCJIO P
B3STb PABHBEIM 7, TO MBI NOJYYHM, YTO JJIsSI BCEX HOMEPOB 1

] 1 1
[ Xptp— x| = | X3 — %, | = (1 + > + .o+ 7}‘7) —
* B caMoM Jesie, eciH OH DA3HOCTh X—% DPaBHSAACH TOJNOKHTEALHOMY GHCIY

0, TO, B3sB B KaueCTBe & UHCJIO @3, MH OBl NMOJYYHJH NPOTHBOpEUHE € HEepaBeH-
CTBOM Xx—x<_2¢&. ’ )
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1 1 1
—_—=
n+1 + n-2 + + on 7

1 1
=hn e — =,
= 2n 2

—<\1+%+...+%>=

H60 MOAYEPKHYTas CyMMa COAEPXKHT n CJaraeMbX, HaHMEHblee H3
KOTODHIX PaBHO ——.
pHIX p -

1
Takum oGpasoM, AJS TOJOXKHTENBHOTO YHC/Ia &= - He cyumecr-

ByeT HoMepa N Takoro, 4To npH BceX n>N u Aas J1060ro HaTypafb-
HOTO p CNPaBEJJHBO HEPABEHCTBO |Xnip—Xn|<<e. DT0 O3HauUaerT, yTo
paccmaTpHBaeMas NOCJeJ0BaTeNIbHOCTh He sIBAseTCs (yHIaMeHTalb-
HoMt u (B cuay kpurepusi Koumn) pacxozures.

B kauecTBe BTOpOro npuMepa npuMeHuM Kpurtepuit Kowu ass ycra-
HOBJIEHHs CXOJMMOCTH IIOCJI€OBATEJBHOCTH {Xn} C 3JIEMEHTAMH Xp=
=149+ ... +q", rae ¢ — aw06oe yucsao U3 uureppana 0<<g<l.

Jass moGoro HoMepa n H Jio6OTO HATypaJbHOrO 4uHcaa p (p=
=1, 2,...) cupaBeAJHBO HEPABEHCTBO

[%ptp—%al =1 +q+ ... + ) —(1 + g+ .. + %)=
P
=qH gL = qn+11__q‘n Al lqnﬂ . (3.56)
—q -—4q

(dugcHpyeM NPOH3BOJNbHOE MOJOXKHTENbHOE UHCJIO e. Tak Kak IpH
0<g<1 nocnenoBaTenbHOCTs {q"} siBJsieTcs: GECKOHEYHO MAaJOH, TO
ANA TMOJIOXKHTEJNbHOro uucaa €(l—q) Hafizercss HoMep N Tako#, 4TO
np¥ Bcex n>N cnpaselJIHBO HEPABEHCTBO

gr<e(l—q). (3.57)

M3 nepasencts (3.56) u (3.57) BbiTekaeT, uTo NpH Beex n>N B
Jas Jif060ro HaTypaJsbHOTO p

e(1—¢q)
lxn+p'—xnl< =&,
l—g
a 3TO (3HayaeT, YTO pacCMaTPHBaeMasi IOCJAEAOBATELHOCTh SBJSETCSH
¢byunaxcaTasneHoll B (B cuay kputepus Koiin) cxoaures.

§ 4. NIPEAEJ (MU NPEJEJNbHOE 3HAYEHHE)
- ®YHKIHH

I[Tepefinem Temepp K H3y4eHHIO Apyro#i Gosee cJIOKHOH (OpMHI
OlepaunuH Lp€[eJIbHOTO Mepexoja, OCHOBAHHOH Ha NOHSITHH MpeleJa
(nau mpesestHOTO 3HAaueHHs1) GyHKIMH. Ho mpesx/e BCEro Ml ZOJIKHEE
YTOUHHTD C&MIi IOHSITHS MEePEMEHHOH BeJHUYMHBl H (DYHKIHH. .

1. Monsius nepemeHHOH BeanuuHnl W GyHKuUMH. Kak MH yXxe BH-
AeMd B IVI. 1, ¥ MOHATHIO QYHKUHMH NPHBOAUT H3YYeHHE ABYX IepeMeHe
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HBIX BEJIHUHH, H3MeHeHHe KOTOPHX B3auMoobycnosieHo. [TosaTomy ecte-
CTBEHHO HayaTh C YTOYHEHUs HMOHATHS IePEMEHHOU BeJHYHHBL

PaccmoTpeHHe peasibHHIX (H3HYECKHX IepeMEeHHBIX BeJHYHH IpH-
BOIUT HAC K BBHIBOJY, YTO 3TH BeJHMUHMHBLL He BCerja MOIYT IIPHHHMATb
IIPOU3BOJIbHbIE 3HAa4YeHHs. TakK, CKOPOCTb MaTepHalibHOH TOYKH He
MoXKeT GbiThb Goupine 3-10%° cm/c (T. e. CKOPOCTH CcBeTa B NyCTOTE),
TeMIlepaTypa Teja He MOXeT ObiThb MeHblie —273°, cMemleHue Mare-
PHAJIbHOH TOUYKH, cOBepLIAIONIEH rapMOHHYECKHE KOJIe6aHHH 0 3aKOHY
y=A cos(wf+05), MoxKeT NPHHHMATL 3HAUCHHS TOJBKO H3 CerMeHTa
[—A4, +A].

OTBJIeKasicb OT KOHKPETHHIX (PU3MYECKHX CBOHCTB HaOJI0faeMBIX
B IPHPOJe NePEMEHHBIX BEJHUYHH, Mbl IIPHXOJHM K IIOHATHIO MaTeM a -
THUECKOH MepeMeHHOH BeJHYHHB, XapaKrepH3yeMoH TOJb-
KO UHCJEHHLIMH 3HAUEHMSIMH, KOTODbIe OHA MOXKET PHHHUMAThL *.

MnuoxecTBo {x} Bcex 3HaueHHH, KOTOpbIE MOXKET NPHHHMAaTb AaH-
Hasi nepeMeHHas BeJMYHHA X, HaspBaeTcd 006JaCTbi0 H3MEHE-
HUST JaHHOH mepeMeHHOHN BenauuwuHBL. IlepeMennas BeJH-
yHHa CyuTaeTcsl 3ajaHHOH, ecau 3ajaHa 06JacTb ee H3MEHEHHs.

B nasnpHefimem MBI, Kak IpaBuao, 6yldem o003HauyaTh IlepeMeHHBIE

BeJUYMHBI MaJIbIMH JIaTHHCKHUMU OyKBaMHu X, y, £, ..., a o6JacTH H3Me-
HEHHs] 3THX NEPEMEHHBIX BEJHYHH COOTBETCTBEHHO CHMBOJaMu {x},
{y}, {t}, ...

IlepeiineM Temepb K yTOUHEHHIO NOHATHA QYHKIHH.

Ilycth 3ajaHa epeMeHHas BeJHUYHHA ¥, UMelomast 06J1aCThio H3Me-
HEHHsI HEKOTOPOE MHOXKECTBO {X}.

Ecau xancoomy snauenuro nepemennoti x u3 mHoxecrsa {x} cra-
6UTCs 6 COOTBETCTBUe no U3BECTHOMY 3AKOHY HEKOTOpOe “UCAO Y, TO
2080pAT, 4TO Ha mHoxcecTée {x} Badana Gyukyus y=y (x) uay
y=[(x).

Ilpu sToM nepeMeHHas x Ha3blBAGTCI APTrYMEHTOM HIHHe3 a -
BHCHMOH# mNepeMeHHOMN, MHoxecTBO {X} HaseBaercsi 060 -
JacThlo 3afaHUSd GYHKIHH, a TO YHCJO Y, KOTOPOE COOTBET-
CTByeT NAHHOMY 3HaueHHIO X, Ha3BIBAeTCA YACTHBIM 3HAaYEeHHEM
¢ysrnuu B TOouKe X. COBOKYNHOCTh BCE€X YACTHLIX 3HayeHHH 00-
pa3yeT BHOJIHE ONpeleseHHOE MHOXKeCTBO {y}, KOTOpPOE HAa3bBaIOT

aubo o6nacTbio H3MeHEeHHUS (GYHKIHUH, Jub0o MHO XK eCT-
BOM BCeX 3HayeHHH GYHKUIHUHU.

B o6osnauennH y=f(x) GYyKBY f 4acTO Ha3LIBAIOT XapaKTEPHUC-
THKOH PYHKIHHU.

Hasi o603HaueHHss apryMeHTa, (YHKUHH | e  XapaKTepHCTHKH
MOFYT ynoTpebssiTbcsi Pa3jHYHBIE CHMBOJBI.

OcraHOBHMCS Ha IpHMepax QYHKIH.

1°. y=V4 —4%. Dra Qpyuruus 3agaHa Ha cerMenTe — 2<xX<2
(mpu 3TOM BhipaxkeHHe NOJ 3HAKOM KODHSI SIBJSIETCS HEOTPHILATeJb-

* TlousTHe nepeMeHHOH BEAHUYHHH TAKKe OTHOCHTCS K YHCAY HaYalbHLIX MaTe-
MAaTHYECKHX NMOHSATHH.
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HbHIM ), 2 MHOXXeCTBOM BCex ee 3HayeHHH sBJAseTcs cerMeHT 0O<y<2
(puc. 3.4).

2°, Tak HaspiBaemMas GyHKILHA JupHXJIe* koTopas onpeie-
JAETCS TaK:

y=D(x)= 0, ecim x— MppaUMOHAILHOE UUCIIO,
: 1, ecau x-— panyioHaJbHOE HHCJIO.
Jra ¢yHKUHUS 3ajaHa Ha OeCKoHeuHo# nmpsMoii — co <<x< - o0, a MHO-
JKEeCTBO BCEX ee 3HaUeHHH COCTOMT M3 NBYX Touek O m I.
30
4+ 1, ecm x>0,
y=sgnx = 0, ecmu x =0,
—1, ecm x<<O0.
(TepMuH «sgn» IPOHCXOJMT OT JATHHCKOTO CJOBA Signum — 3HAK.)
Uuraercsi: «y PaBHO CHTHYM x». DTa GYHKUHS 3afaHa Ha Bceli 6ecko-
HEeYyHOH NpsAMOH — co<x<-+o00, a MHOXKECTBO BCeX e€e 3HayeHu# co-

CTOHT M3 TpeX Touek y= —1, y=0u y=1 (puc. 3.5).
i Y
y 7
7 E3
~2 7 7 z <=7
Pxuc. 3.4 Puc. 3.5

4°. y=[x], nan y=E(x), rne cumpoa [x] uau E(x) o6osnauaer
1eJNYI0 YacTh UHCJA X MJIH, TOYHee, HauOoJblee 11eJ10€ YHCJIO0, He Ipe-
Bocxoasiee x. UnTaercs:-«y paBHO aHThe x¥» (OT GpaHILy3CKOro cjaosa
entier — nenwit). d1a QyHKUHS 3afaHa Ha Bcedl OecKOHEYHOH IIps-
MOH — co << x¥<C+ 00, a MHOXKECTBOM BCeX ee 3HAUEHHH SBJAETCH MHO-
KECTBO Bcex uenbx yucea (puc. 3.6).

5° y=n!. dra QyHKUHUS 3ajaHa HAa MHOXECTBE BCEX HaATypaJbHBIX
gyucesa n=1, 2, 3,.... MHOXeCTBOM BceX 3HaUYeHHH 5TOH (PYHKUHH 5B-
JsieTCs MHOXKECTBO HATypaJbHBIX uHces BHAa nl=1:2.3. .. .n, rne
n=1, 2, 3, ... (puc. 3.7). '

YacTo 3aKOH, YCTAHABJIMBAIOUIHE COOTBETCTBHE MeX/Y MHOXKECTBOM
BCEX 3HaueHHl apryMeHTa M MHOXKECTBOM BCeX 3HaueHH# (QyHKUHH, 3a-
naercs nocpeactsoM ¢opmyn. Takoi cnocob 3aganns $YHKIHH HA3L-
BaeTcs aHAJHTHUECKHM.

* ITerep Tycrae Jlexen-Iupuxje — HeMeUKHH MaTeMaTHK (1805—1859).
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HpPI 3TOM CJIeAYET IIOAYEPKHYTHL, YTO Q)YHKILHH MOXKET 3aJaBaTbCHd
PasHbIMH (pOpMyJIaMPI Ha pasHbBIX y4JacTkax 00J1aCTH CBOEro 3ajaHHus.

Hanpumep, ¢pyHkuus
_[—x opnx<0,
v= { x2 npu x>0
3ajaHa aHaJHUTHYeCKUM crmocoGoM Ha Bceil 6eCKOHe'-IHOPI npsMof
—oo<x<+o0 (puc. 3.8).

9
LA 9
Fhm— I
il y
2—___| |= l /
Thed 1} | 4 r_——-?
—4-3-2-7 RSN ;
by ol T2 374
Rl o |
4 :
I 7 i
-4 i o
Puc. 3.6 !
| :
q C
]
f
y=-a y= z? ,‘
|
I

Puc. 3.8

BecbMa pacnpocTpaHeHHBIM CIOcO60M 3ajaHHs QYHKIHM SBJseTCS
TaK HashiBaeMHH TaGMHUYHBIH cHoco6, 3aKJOUAlOMUiics B 3aJlaHUH
TabaMIbl OTACJNbHLIX 3HAUCHHil apryMeHTa H COOTBETCTBYIOUIUX UM
sHauenuil pyHknuu. IIpn TakoM crmocobe 3afaHHs MOXKHO NMPHOJIHKEH-
HO BHIYHCJIHTb He cojepxkauuecst B Tabauie 3HaueHHus GYHKIHUH, OTBe-
YaIll¥e NPOMEXYTOYHbIM 3HAaueHHSM apryMmenTa. s 3Toro mpume-
HsAeTCS MeToJ HHTEpPNOJAIMH, 3akjJioyamomuics B 3aMeHe (YHK-
LHH MeXJy €e COCEeZHHMH TaOJMUHBIMH 3HAYeHHSIMH KakKoOH-AH60
dyHruHeH TpocTOd MPHPOAH (HallpHMep, JHHEHHOH HJIHM KBaJpaTHY-
soii). ITlpumepom Tabauunoro crnocob6a 3ajanus (YHKIHH MOXKET CJy-
KHUTb PaClIHCaHHe JIBUIKEHHA I0e3fa, KOTOpoe omnpejeliseT MeCTONoJo-
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JKeHHe Noe3Ja B OTAeJbHEE MOMEHTH BpeMeHH. MHTepnoasuusa no3so-
JsieT NpUONUKEHHO OIpPEleNHTh MeCTONOJOXKeHHe Moe3fa B J000#
fIPOMEKYTOUHEIH MOMEHT BPEMEHH.

B npakThke (QH3HYECKHX H3MEDPEHHH BecbMa pacCHpOCTPaHEHHBIM
fBJSI€TCS M ellle OJHH crnocol 3ajaHusa (YHKIHH — TaK Ha3blBaeMblH
TpadpunuecKuii cmnocob, npPH KOTOPOM COOTBETCTBHE MeXJy ap-
TYMEHTOM H (DyHKHHelH 3ajaeTcs NOCPeiACTBOM rpadHka (CHHMaeMoro,
HanpuMep, Ha ocuuiiorpade).

2. HNpepea ¢yuxknuun no Tefine u mo Komu. Ilycts ¢yHKnHS
y=[(x) ompeneneHa Ha HeKOTOPOM GECKOHEYHOM MHOXKeCTBe {X}, H
fiycTh @ — TO4YKa GeCKOHEYHOH NpsAMOil (—oo, 4 o00), OBITh MOXKET H
He NPHHAAJeXAIasi MHOXKECTBY {X}, HO o6jajaiouiasi TeM CBOMCTBOM,
4T0 B J1060# 8-OKPECTHOCTH 3TOH TOUKH @ HMEKITCAd TOYKH MHOXKECTBa
{x}, otnuuHble OT a *. o

Hanpumep, MHOXecTBOM {X} MOXeT cayxHTb HHTepBan (a, b); B
ITOM cJyyae ToukKa a, sABJSSICH 'PAaHHYHON TOUKOH HMHTEpBaja, eMy He
fHPHHAAJEXKHT, HO B JIOO0H §-OKPECTHOCTH 4 COJAEPIKATCA TOUKH YKa-
3aHHOT'O HHTEpBaJa.

JIpyruM npuMepoM MHOxecTBa {X}, Ha KOTOpOM 3ajaHa (YHKUHS
f(x), MOXKeT CJY:KHTb MHOXKECTBO BCEX PallHOHAJbHLIX UHCEJ, NIPHHAL-
JiexKallux HHTepBaay (a—~>, a+90) ¢ BLIKHHYTOH TOUKOH a.

3aMeTuM, KCTaTH, uto npu awobom 8§>0 unrepsar (a—3>, a-9),
U3 KOTOPO2O 8bIKURYTA TOYKA 4, NPUHATO HA36l84T6 NPOKOAOTOU
0-0KpPEecCTHOCTbLI0O TOYKU a. _

Onpenenenne 1 (npeiea pyHkmHu no [eitre**),
Yucao b Hazvisaercas npedeasom (uaunpedesrvHolm 3naqe-
Huem) pynkyuu y=f(x) 8 rouxe a (uau npu x—a), ecau 0aa 110604
10CcAe008ATEAHOCTU 3HAYEHUL APSYMEHTA X1, X2, ..., Xn, -, CXOOAUCLCA
K a u cocroawell U3 4UCen Xy, OTAULHBIX OT 4, COOTBETCTYIOWAs No-
caedosaresvrocts sraxenuld pyrkyuu f(x1), f(xe), ..., f(¥n) ... cxodur-
¢ K qucay b.

Onpepenenne 1* (mpenea ¢ynknuu mno Komu).
Yucsro b nasvisaerca npedesrom (uau npedesrvHolM 3HAYE-
nuen) pyakyuu y=f(x) 8 rouke a (uau npu x—a), ecau O0ix
2106020 NOAONHCUTEALHO20 HUCAQ & HALi0eTcs orseuqroujee emy noio-
giuTeNbHOE HUCAO & Takoe *** wuro Qas ecex 3HA4eHUIl ApzyMeHTa X,
ydosaergoparoujux ycaosuro 0<|x—a| <8, cnpasedruso Hepasencrso

|f(x)—0b]| <e. (3.58)

Hns o6o3HaueHus1 NpeaeJbHOro 3HaueHust GpyHKuuu y=f(x) B TOU-
K€ @ HCNOJb3YIOT CAEAYIOILYI0 CHMBOJHKY:

limf(x) =0 wm f(x)—>b npu x—a.

* DT0 03Hadaer, yTO @ SBJAeTCH NPEAesNbHON TOUKOH MHOXecTBa {X}.
** Tenpux Dnyapn lefine — neMeuxuii mMatematux (1821—1881),
*** Tak kak 8 3aBHCHT OT €, TO MHOTAA MUyT: =25 (g).
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[Ipexne ueM [0OKa3biBaTh IKBHBAJECHTHOCTb onpezeneHHi 1 u 1%,
ClesiaeM HeCKOJbKO 3aMeyaHHil, pasbsCHSAIOMHUX CMBICA 3THX ONpeje-
JICHHH.

3ameuanue 1. IToguepkHeM BaXKHOCTb (UUIYPUPYIOUIETO B OIl-
pelesneHHH 1 TpeGoBaHus, OOS3BIBAIOILEIO 3JEMEHTH IIOCJe0BaTeNIb-
HOCTH 3HaYeHUH apryMeHTa X, ObITb OTJIHYHBIMH OT @, H aHaJIOTMYHOTC
TpeGoBaHUs B ompejesieHHH 1*, o6si3biBaoouiero O6paTh 3HAUEHHS ap-
TYMEHTa X, YAOBJETBOpsIOIHe yciaoBHio 0<|x—a|, T. €. OT/IHYHBIE OT
a. Oto TpeboBaHHe BHI3BAHO YyXe TeM, 4TO GYHKUMS y=f(x) MoKer
OnITh He ompejesaeHa B Toyke g. OtcyrcTBUE 3TOro TpeGOBaHHA clleJa-
10 Obl HEBO3MOXKHBIM HCIOJb30OBaHHE Npejena (YHKIHH AJs ONpeje-
JIleHHs Npou3BoAHOli (pyHKuHH. B camom nese, U3 ra. 1 Ham H3BECTHO,
4yTo NpoH3BOAHAsA f (a) QyHKUMH f(X) B TOUKe a IpeiacTaBjaseT cobol
Opefea NpH X—a caelyomwei QyHKuuH:

F(X)= f(x]Z“—f(a) .

—a

OyeBuaHo, yTo 3Ta QyHKuus F(x) He onpeieseHa B TOYKE @ H 3TO
BLI3BAHO CYHICCTBOM JeJa.

3ameuanue 2. Oco60 nNoAYepKHEM, 4TO MHOXKeCTBO {x}, Ha
KOTOpOM 3ajJlaHa QYHKLHsA f(x), BOBce He 0053aHO CIJIOWIbL NOKPHIBATH
HEKOTOPYIO NPOKOJOTYIO §-OKPecTHOCTh TOYKH @. OT 3TOro MHOKECT-
Ba {x} TpebyeTcs TOJbKO, UTOGH OHO HMeEJO XOTS OBl OXHH 3JEMEHT
B /000K NIPOKOJOTOH §-OKPEecTHOCTH TOUKH a. IIpumepom MHOXKecTBa
{X} MOXKeT C/IyXHTb MHOXECTBO BCEX 3JIEMEHTOB OCJIEAOBATENLHOCTH

1 o
{——-—}, Jexalux B (QHKCHPOBAHHOH §-OKpeCTHOCTH TOUKH a=0.
n

3amevanune 3. 3ameruM, uto (QUIypHpYIOLIEe B oNpeaese-
Hun 1% ycnosne 0<|x—a|<8 3KBHBAJEHTHO COOTHOLIEHHAM a—08<
<x<a+9, x#a, 1. e. 03HAYaCT, UTO X¥ NPHHANJIEKHT MPOKOJOTOH
0-OKPECTHOCTH TOYKHM a. AHAJOTHYHO, (HTYpPHPYIOUIEe B ompejeJe-
Huu 1* HepaBeHcTBO (3.58) ' 9KBHBAJIEHTHO HEPaBeHCTBAM b—e<
<f(x) <b-e, 1. e. 03HAUAET, 4TO f(X) NPUHALJIEKHT &-OKPECTHOCTH b.

3ameuanue 4. Ilpusaekas uuero npuObaHKeHHs QyHKUHH f(x)
B OKPECTHOCTH TOYKH @ C HallepeJ 3a/JlaHHOH TOUHOCTBLIO €, MBI MOXKEM
caenyiouuM o6pasoM nepedpasupoBaTh onpejeseHue 1* mpenena
¢yuguuu no Kowm: #ucro b naseisaercs npedesrsHoim 3Haue-
Huem pynkyuu f(x) 8 Touxe a, ecau dan 106oii Haneped 3a-
Oannotl TouHocTU €>0 MOMHO YKA3aTb TaAKYyw O-0KpecTHOCTs TO4-
KU a, 4TO 05l 8Cex 3HAYEHUIl apeyMenTa X, OTAUUHOLIX OT @ U NPUHAO-
ACHAUWUX YKABAHHOE O-OKPECTHOCTU TOYKU a, 4ucao b npubiuscaer
3Ha4venue pyukyuu f(x) ¢ Tounocrso & (puc. 3.9).

3ameuanne 5. OTMeTHM, 4TO OYHKUHS f(X¥) MOKET HMeTb B
TOYKE @ TOJAbLKO OJHMH Mpelen. B camoMm gese, ans onpelesneHus
npenesa ¢yHkuuu no efine 570 BHITEKaeT U3 € JHHCTBEHHOCTH IpejieNia
NOC/e0BATENLHOCTH {f(¥5)}, a Mg onpeneseHus mnpejena GYHKIKHH
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no Kown 3To BHITEKaeT U3 YCTAHABJIHBAEMOHl HHXe 3KBHBAJEHTHOCTH
3TOro npefesa npefeay QpyHkuuu no ['efine.

HokaxeMm Tegephb CJIEAYIOUIYIO BaXKHYIO TEOPEMY.

Teopema 3.19. Onpedeserus 1 u 1* npedera ¢pyunxyuu no Ieii-
He u no Kowu A6A710TCA IKBUBAACHTHOIMU.

Hdoxkazareannbcrtno. 1) [Tycts cHavana gucio b ssasercs npe-
JenomM QYHKOHH y=f(x) B Touke g no Komu. JlokaxkeM, U4TO 3TO XKe
guco b aBaseTcs npefedoM QyHKUHK y=f(x) B Touke a u no efine.s
Ilyers {x,} — moGas
CXoAslasicss K a mocJe-
JOBaTe/IbHOCTL  3HAye-
HHH  aprymeHra, Bce
3JIEMEHTbl KOTOPOH OT-
Ju4Hel OoT a. TpebGyercs
J0Ka3aTh, YTO COOTBET-
CTBYIOIIAsl  IIOCJeNOBa-
TEJbHOCTD 3HayeHui
¢ynknun  {f(x.)} cxo-
nutcst K b.

QukcupyeM  INpous-
BOJIbHOE  IIOJIOXKHTEJb-
HOe YHCJIO € H N0 HeMy
[IOJIOXKUTENBHOE  UHCJIO
§, KoTopoe B CHJy ompe-
nenenuss npejaena pyHkuum no Kollm rapaHTHpyeT CIpaBelJIHBOCTH
HepaBeHcTBa (3.58) I Bcex 3HayeHHH X, AJast KOTophx 0< |x—a| <8.

B cuay CXOAHMOCTH ITOCJEN0BATENBHOCTH {¥n} K @ M/ YKa3aHHOIO
TOJIOXKHUTEJLHOrO yncaa § Halpercs HoMep N Takoil, 4To IpPH BCeX
n>N cnpaBejiuBo HepaBeHCTBO |Xn—a|<8. IlockoNbKy xn7=a AJA
BCex HOMEpOB 7, TO NMpH Bcex n>N cupaBeliuBh HepaBeHcTBa 0<
<|xn—a| <8 u, 3HAUHT, B CHJIy OmpejejeHHs Tpenena GYHKIUHH MO
Kown npu Bcex n>N cnpaBeijuBo HepaBeHCTBO |f(xn)—b|<e. Dr0
¥ 03HAYAET, YTO MOCJEJOBATENIbHOCTh {f(Xn)} CXOAHTCS K yMcay b.

2) IlycTh Temepb.uHcao b sBasieTcs npejeioM GYHKIUH y=f(X)
8 Touke g no leiine. JlokaxkeM, 4TO 3TO XKe YHCJIO b sBJseTcs mpeje-
Jom ¢yukuuu y=f(x) B Touke a u no Komm. IIpeanomsoxum, uto 310
He Tak. Torga AJsi HEKOTOPOTO IIOJIOKHTENLHOIO YHCHA € H IJS CKOJb
YTOAHO MaJIOro MOJOXHTENBHOTO uKca § HalfeTcs XoTs 6B ONHO 3HA-
YeHHe apryMeHTa X Taxoe, uto 0<|x—a| <8, Ho |[f(x)—b|>=e.

Takum 06pa3oM, MBI MOXKeM B34Tb NOCJEA0BATEIbHOCTL = 8, =

y=fiz)

Yl

Puc. 3.9

(n=1, 2,...) ¥ yTBepXKIaTb, UTO IJs1 KaXKJIOro ee 3JeMeHTa &

I

:I»—-:|v—-

n

gaiijercss XoTs Ob OJHO 3HAYEHHE apIyMEHTa X, TaKOe, YTO

O<|xn—a|<%, Ho |f(x)—b|>e. (3.59)
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JleBoe u3 HepaBenct (3.59) osHauaer, YTO MOCJEAOBATENLHOCTH {Xn}
CXOAMTCA K @ U COCTOHT H3 YHCeJI, OTIHYHBIX OT a. Ho B TakoM ciydae
COTJIACHO OMpeJeJIeHHIO Npejiesia o ['efiHe COOTBETCTBYOIAs NMOCAEN0-
BaTeJbHOCTh 3HauyeHH# ¢yHkuuu {f(xn)} o6s3aHa CXOAUTHCH K UHC-
Ay b, a 3TOMY IPOTHBOPEUHT IpaBoe H3 HepaBeHCTB (3.59), cnpaBen-
JnuBOe JJAs BceX HoMmepoB n. Ilosyuennoe mpoTHBOpeuHe HOKA3HIBAET
TeopeMy.

Ilpusenem npuMepsb! ¢yHKIHME, Kak o6JajnaioliMX, Tak H He obja-
Jalomux B JlaHHOH TOUKe @ NpeJesbHbIM 3HaYeHHeM.

1°, ®dyuruus f(x) =c=const umeer paBHHH ¢ npexen B KaJoil
TOuke a 6eCKOHeuHoH NpaMmod. B camom jnese, Ajsi yo60ro 3HaueHHs
apryMeHTa x pasHoOCTb f(X)—c paBHa _HYJO, H TIO3TOMY [f(x)—c|<e
s gioboro e>0 B AJsd BCeX 3HAUEHHi apryMeHTa (B JaHHOM cjaydae
Mas goboro >0 B onpefenaenuu npefena no Komn MoxHO 6paTh B
kayecTBe § J1060€ MOJOKHUTENbHOE YHCJIO).

2°. QYHKUHA f(x) =x B mo60# Touke a 6ECKOHEUHOMN NPAMON HMeeT
npexes, paBHel#l a. B camoM nene, pJsl 3TOH QYHKIHMH NOCJEA0BaTENb-
HOCTH 3HaYeHUH apryMeHTa M COOTBETCTBYIOIUMX 3HAaueHMH QYyHKIUHH
TOXAECTBEHHBI, H II03TOMY, €CJIH IOCJAeLOBATeIbHOCTh {¥,} cXoguTcs
K @, TO H T0CJIe0BaTeNbHOCTb {f(Xn)} TaKXKe CXOMHTCA K 4.

3°, QOynxuns JHupuxae D(x), 3HaUeHHss KOTOPOH B paLlHOHAJbHBIX
TOYKaX DaBHHl €JHHUIE, @ B HPPALMOHAJLHEIX TOYKAX — HYJI0, He
HMeeT Npejiesa HH B OJHOH TOuKe @ GeCKOHEeyHOH NpsAMOH. DTO BhITE-
KaeT M3 TOro, 4TO AJsA CXOAfIleHCA K @ MOCJAeI0BATENbHOCTH paLHO-
HaJbHBIX 3HAQUEHHH apryMeHTa IpefeN IO0C/JAef0BaTEJbHOCTH COOTBET-
CTBYIOIIMX 3HayeHHH (DYHKIMH paBeH eJMHHIE, B TO BpeMA Kak AJd
CXOASIENCS K @ II0CJIeN0BATeNILHOCTH MPPALHOHA/ILHBIX 3HaueHHH ap-
TyMEHTa TNpeje] MOCAeN0BATeNLHOCTH COOTBETCTBYIOUIUX 3HaueHHH
" (DYHKIHM DaBeH HYJIO.

BBeseM Temepp TOHSITHE OAHOCTODPOHHEro (T. e IIPaBoOro
HJIM JIEBOrO) Npejenia QYHKIHH B AaHHOK Touke a. Jlas srtoro Ham
npexnae BCero CJeiyer YTOUHWTb XapaKTep TOro MHoOxKecTBa {x}, Ha
KOTOpoM 3ajaHa ¢ynkuus f(x). Mbl Temeppr mnorpe6yem, uTOOH 3TO
mHoocecrso {x} 0asn 106020 §>0 umero xoTs 6oL OOUH INEMEHT, APU-
naoaexcawjui unrepsary (a, a+06) [unrepsary (a—©6, a)].

Onpenenenue 2 (npaBHi [NeBH#] npegen GYHK-
unu no I'eitne). Yucaro b nHasveaercs npasoim npederom
[resoum npedenon] pynkyuu y=f(x) 6 Touke a, ecru
0as 210601 ROCAEO0B8ATENbHOCTY 3HAUEHUE apeymenTa {Xn}, cx001-
welica K a u cocroaujeil us uucen, 60sbwux a [menvuwux al, coorser-
cT8youas nocaedosaTesbocTe snavenuil gpyukyuu {f(xn)} cxodurca
K qucay b.

Onpenenenue 2* (mpaBnit [neBH#] npenen GyHK-
nuun no Kowwu). Yucao b nasvisaerca npaswvim npedesrom
[resaum npedesrom] pynkyuu y=j(x) 8 Touxe a, ecau
045 1106020 NOAOHCUTEAbHOSO HUCAQ € HAUOETcA oTsedaroujee emy no-
AOHUTEAbHOE 4UCAO O Taxkoe, 4TO O 8CeX 3HAUEHUL apeymeHTa X,
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ydosaergoparowux ycaosuo a<x<a-+08 [ycrosuro a—d<x<a],
cnpasedauso Hepasencrso (3.58).

s o6o3naueHns npasoro [neBoro] mpenena ¢oyHKnuH f(x) B TOY-
KE @ HCMOJb3YIOT CAEAYIOIYI0 CHMBOJHKY:

lim f(x) =86 [ lim f(x) = 8]
x—a+0 x—>a—0

uau Gojiee KPaTKyl0 CHMBOJIHKY
fla+0)=b [f(a—0)=0].

B noano#i anajoruu c TeopeMo#t 3.19 noKasblBaeTCs IKBUBAAEHT-
HOCTb onpedesenuti 2 w 2%. clefyeT JHUIb BO BCEX NPOBEAEHHBIX NPE
JIOKa3aTeJbCTBE 3TOH TEOpEMBl pacCy:AeHHSAX OpaTbh 3HauyeHHA apry-
MEHTa X H SJEMEHTHl I0CJIe/0BATe]IbHOCTH {xn} 60nBIIMME uYHCla @
[MeHbIIMMH 4Hca a].

B kauecTBe nmpumepa paccMOTpuM (GYHKIHIO
+1, ecmm x>0,
f(x) =sgnx= 0, ecmn x=0,
—1, ecmt x < 0.

dta pyHkuug uMeer B Touke a=0 Kak npaBbH, TaK H JIeBHH mpene-
asl, npuyeM sgn(0+0)=-+1, sgn(0—0) =—1. B camom nexe, st
nw06oit cxomsefica k a=0 nociefoBaTeNbHOCTH {X.}, cocTosilell H3:
unces, OOJBIUKX HYJsS, COOTBETCTBYIOIast  NOCJeJ0BaTeJbHOCTb-
{sgn x,} cxomurcs K +1, a ang mo6oii cxoxsmeiica X a=0 nocaeno-
BaTeJIbHOCTH {Xn}, cOCTOsALIeH H3 YHCeN, MEHbIIHX HYJs, COOTBETCTBY«
Iolas HOCAe0BaATENbHOCTD {SgN X,} cXoaUTC K —1.

W3 mpoBe/ieHHBIX pacCcyKJeHu#l BHITEKAeT, YTO y paccMaTpuBaeMolr
¢GYyHKUHE y=sgn x He cyulecTByeT B Touke a=0 mpegena.

Hrak, ¢ynknus y=sgnx He HMeeT B Touke a=0 npenesna, HO:
HMeeT B 5TOH TOYKe NpaBHIi npejeds, paBHbil + 1, u JeBwil mpened,.
paBubii —1. Tor ¢akr, 4TO npaBHl M JeBHIH NpelAess 3TOH (QYHKIUH
He paBHH JPYT APYrY, He sSBJseTcA CaydaifiHblM, HOO CIpaBelJIHBO: .
caenyioniee yTBepKICHHE: ecAu pyuxyus f(x) umeer 8 TOYKE a KAK
npasoll, TaK U Aesvil npedeabt U ecAu 3TU OOHOCTOPOHHUE npedensi:
pastol 00HOMY U TOMY dKe wucay b, TO 9Ta PYHKYUA umeeT 8 Touke &
npedea, pasHoill b*.

Jisi moKasaTesbCTBA 3TOTO YTBEPKIEHHS KOCTATOUHO BOCIOJB30-
BaTbCcAg onpefejeHHAMH 1* u 2* u ydecTh, YTO eC/AH HepaBEHCTBO:
(3.58) cmpaBemsIMBO A/ 3HAYEHHH APryMeHTa X, YAOBJIETBOPSIOUIHX
ycaoBusm a<x<a+8 u a—b6<x<a, To HepaBeHcTRBO (3.58) cmpaBen-

JMBO ¥ JJIS BCeX 3HAYEHHH apryMeHTa X, YAOBJETBODSIOMIHX YCIOBHIO«
0<|x—a|<8.

* QueBunHoO, CIpaBe/JIMBO H 06paTHoe yTBEpXKIEHHE: €C/H dyHKuHs f(x) nme-
€T B TOUKe @ DaBHHA b mpenes, To Kak HDaBHM, TaK M JEBHA IpeRean [(X) B
TOYKE @ CYIMEecTBYIOT H 06a paBHH b.
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CohopmysupyeM Telepb NOHATHE IpeAena (GYHKUHH IIPH  X—>00,
JLJIsT BBeJleHWS 3TOro MOHATHA cJjelyeT noTpe6oBaTh, YTOOH MHONMECT-
‘eo0 {x}, na koropom 3adana pynkyus y=f(x), dan a0bozo §>0 ume-
20 x0Ts ObL 00un 3rement, rexcaujuti 8ne ceementa [—8, +86].

Onpenenenne 3 (npelesd GYHKIHH NPH X—>00 1O
Teitue). Qucro b nasvisaercs npedesrom (uau npederbrbolm
BHavenuem) pyncyuu y=f(x) npu x—oo, ecau 0ra a1060u
DECKOHEYHO  O0AbWOL NOCAEO08ATEABHOCTY  3HAYEHUL apeyMeHTa
{x.} cooersercrsyroujas nocaedosaresbHOCTs 3Ha4eHU (QYHKYUL
{f (x)} cxodurca k wucay b.

Onpenenenne 3* (mpefes GYHKIMH NPH X—>00 HO
Kouwn). Yucao b nasvisaerca npedesrom (uru npedervrolm
3Hauenuem) pynkyuu y=f(x) npu x—>oo, ecau a1 1106020
NOAONHUTEAbHO2O YUCAQ & HaldeTcs oTsedaroujee emy HOAONCUTEAbHOE
4UCA0 § TaKoe, 4TO OAs 68Cex 3HAYEHUL] apeymenTa x, yoos8AeT8opAlo-
ayux ycaosuro | x| >3, cnpasedauso nepasencrso (3.58).

Hasa o6osnauenns npefena GYHKUHH y=[(X) DpH X—>00 HCHOJb-
"3YIOT CJAERYIONIHEl CHMBOJ:

limf(») =b.

B nonnoii ananoruu c Teopemoil 3.19 mokasmBaeTcs 9K8UBAAEHT-
wocTy onpedesenuti 3 u 3*. Cienyer JHUIb B PAacCyXAEHHSX, HCMNOJb-
BOBaHHBIX NPH J0Ka3aTeJbCTBE 3TOH TEOPEMBI, BCIOJAY 3aMEHHTh CXO-
JSAIIYIocs MOC/IeN0BaTe/IbHOCTh 3HAYEHHH apryMmeHTa {x.} GecKOHEUYHO
0osbIIOK MOC/IEeJ0BATENPHOCTBIO 3HAYEHHH aprymedra {x.}, a Hepa-
‘BeHCTBO 0< |x—a| <8 3aMeHHTh HepaBeHCTBOM |x|>8.

ITpumepoM ¢yHKIUH, HMelOIEH UpeAesa OPH X—-0o0, MOXKET CJy-

2KHTh OYHKUHA f(x) = -~ (x5£0), B camom pene, ans saw6o#t 6ecko-

HeyHo OOJIbIIOH IIOC/e0BaTEeJbHOCTH 3HAYEHHH apryMmenta {x.} coor-
BETCTBYIOLAsi MOCAENOBATEIBHOCTh 3HAUCHHH QYHKUHH f(Xxn) =1/xy
(B cumy reopeMmsl 3.6) siBasieTcsi GECKOHEYHO MaJiof, T. €.  HMeer
«BOHUM IIpefiesioM yucso b=0. 3uaunut, B cuiy onpeaeteHus 3

. 1

lim — =0.

X-+00 X

CdopmynupyeM, HaKOHell, NOHATHE Npefesa (QYHKUMH HPH CTPEM-
JIeHHH X K OeCKOHEYHOCTH ONpPelesIeHHOro 3Haka. [lJis BBeleHHST TaKo-
TO NOHATHSI MoTpebyeM, uToOH ¢ynKyus y=f(x) 6sira sadana Ha Ta-
Kom muoxecrse {x}, koropoe 0i1 at06ozo §>0 umeer xoTa 661 0dus
AeMenT, aexcawjull npasee § [sesee — §].

Onpenenenne 4 (npelen GpYyHKUHH TNPH x—>+4oo

[x*>—o0] no Teiine). HYucao b Haseisaercs npedesron
(usw npedesrvnorm 3sHawernuem) pynxyuu y=f(x) npu
X—>+o00 [Apu x—>—o0], ecau O0rs 410606 Geckoneuno 60460l noc-
1e008aTeAbHOCTU 3HAYEHULl apeymenTa {X.}, éce 3AeMeHTs. KOTOPOL
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noroxcureAsHol [oTpuyaressnet), coorsercrsyroujan nocaedosareas-
rocTy 3Havenud pynkyuu {f(x,)} cxodurca k wucay b.

Onpengenenue 4* (upepfen QYHKLHHU NPH X—>+oo
[x~>—o00] mo Kowwu). Yucao b Haseieaercas npedenrom
(uru npedenvroim snawernuem) Gyrnkyuu y=f(x) npw
Xx—>+o0o [Apu Xx——o0], ecau 0is 2106020 AOAOMCUTEALHORO HUCAQ &
Haidercs OT8ewArOuee emy NOAOHCUTEAbHOE HUCAO § TAKoe, 4TO OAsk
8cex 3HAYEHUL ApeymenTa X, YO0BALTBOPAOULUX YCao8uto x>0 [x<
<—90], cnpasedaruso nepasencrso (3.58).

Jnst o6o3HaueHHs BBeAEHHBIX NOHSATHI HCIONb3YeTCHd CIAEAYIOIasm
CHMBOJIMKA:

lim f(x)=10 [ lxm f(x)-—b]
X-»—+00
IKBUBANEHTHOCTL onpedesenuli 4 u 4% [HOKasbIBaeTcss MO CXEMe JO-
KasaTesabcTBa TeopeMbl 3.19: cienyeT TOJBKO BO BCEX PacCyKAEHHAX.
3aMeHHUTh CXORALIYIOCS NOCJEAOBATEJNBHOCTh 3HAUEHHH apryMeHTa:
{x.} Ha GeckOHeUHO GOJBIUYI0 NOCAEAOBATENBHOCTh 3HAYEHHH apry-
MEeHTa {X.}, COCTOSIILYIO M3 NOJOMKHTEJbHEIX [OTpUIlaTeJbHBIX] yHCes,
a HepaBeHCTBO 0< |x—a| <8 3aMeHnTb HepaBeHCTBOM x>§ [x<—35].
3ameuanue 6. OrMeTHM, YTO H3yYeHHOe HaMu B § 1—3 mous-
THE IpeJeaa YHCJAOBOH IMOCJAeHOBATENLHOCTH {X,} MOXKHO paccMaTpu-
BaTb KaK YacTHHH ciayuafi mpefena QyHKuuM npu x—-+ oo, B camom
Jiesie, ecIM B3ITb B KayecTBe {¥} MHOXKECTBO BCEeX HATYpPaJbHBIX YHCelL
1,2, .., n, .., aB KauecTBe QYHKUHH [(Xx), 3aJaHHOH HA 2TOM MHOXKE~
CTBE, Ty QYHKIHIO, KOTOpas KaxXAOMY 3HAUEHHIO apryMeHTa n CTaBHT
B COOTBETCTBHE £-H UJIEH NIOCJELOBATEJbHOCTH X, TO onpeielenune 4*
npenesa TakoH (PyHKIHH NPH X—-+co B TOYHOCTH COBNAJET C OMNpe«
JeJieHleM INpefieia YHCJIOBOM MOC/AeN0BaTeNbHOCTH {X,}.
3ameuanne 7. EcrecTBeHHO, BO3HHKAeT HAes CBA3aTb BOCAH~

HO BCe BBEJECHHble HAMH MOHATHSA NpeAe]oB (GYHKUHH H Tpejen

YUCJIOBOH TOCJHeoBaTeNbHOCTH. B § D Hacrosimiel ryiaBul BBOAMTCSE

noHsiTHe oOmero npefena QyHkuun no 6ase, BKIwYawllee B cebsk

KaK 4YaCTHHIH cjayyafl Bce BBeJ€HHblE HAaMH NOHATHS HpPeLesoB:

QYHKIHE H NMOHATHE Mpejesa YHCAOBOH HOCASHOBATENbHOCTH.

3. Kpurepnii Koiin cymecTBoBaHus npenea tyakunn. Pagn onpe-
AEJNIEHHOCTH PAacCMOTPHM NMOAPOGHO cayuai mpenena gyukuuu y=f(x)
B TOYKE @, BBEJJGHHOrO onpefejeHusiMu 1 u 1%,

Onpeaenenne Bydem eosoputs, 410 (PYyHKYUS Y= f(x) yodos~
AETBOPAET 8 Touke a4 ycrosuw Kowu, ecau 0ra awboco noso-
JHCUTENbHO20 wucAa & HalleTcs oréedaroujee eMy NOAOKUTEAbHOE HUC~
410 § raxoe, uro O0asn A0bbix d8yx 3Hadenuil apeymenta X u x”
YO0BAETBOPAIOUUX YCAOBUAM

0<|x'—a| <8, 0<|"—a| <8, (3.60)
cnpaeeéﬂueo Hepasencrso

[F(x)—f (2"} | <e. | (3.61)
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Teopema 320 (kpurtepuii Komu cymecTrBOBaHHUSA
spefesa GYHKIHHE B TOuKe a). Jaa rozo urobv. Qynkyus
y=[(x) umera 8 Touke a Koreunoii npedenr, Heobxodumo u 0oOCTATOY-
#0, 4To0bl PyHKyus y=f(x) yoosiersopira 6 TOYKE Q YCAOBUNO
Kowwu.

HdoxasateabcTBo. 1) Heobxodumocrs. Ilycth cyliecTBYeT
KoHeuyHHl#i mpegen limf(x) =0b6. OHKCHpPyeM MNpPOH3BOJBLHOE MOJOKH-

x—=a

TeJIbHOE UHCJIO . B cuay onpepenenus 1* mpemena ¢ynkuuu no Koimn
JJISE NOJIOKHTENBHOrO 4Hcaa &2 HaBJeTcss MOJIOXKHTeJbHOE YHCIO §
TaKoe, YTO, KaKOBhl Obl HH ObLIM JBa 3HAUeHHs aprymenra x' H x”,
vaoBaeTBopsuomue yeaouam 0<|x'—a| <, 0<|x"—a| <8, nas co-
OTBETCTBYIOUIUX 3HAUeHUH (YHKIHH CIpaBeJJMBB HepaBeHCTBA

|F&) =0l < - 1P —b[< (3.62)

Tax kKak MOAyJb CyMMBl JABYX BeJIHUYHH HE NPEBOCXOAHT CYMMH
#X MOZYJeH, TO B Culy HepaBeHCTB (3.62) MBI mOJYyuYHM, YTO

IF)—~F (") | =1 [F (&) —=b] + [b—F(¥") ] | <
<SIF () =0+ [F(x7)—b] <e,

A 3To W O3HauaeT, 4To QyHKHHA y=[(x) yAOBJIETBOPAET B TOUKE @
‘ycaosuio Komu. :

2) Hocrarounocrs. Tlyctb ¢ynkuus f(x) ymoBaeTBOpSET B TOuKe
@ ycaosuio Komu., Tpebyerca nokasatb, u4to ¢yHruus f(x) HMeer
B Touke a npeaea. Ilycrs {x,} — NpOH3BOJIBHAs NMOCAEROBATENLHOCTE
3HaAyeHHHl apryMenTa, CXOAfAllascs K @ H COCTOfLIAs H3 YHCeJ, OTJIHY-
HBIX OT a. B cuay onpepenenus 1 npemena mo IefiHe pocraTouHo xo-
K@3aTh, YTO COOTBETCTBYlOLlasi IOCJEAOBATEJbHOCTb 3HAYeHHH (YHK-
awn {f(x,)} cXOQHTCA K HEKOTOPOMY YHCAY b H 9TO 3TO 4HCJIO b OAHO
H TO XKe JJISI BCeX CXOMSIIUMXCA K @ nocjefoBarenbHocredl {x.}, cocro-
‘AIIUX H3 YHCces, OTJIHYHHEIX OT 4. '

JokaxeM cHayaJsa, 4TO AJ8 KaxAOH cxoisimefica K a IocJeno-
BaATEJbHOCTH {X,} 3HAUEeHHH apryMeHTa, OTJHMYHBIX OT &, COOTBETCTBY-
1ollas TOCAEAOBATeJIbHOCTh 3HaueHuit ¢yukuun  {f(x,)} cxoaurcs
K HeKOTopoMmy npeaeny. PHKCHPyeM NPOH3BOJLHOE IOJOXKHTENbHOE
YHCJIO & H II0 HeMy OTBedalolllee eMy, COrJIacHo ycioBuio Komm, mo-
*JIOXKHTEJNbHOE 4YHueIo 8. B cHIy CXOAHMMOCTH NOCJELOBATEJIBHOCTH {X,}
'K @ B B CHJIy YCJOBHSA X,7a Aja 31oro 6>0 Haiinercs Homep N Ta-
Koit, uto 0<|x,—a|<6 npu n>N. Ecau Tenepn p — mwo6oe Haty-
panbhoe wucyo (p=1, 2, 3, ...), To Tem Gosee 0<|Xs4p—a| <8 mpu
=N ¥,

Taxkum o6pasoM, npH n=N H i 1060ro HaTypaJbHOIO p chpa-
{BEIJIMBH B2 HEPABEHCTBA:

0< Ixn+p’_a I <6, 0< l xn'—‘al‘_<_69
* U6o ecau n>=N, 10 ¥ mopasno n4p>=N, '
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M3 stux ABYX HepaBeHCTB H H3 ycJoBHs Komu BHITEKaeT, 4TO INPH
n=N u paa ao60ro HaTypaJbHOro p

[F (Xnt0) —F (%a) [ <6,

a 3TO O3HauyaeT (YHAAMEHTAJbHOCTh IMocaefoBaTesbHOCTH {f (xn)}-
B cuny rputepus Koud .CXOZMMOCTH YHMCJIOBOH MOC/IEAOBATEJBbHOCTH
(cM. Teopemy 3.18) nocaenoBarensHocTb {f(Xn)} CXOAMTCSE K HEKOTO-
pomy uucay b.

Ocraetcst [oKasaTh, YTO AJS JIOGHIX ABYX CXOAfLIUXCS K @ mocie-
ZoBaTeJbHOCTEH 3HaueHuit apryMmenta {x.} u {x.’}, Bce ajeMeHTH KOTO-
PHIX OTJIHYHE OT @, COOTBETCTBYIONIHE MOCJEA0BATEABHOCTH 3HAUEHHH
oyexunn {f(x,)} u {f(x.")} cxonsarca kK OAHOMY M TOMY XKe Ipejeny.
Npeanosoxum, uro nocaegosareasHocTd {f{x,)} u {f(x,')} cxomsarca
K npemenam b u b’ coiTBeTcTBeHHO. PaccMOTpHM HOBYIO mHoc/efoBa-
TEJbHOCTb 3HAYEHHH apryMeHTa Xy, X', Xo, X2, X3, X3, ., Xn, X4, ..,
TaKXe CXOIALIYIOCS K ¢ H COCTOSIIIYI0 H3 YHCeJ, OTJIHYHHIX OT a.
B cuiy nokasaHHOTO Bhllle COOTBETCTBYIOLIAsE IIOC/A€ROBATENbHOCTb
3HaueHud Gynkunu f(x1), f(x1"), f(¥2), f(x2"), oy f(%q), f(%2"),... 0O5-
'3aHa CXOAHMTbCS K HEKOTOpOMY mpefeny b”. Ho Torza B criy yTBEpXK-
JieHud, AOKasaHHOro B HavaJe @I. 1 § 3, u Jio6asg moamocaenoBaTesib-
HOCTb 3TOH IOCJIENOBaTeJbHOCTH 00s3aHa CXOAHTLCS K TOMYy XKe ca-
MoMy mnpefenay b”. 3HauuT, KakK HOANOC/AENOBATENBHOCTb HEUYETHBIX
aneMeHToB f(x1), f(x2), .., [(%s), .., TAK H MOANOCIEROBATEIBHOCTh
YeTHHIX 3JeMeHTOB [(x(), f(x2), ..., f(x4"), ... oBe cxoasTca K b”.
Orcrona BeTekaer, 4To b=>b'=b". TeopeMa NOJHOCTHIO JOKa3aHa.

Ananoruuno dopmyanpyercs ycaoBue Kommu W noKasnBaeTcs KpHu-
repuii Kommw u Jns ciyuaeB mpaBoro [JieBOro] mnpegesia B TOUKe 4,
npefesa NpH Xx—-00 H npejesa npu x—- oo [x——oo].

IMpn ¢opmynupobke ycaoBus KoM ROCTATOYHO B NMpHBEAEHHOM
BHIIE Onpeje’eHdH 3aMeHuTh ycuaoBusa (3.60) ans cayuas npaBoro
[neBoro] mpexesna B TOuKe @ yCJIOBHAMH

alx’<a+d, a<x"<a+d [a—8<x'<a, a—8<x"<a],
AN ciydas mpefena INpH X—-00 YCJIOBHAMH

|x'[>8, |x"|>8 ,

H, HaKOHell, IJIs cJyuas Hpefiesia NMPH X—»-+ 0o [x-»—o0] yCJI0BUSAMH
X¥>8, x">8 [v<—8, ¥'<—90].

CootetcrBylomue KpuTepun KollH AOKa3HBAOTCA MO CXeMe JOKa-
satesabcTBa Teopembl 3.20: cliefyeT TOJBKO BO BCEX PaCCyXIASHHAX
NOHHMATb II0f HOCJIeNA0BATENbHOCTAMH 3HAaUeHMH apryMenra {x,’} u
{x."} B cayyae mpaBoro [neBoro] mpesesa B TOUKe a MOCJELOBATEJb-
HOCTH, CXOJsLIMECS K @ H COCTOAIIHE H3 yuceld, GOMbIIMX @ [MEeHbIIHMX

a), B clyyae npefesia NpPH X—»oo BGECKOHEYHO GOJbIIHE MOCJAEL0BA-
TeJIbHOCTH H, HAKOHEN,  CJydae mpejela IpH x—-+ oo [x—>—oo] Gec-



118 T'a. 3. Teopus npenenos

KOHEYHO GOJibLIME IOCJAERZOBATEJIbHOCTH, COCTOSIIIHE H3 MNOJOXKHUTENb-
HBIX [OTpHLATEJNBHBIX] YHCEJ.

4. ApudmeTHYecKHe onepauvu Hal (PYHKUHMAMH, MMEIONIMMH npe-
nea. CnpaBeliuBa cieayiolmas GpyHJaMeHTaabHast TeopeMa.

Ocunosuasi Teopema 321. Mycre dse ¢pynxyuu f(x) u g(x)
3a0ansl HA O0HOM u TOom e mHoxcecT8e {X} u umeroT 8 TOUKE a npe-
Oeabt, coorsercreenno pasusie b u c¢. Toeda pyuxyuu f(x)+g(x).
f(x)—g(x), [(x)-g(x) u f(x)/g(x) umetor & TO4Ke a npedeisi, cooT-
sercreenro pastole b+c, b—c, b-c, blc (8 cayuae 4acTHO2O HYMCHO
donoanureavto Tpe6osars, 4T0G6l ¢ ObLAO OTAUYHO OT HYASL). '

HokasarteabctBo. Ilycrb {x,} — mnpousBoJibHas CXOAALIASCS
K @ NOCJeOBAaTENbHOCTh 3HAUEHHH apryMeHTa, BCe 3JEeMEHTHl KOTOpOH
OTJIHYHBL OT a. B cuay ompenenenusi 1 npenena no I'efiHe cooTBeTCT-
ByIOLIHE NOC/AEA0OBaTebHOCTA 3HaueHH# OyHKuuH {f(xn)} u {g(xn)}
CXOASATCHA K mpeaesaM b u ¢ coorserctBeHHo. Ho Toraa B cuiy teopeM
39—3.12 mocaegosareabuoctd  {f(%x) +8(x4)},  {f(xn)—g(xn)},

{f(xn)-g(x2)} m {%—} cxonasiTcsi K mpepenam b+c¢, b—c, b-c B
&\Xn

b/c coorBercTBeHHO. DTO MOCJeJHEE B CHIY IPOH3BOJNBHOCTH NOCHAEO-
BaTeJIBHOCTH 3HAUeHUl apryMenta {x.}, cxojsiuiefics K a, U B CHIY
onpenenenns 1 npexena mo Iefine o3Hauaer, yrto ¢yHKuHH [(x)+
+g(x), [(x)—g(x), [(x)-&(x) n [(x)/g(x) umeoT B TOUKe a mpele-
JIBl, COOTBETCTBEHHO paBHBIE b+c¢, b—c¢, b-c u b/c. Teopema noKasaHa.

JloKa3aTeabCTBO COOTBETCTBYIOIIEH TeOpeMBl AJisi CAy4YaeB NMpaBoro
[neBoro] mpenena B TOYKe a, mpefeda NPH x—»o0 H Mpejlenaa IpH
X—+ 00 |x—>—oc0] mMpOBOAUTCs 1O TO# ke cxeme. Bce oTanume cocto-
AT B TOM, YTO B KauecTBe IOCJeAOBAaTEJbHOCTH 3HAYeHHH apryMeHTa
{x.} cmenyer B3sATb B cjydYae mpaBoro [aeBoro| npenesa B TOYKe @
HOCJIeOBATENbHOCTDb, CXOAALIYIOCH K @ H COCTOSILIYI0 H3 4uceJ, 60Jb-
WIHX @ [MEHBIUHX @], B caydae npefesa IPH xX—»00 — GECKOHEUHO
6oJbIIYIO TOCJEJOBATENbHOCTh M, HaKOHel, B cJydyae Ipejena IpH
—>+ 00 [X->—00] GECKOHEUHO GOJIbIUYI0 MOCJEL0BATEIbHOCTD, COCTO-
SIILYIO H3 HOJOMXKUTEJBbHBIX [OTpHIlaTeIbHBIX] UHCeT.

Paccmorpum npumepnl npuMenenns teopeMmbl 3.21. Boime B m. 2
Mbl y6eJHJIHCh B TOM, YTO JJisi Ji00OH TOUKH a OGeCKOHeUHOH mpsiMoii
limx =a. Hcnonbsys Teopemy 3.21, MBI MOXeM YTBEDXKAATb, YTO
X—a :

limx* =limx-limx = a-a = a®
X—=a Xx—>a xX-a

H, Boobe, 1 Jg0boro HoMepa n
lim x" = a".
X—a
[ycts reneps Pa(¥) =bo+bix+byx?+...4+b,x", rae by, by, ..., bu,
bn#0 — Hekoropwle mocrosiHHble uncna. Takas ¢yHkuus P,(x) Ha-

SHIBA€TC MHOTOUYJNEHOM CTeNeHH s B cuiry Tolf Xe TeopeMst
3.21
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HmP,(x) =lim[b, +bx + ... + b x"] =b,+ba+ ... + b,a" = P,a)
Xx-q X=a

Anst qj0060H TOYKH a GeCKOHEeYHOH NpsMOH.

Urak, mnoeounen P,(x) umeer npedea 8 a1060i TouKe a GeCKOHEH-
HOUl npamol, u 370T npedes paseH HACTHOMY 3HAYEHUID 3TO20 MHOZO-
4ieHa 8 TouKe a.

Ilycts, Hakorel, Pn(X) H Qm(X) — ABa NPOH3BOJBHLIX MHOIrOUJe-

o X

Ha creneneil n M m coorBercrtBeHHo. YactHoe R (x) =5p—"((—;

. m (X

Ha3blBaTh pallMOHaJbHOH HpoObio. B cmay rteopeMul 3.21 mjas cayuas
YaCTHOTO

NPHHATO

Pa(x) lim Pn(x) Pa(a)
l. = l‘ L x=a == n = a
ImR@=1m - m Qn(®)  Qn(@) R
—-»a

8 10004 TOYKe @, He SBJAOIIEHCS KOpHeM MHOrowleHa Qm(x). Takum
obpasoM, payuonarsbras Opobs umeer npedea 8 xasdol TouKe a bec-
KOHE4HOU npamod, He asrawelcs KOPHem ee 3HAMEHATEASl, U 3TOT
apeden paser 4ACTHOMY 3HAUEHUrD 3TOU Opobu 8 YKA3aHHOU TOYKe 4.

5. beckoHeuno maJjnle M GeckoHeuvo Goabmue pyHkuuu. Pagu on-
penesenHocTd OyfeM paccMaTpHBaTh npeAes QYHKUMH B TOUKe 4.

Dynkyus a(x) Hasbl8aeTcn 6eCKOHEUHO MAAOL 8 TOYKE a,
ecau npeden 3TOU PYRKYUL 8 TOUKE A PABEH HYNI.

[TpumepoM GeckoHeuHO Masofi B TOUKE @ (QYHKLUHH MOMKET CJIYKHTh
PyHRUHA a(Xx) = (x—a)", rae n — Ja060e I1eNoe MOJOXKHUTENbHOE
YHCJIO.

B camom gese, B KOHIle NPEABIAYLIEro NYHKTA MBI YCTAHOBHJIH, YTO
MHOTOUJIEH (X¥—a)" MMeeT IpeJes B KaXAOH TOYKE ¢, MPHYEM = 3TOT
fipefieJl paBeH YaCTHOMY 3HAYEHHIO 3TOTO MHOTOYJEHa B TOYKe xX=4da,
T. €. PaBeH HYJIIO.

3amernM, uTO ecau (ynxyus f(x) umeer npedea e rtouxe a, pas-
tbul yucay b, 10 pynkyus a(x)=f(x)—b ssaserca 6eckoneuno ma-
£01L 8 TOYKE Q.

9TO BHITEKAeT M3 TOrO, YTO NpPeAesbl KaXmoH u3 GyHKUHH f(x) H
£g(x)=>b B Touke @ paBHH uHCAy b, u u3 TeopeMs 3.2]1 maa ciaydas
pasHocTH f(x)—g(x).

CopmynpoBaHHOe yTBEPKAEHHE NPHUBOAHT HAC K CJAEAYIOLIEMY
cCnenHaJbHOMY npeincraBideHHIO M ¢yHKUHH [(x), uMelw-
el paBHEIA b Npefes B Touke a:

f(x)y=b+a(x), (3.63)

rie a(x) — HexoTOpas GECKOHEUHO MaJas B TOukKe a (yHKuud. [Iped-
crasienne (3.63) BecbMa yAOOGHO B PA3/IHYHBIX NPUIOKEHHSX TEOPHH
1IpeiesioB.

Beegem Temepb nousTHe GECKOHEYHO OOMBINOH B ZAHHOA TOYKe @
cnpaBa [uad cieBa] (YHKIHH.
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Pynxyus A(x) naselsaerca 6eCKOHE4NHO 60LbUWOL 8 TOH4-
ke a cnpasa [caesa]l pynkyued, ecau dara aw0b6ol cxods-
wetica k a nocaedosarenbHOCTU {Xn} 3HA4EHULl apeymenTa, sce dne-
MEHTbL KOTOPOL Goabwe a [meHvule al, coOT8EeTCT8YOWAL nocsedosa-
TeabHOCTd 3Ha4eHull gynkyuu {A(x,)} asanerca Geckonedno 6oAbUIOE
n0caed08aTEAbHOCTHIO, BCE IAEMEHTHL KOTOPOU, HAHUHAA C HEKOTOPOZO
HoMepa, AUGO NOAOKCUTEAbHEL, AUOO OTPULATEAbHbL.

Jas Geckoneuno GoJbIIHX B TOUKe a chnpaBa [ciaeBa] ¢yHKUHHA
HCNOJIB3YeTCs CJefylonas CHMBOJIHKA:

lim A(x) = + o0 [ 11m A(x‘ = 4 oo]
X-»a-+0
HJIH
lim A(x) = —oo | 11m A(x) = —o0].
x-+a-}-0
Huorpa ynorpebasior Gojee JaKOHUUHYIO CHMBOJUKY:
A(a+40)=+4 o0 [A(a—0) = +o0]
HJIH
A(a+0)=—o0[A(a—0) =—o0].

OcraHOBHMCS Ha METOJAHKE CDaBHEHHs ABYX O€CKOHEYHO MaJlbix
B AaHHOH Touyke a ¢yHkuui. I[Tycre a(x) u B(x) — Ose ¢pynkyuu, 3a-
dannste Oas OOHUX U Tex e 3Hadenuli apeymenra u obe asasmoujuecs
6eCKOKEeUHO MAAbIMU 8 TOUKE Q.

1°. ToeopsT, uTo a(X) =nA644eTCA 8 TOuKe a OECKOHEUHO
manroti 6osree sbicoKkozo nopadka, wem PB(x) (umeer
8 Touke a bosree 8blCOKULl nopadoK MAAOCTU, 4HeM

B(x)), ecau

lim 2. — o, (3.64)
xa P(x)

2°. ToBopsit, ut0 w(x) u P(x) Asas0Tca 8 Touke a 6eckKo-
HeduHOo marbvimu 00HO20 nopadka (umerwT 8 TOUKe a
odunaxosoi nopadok marocrTu), écau npedea, croaujul
8 sesoti wactu (3.64), pasen KOHeHHOMY 4UCAY, OTAUHHOMY OT HYAS.

3°. ToBopst, uto a(x) u P(x) A8aa:10TCA 8 TOUKe a4 KB UBaA-
AEHTHbLMU OBecKoneuno manvimu, ecau npedenr, CToAwWuUl g AeB80L
uactu (3.64), pasen edunuye.

Has o603naueHnus Toro, yto a(x) SAIBASETCA B JAHHOH TOUKe GECKO-
HeYHO MaJoH 6oJiee BHCOKOrO IOPsAfAKa, yeM P (x), HCIOJAB3YIOT CJe-
LYIOUIYIO 3aNHCh:

a=o0(p)

(4uTaeTcs: «o paBHO O MaJjoMy OT fB»).

Urak, cumsor o(B) obosnanaer atobyio GeCKOHLUHO MAAYO 8 OaH~
HoU Touke a (pyHKyuro, umerowjyro 8 3Toii Touke O0oaee GvlcoKuil no-
PA0oK maaocTu, 4em GECKOHEHHO MaAas 8 Taol e TOo4Ke (DYHKUUR
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B(x). Y3 atoro ompefesneHHss CHMBOJA €O MaJoe» BBITEKAIOT CIEAYIO-

e ero CBOMCTBA:

1) o(B)+0(B)=0(B), 0(B)—0(B) =0(B);

2) ecnn y=0(p), 10 0(B) +0(y) =0(B);

3) ecnu a U f—Ja06be ABe GeCKOHEYHO MaJjible B JAaHHOH TOYKe
¢yukumn, 10 a-f=0(a) ¥ a-B=0(p).

AnaJIOrHYHO CpaBHUBAIOTCA JBe OeCKOHeYHO O0JbIlHe B JaHHOH
TOUKe @ cnpaBa (MJH oreBa) (QYHKIHH.

ITycte A(x) u B(x) onpedeireno. s 00HUX w Tex de 3Ha4eHulls
ApeYMEHTS U 0 OnpedCAeHROCTY

lim A(x) =+ o0, lim B(x) =
x-+a-4-0

X=a+0

1°. ToBopar, uto A(x) umeer 6 Touke a cnpasa 6oree goi-
" ; A(x)
cokull nopadok pocra, wem B(x), ecau ¢hynxyus B
X
aganercs beckonedno 60abwOl 8 TOYKE a cnpasa.
2°. ToBopsr, uto A(x) u B(x) umeror 8 Touke a cnpasa odu-
" A(x
HaKoebli nopadoKk pocTa, ecau npedenr hynxyuu F((——))— npu
X
x—>a+0 pasern KoHedHOMY YUCAY, OTAUMHOMY OT HYAA.
ITpuBeneM npuMepsl cpaBHeHHs] GECKOHEUHO MaJsbiXx M GECKOHEUHO
60J1%umx yHKIHH.
. OyHKUuK o(x)=x*—x5 u B(x)=5x3+x* £ABNAIOTCA B TOUKE
x= G GECKOHEYHO MaJbVH ORHOrO mopajka, nbo
o(x} . X3 —x8 . 1 —x?
lim - lim = lim
20 P(x. x>0 5x% - x4 x»0 b4x

=L

5

2. @ynxuun o(x) = (x—2)2- (x—1) un B(x) =(x—2)2 sasaaworcs
B TOYXS x=2 KBHBAJICHTHHIMH GECKOHEUHO MaJbIMH, H6O

=2 =D im(x—1) =1
X2 x) X2 (x—2)2 x->2 )

3. Qyuknun A (x) = _g-l-_x " B(x) = —1— ABJSIOTC  GeCKOHEuHO

6OJBIIHMH ONMHAKOBOI'O MOpPsSAKa pOCTa B Toqxe x=0 kKak cnpasa,
TakK H cjeBa, ubo

A(x .
Iim -AG) =lim©2 + x) =2
x>0 B(x) %0
AHasorHyHO ONpeiensIoTCs H CPaBHHBAIOTCH (DYHKIHM, GecKoHeU-
HO MaJibie Wiu GeCKOHeuHO GOJIbLIMe MPH X—>00, a TaKKe IpH X—-+ 0o
{COOTBETCIBEHHO MpPH X—r—00),
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§ 5. OBULEE ONPEAEJEHHUE NMPENEJA ¢YHKILHU
O BA3E

Ananusupys onpeneseHus Pa3IHYHBIX BHAOB npelesa (YHKUUE
f(x) no Kouin, MBI JIeTKO MO:KeM 3aMETHTb, YTO BO BCeX 3THX OHpe-
neserusax tpebyercs, yTo6wl Ana jawboro >0 Bce 3HaueHHs 3TOM
(GyHKUKH, OTBeyawllde 3HAYEHHSIM apryMeHTa X, MpHHAAJeXKallHM
HeKoTopoMy MHOKecTBY (s, YJIOBJIETBOpSNH HepaBeHcTBY (3.58),
T. €. IPUHAAJeXKaNH &-OKPEeCTHOCTH b.

[Tpu atom muoxkectso C,, ompenenenHoe pjs eBcex §>0, umeer
pPasHblil BUJ NpH ONpefeJeHUH Pa3MUHBIX BHIOB npefena. Ilpu on-
pelesleHHH Npefiejia B Touke a MHoxKecTBo C, mpeicTaBiisieT coboit
IPOKOJIOTYI0 8-OKPECTHOCTh TOUKH @, NPH ONpelesIeHUH - IPaBoro
[neBoro] mnpenmena B Touke a mHOoxkectBo C, mpezncrasiser coboi
HHTEpBaJs (a, a+8) [coorBercTBeHHO (@—6, a)], NpH onpejeseHHH
npenena IpH x—oo MHOXecTBO C, mpencrasiisier co60H BHEIIHIOIO
gacTh cerMenra [—~O, +6] H, HakOHel, OPH ONpeJeNeHUH Npejena
IpH x—oo [mpH x—>»—oo] MHuOKecTBO C, mpeacrasiser co60H OTK-
PHITYIO0 TOJYNpsMylo (6, +oo) [cooTBeTcTBeHHO (—©o0, —0)].

Ecan ¢yukuusa f(x) sagana sa MHOXecTBe {x}, TO BO BCeX OI-
penesienusix npepeyos-no Kowm Tpebyercs, 4ToOB HepaBeHCTBO
(3.58) 6bLIO cripaBeANHBO JJISI TeX 3JeMEHTOB MHOXKECTBAa {x}, KO-
TOPHIC INPHHAAJNEKAT COOTBETCTBYMOLeMy MHOXkecTtBy C,. Ioroso-
puMcsl 0603Ha4aTh CHMBOJIOM By NMOAMHOMXKECTBO TeX 3JeMeHTOB {x},
KoTophle npHHaaIexatT Cs, T. €. MOJIOXKHUM

Bﬁ ={x}ﬂCe.

EcrecTBeHHO, BO3HHKaeT BONPOC, KAKHMH OOLIMMH CBOHCTBaMH
obJ1ajjaeT COBOKYIHOCTb BCEX NOJMHOXKecTB B, MHOxectBa {x}.

Ananu3 yclOBHH, NPH KOTOPHIX (DOPMYJHPYIOTCS OIpe/eJeHHs
1*—4* npenenos ¢yukuuu no Ko, npuBOZKT HAC K BLIBOAY, U4TO
MHOXeCTBO {X} 3ajaHusi GYHKUHH f(x) BCSAKHH pas HMeeT XOTS Ol
OJHMH 3JIeMeHT, npuHajiexamuil C,, T. e. MHOXecTBO B; 8cezda
He ABAAETCA NYCTHIM.

Hasnee jnerko y6eAuTbCs B TOM, UTO JJIsSi BCeX BHJOB IPEHEJOB
nepeceueHue ABYX JIOOBIX MHOXKECTB COBOKynHocTH {B} mpencras-
JgeT co00l HEKOTOpOe MHOXKECTBO TOH K€ COBOKYIIHOCTH.

Tak, manpumep, mepeceueHne ABYyX MHOxecTB By u B,’, mepBoe
U3 KOTOPHIX COCTOMT H3 3HAUGHHH apryMeHTra, NpHHAAIekKAaLIuX
NPOKOJOTOH &-OKPECTHOCTH TOYKH @, a BTOPOE — M3 3HAUEHHH
aprymenTa, NpHHaAJMeXAallUuX NPOKOJOTOH &’-OKPECTHOCTH TOYKH @,
npecTaBisfeT co60H COBOKYNHOCTh 3HAYEHHH apryMeHTa, IpHHA-
JIeXKAalKUX NPOKOJOTOH §”-0OKPECTHOCTH TOUKH @, I/e8” — HauMeHb-
mee U3 ABYX INOJIOXKHTEJIbHHIX uuces &8 ® §’, T. e. IpPeAcTaBiseT
coGoit MHOXKeCTBO B,” To# e cOBOKyNnHOCTH {Bs).

B Gonee obumiefi cuTyannu, KOTopasi MOXKeT BCTPETHThCS, HANPH-
Mep, NpH H3yuYeHHH (YHKHHMH HECKOJIbKHX II€PEMEHHBIX, nepecede-
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Hue dsyx at0boix mHoxcecTs cosokynrocTu {Bs} camo moocer He as-
ASTHCA 3AEMEHTOM 3TOU COBOKYNHOCTU, HO 0073QTEAbHO COOePHCUT
SAEMEHT 3TOL COBOKYNHOCTLL.

[IpoBeseHHOE pacCMOTpPEHHe, eCTECTBEHHO, IPHBOJAUT Hac K QyH-
JlaMEHTaJbHOMY NOHATHIO Gaskl MHOMKecTBa {x} 3aflaHusi QYHKIHH.

Onpenenenue 1. Bylem 2osopurs, 4T0 GECKOHE4HAA CO-
sokynnocts B={B,} nodmuonecrs B, muoscecrsa {x} obpasyer
6asy (uau G6a3uc QuavTpa) mHoxecrea {x}, ecau 014
JAEMEHTO8 3TOL COBOKYNHOCTU BOINOAHEHBL 084 TPebOBAHUN:
1) kaxooiti saement B, ssanercs Henycrolm noOMHONCECTBOM MHO-
acecrea {x}; 2) 8 nepeceuenuu A106o6lx OBYX IAEMEHTOS cosokyn-
HocTu {Bg} 06ﬂ3aTe/leO CO0epIHCUTCS HEKOTOPbLL dAeMEHT 3TOW Jce
COBOKYNHOCTHU.

[TpuBenem npumepnl HauGoJiee ynorpeGHTeIbHBIX 633 (6a3HCOB
¢unbTpa).

1°. Tlycrs Gynkuus f(x) 3afgana Ha MHOXKecTBe {x}, HMeiOUIeM
X0Tsl Obl ONMH 3JIeMEHT B J1I060H NMPOKONOTON §-OKPECTHOCTH TOYKH
a. YKa3aHHYIO NPOKOJOTYIO 8-OKPECTHOCTh TOUKH @ OO03HAUHM
camBosioM Cs u mosmoxkuM By={x}[1Cs;. OueBHUAHO, COBOKYIHOCTb
B={B,} mHoxecTB B, npu Bcex §>0 o6pasyer 6a3y MHOXKeCTBa
{x}, n60 xaxnoe mHOXKeCTBO B, npu Jio6oM §>0 He ABAgETCA MyC-
THIM H IepeceyeHue JIOOHX ABYX MHOXKECTB COBOKYRHOCTH {B,}, KaK
yXKe OTMeYaJoCh BLILIE, NMPEJCTaBJsieT CcOOOH MHOXKECTBO U3 TOM
JKe COBOKYIIHOCTH.

Paccmorpennyo  6asy {B.} mpuraTo o0603HaYaTh CHMBOJOM
x—a.

2°. Ilyctb. pyuruusa f(x) 3aganma Ha MHOXKeCTBe {x}, mMmewleM
npu ao6om §>0 xoTa 6Bl OAMH 3JEMEHT, NPHHAAMEKALIUH HHTEp-
Basny (a, a+§8) [coorBercTBeHHO (a—08, a)]. O6o3HauuB yka3aH-
Hblli uaTepBas cumBoJioM Cs, nonoxuM Bs={x}NCs. TpusuaasHo
npopepsieTcs, 4TO coBOKymHocTh B={B;} muoxecrs B,, oTBeyao-
LIUX BCEBO3MOKHBEIM §>0, o6pasyer a3y mMHOxKecTBa {X}.

YkasaHHylo 6asy NpHHSATO 0003HAauaThb CHMBOJIOM x—»a+0 [co-
OTBeTCTBEHHO x—-a—~0].

3°. Tlycrs Qyurmus f(x) sagana Ha MHOXecCTBe {X}, HMelolleM
XOTq OBl OAHH 3J€MEHT BHe cermenra [—©O, +48] npu Jwbom §>0.
IMosoxkum Cy= (—o0, +00)\ [—86, +8], Bs= {x}NCs. Jlerko npose-
PHUTb, 4TO COBOXKYNHOCTh B={B,} o6pasyeT 6asy mHOXKecTBa {x}.

A1y 6a3y NPUHATO 0603HAYATL CHMBOJIOM X—>-00.

4°. Tlycre dyukuust f(x) s3amana Ha MHOXKecTBe {X}, HMeloleM
npy Jawbom 6>0 XoTa Obl OAMH 3JEMEHT Ha NOJYNPIMOMH
(+86, +o0) [coorBercTBeHHO (—O00, —8)]. OGO3HAYHM YKA3AHHYIO
nosynpsamyio cumoaoM Cs v nontoxuM Bs={x}C,. Jlerko y6eaurn-
Csi B TOM, YTO COBOKYynHOCTb B={B,} o6pasdyer 6a3y MHOMKeCT-
Ba {x}.

21y ]Gasy 0003HAYaIOT CHMBOJIOM X—>+00 [COOTBETCTBEHHO
x—>—o0],
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5°. Ilycth, HaKOHEL, MHOXECTBO {x} mpejcTaBjseT co60H MHO-
HecTBO BCeX HATYpaJbHHIX yucea 1, 2, 3, ..., n, ... . Ilonoxus Bs;=
={x}N(+8, +o0). xns mwoboro §>0, Mbl Jerko y6eJuMCs H B TOM,
yTO COBOKYMHOCTh B={B;} o6pasyer 6a3y MHOXKecTBa {x}.

Oty 6a3y npuHATO 0603HaYaTh CHMBOJIOM 71—>00,

CdhopmyanpyeM Tenepb QyHIaMeHTaJbHOE ONpefesieHHe npefe-
Ja ¢yHRuuH f(x) mo 6a3e B MHOXKeCTBa ee 3afaHHusA, COJAepHailee
B ce6e KaK BCEe PACCMOTpeHHBle BBIIE BHAB mpefesa (QYHKIHH, TaK
H TpeJeJl YHCJOBOH MOCJe/[0BATENbHOCTH.

M pednoromcun, uto dyuxyus f(x) sado+a na muoxcecrse {x} u
410 cosokynnocte B={B,} nodmnoscecrs B, muoscecrea {x} obpa-
ayer 6a3y mHoscecrea {x}. '

Muooxcecreo scex snauenudl, xoropsle npunumaer gyrkyus f(x),
Koz0a ee apeymenr x npobezaer muowcecreo B, dozosopumcsa Ha-
3ol8aTy 06GpaA3oM MHOMecTsa B, u 0603HauaATL CUMBOAOM
f(Bo). ’

Onpeaenenune 2. Yucao b Haswisaerca npedenrom
pynkyuu f(x) no 6ase B mHomecTsa ee 3ad0anus,
ecau 0as atobozo >0 cyuwjecrsyer Takol asemedr B, 6azer B,
obpaz f(Bs) KoTOPO20 NpuHAdAEKHUT &-OKPECTHOCTU TO4Ku b, T. e.
npunadaencur unrepsary (b—e, b-+e).

Hast o603Hauenuss npefena ¢ysxuuu f(x) mo 6asze B MHOXKecT-
Ba ee 3ajaHus GyJeM HCHNOJb30BATH CHMBNI

lim f (x) =b.
B

Yurarean Ge3 TpyZa NPOBEPHT, UTO 3TO obllee olipefeseHue
npezeia no 6a3e COIEPKHUT B cebe KaK yaciBHle CAy4YaH H3ydYeHHBIE
BBl BHABI NIPeflesIOB, OTBeyalomue 6asam v—>a, x—a-+ 0, x—a—0,
X—>00, x—>-4 00, X—>—00 U N—00,

JIerko mpOBepHTH TaKkKe, YTO JJs OOLIErO ONpeAeJeHHs Npefe-
Ja no 6ase ocraloTCd CIpaBeIJIHBHIMH OCHOBHBIE CBOHCTB2 mpefe-
Jla, OTBeyaloulero npocreiimeil 6ase x—-a.

Mu orpanmymMmcs TeM, uTO AoKaxKeM KpHTepuit Kowwm cyimecr-
BOBaHHS o6ulero npegena ¢yukuus f(x) mo 6ase B muOXecTBa ee
3aJaHus.

Teopewma 3.22. Jaa cyuwecrsosanus npedera ¢dynxkyuu f(x)
no 6ase B={B,} muosmecrsa ee 3adanus neo6xo0umo u AOCTATOUHO,
4T0661 0as 1106020 £>0 nawencs srement By 6asor B, o6pas [(Bs)
KOTOPO20 COJepituTCca 8 HeKOTOPOM UHTepsase Oaiutst 2e.

JokaszarteanctBo. 1) Heobxolumocrs oueB¥AHA: €CIH CY-
mecTByeT npeaes b ¢yuxuum f[(x) no Gase B, To mag awo6oro
e>0 nafinerca siemeHT 3TOH 6asnl B, 06pas kKoroporo f(Bs) co-.
Jepxurcs B HHTepBase (b—e, b-+¢e), uMew wmeM Ajudy 2e. .

2) Hocrarounocrs. Ilycte ans moGoro g>0 cyuiectByeT aJe-
meHT B; 6asbl B, o6pas koroporo f(B,) coaepXurcs B HEKOTOPOM
HHTepBajle IJHHB 2g. PaccMOTpHM GeCKOHEYHO MaJyK IIOCJELOBa-
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' 1
TEJBLHOCTh NOJOXKHTENBHHIX uuces &£,=— (n=1, 2, 3, ...). Ham
n

Kaxa0ro e, Haliferca ajieMeHT 6asm Bp, 0o6pas koroporo [(Bs)
COJIEPKUTCS B HEKOTOPOM HHTepBaJie JJIHHB 2€,.

ITo onpepesienuio 6Gas3bl B NepeceyeHHd 3JeMeHTOB Bs, M By,
0653aTENBHO JIEKHT HEKOTOPHH saeMeHT 6a3bl, KOTOPhIH MH 00603-
HauHM CHMBOJIOM By . OG6pa3 storo siaementa /!Bs) Jexur Kak.
B HEKOTOPOM HHTepBaJje I; AJMUHBI 2g;, TAK ¥ B HEKOTOPOM HHTep-
Bane [, nnunml 2g,. [Tepeceuende uurepsasnos Iy ¥ [y’ mpeacrasiser
co6of mHTEpBax [, AnuHHE, He OoJblieli 2g, coACpKAIUHACA B HH-
tepsane I;. Jlanee, no ompejesnennio Ga3pl B NepecedyeHHH 3JEMeH--

TOB Eaz " B;, 0653aTeNbHO JIEKHT HEKOTODHIH 3neMeHT 06as3hl, KO--
TOPBIH MBI CO0O3HAYHM CHMBOJIOM BQS. O6paz »sTOTO 3JEMEHTE
f(Bs)  nexur xak B unteppase I, IJMHBH, He Goabuwel 2ep, TaK U
B HexKoTOpOM HHTepBasie I3’ anudm 2e;. [lepeceuenwe MHTEPBAIOB-
Iy u Iy’ npencraBaser co6oii uHtepBaa I3 AMHHE, He Gosbuied Zes,.
cojlepKauniuiica B uHTepBaJe [o.

ITponomxas sTH paccyXAeHHS jajiee, MBI IOCTPOHM MOC/ICNO-
BaTEJbHOCTh 3JEMEHTOB 0ashbl Baz, 35,, ...,85 s ... TAKHX, YTO

obpas f(Bb) KaXJoro 3JeMeHTa Ba COJICPXKHUTCH B HEKOTOPOM
HHTEpBaJe 1,, JJIHHBL, He GoJbluel 2e,, NpUYeM B MOC/IEAOBATENBHOC-
TH HHTEpPBaJOB lg, I3, ..., Ipn, ... KaXKIBIHA CJAeAYIOHA HHTEPBAJT CO-
NePHKHTCA B NPEALIAYIIEM. OG603HAUAM CHMBOJOM I, cermeHrt, mno-
Jydatoumuiicas gob6apieHdeM K HHrepBany [, ero kouuoB. Tak kak.
nocjefoBaTeNbHOCTb I3, Is, ..., In, ... OpeACTaBJsAET cOGOIli CTATH-
BalOIIYIOCs] CHCTEMY CerMeHTOB (cM. 1. 2 § 2), To B CHJY CACACTBHSE:
u3 Teopembl 3.15 cymecTByer, H NpPUTOM eAHMHCTBEHHas, TOYKa b,
NpHHAAJeXKaNlass BCeM CerMeHTaM.

Ocraerca AokasaTb, 4To b sBJseTCss mpelesoM GYHKUHH f(X)
no Gaze B, T. €. yOeZUTbCS B TOM, UTO AJsA J06oro ¢>0 nakgercs
3neMeHT Gaset B, o6pa3 KOTOPOro COAEPKHTCH B HHTEpBaJe
(b—e, b+e). .

B cuay Toro, uto cucrema cermenToB {I,} SBISETCS CTATHBAIO-
weficas M b siBasiercss o6uled TOYKOH BCeX CETMEHTOB, MBI MOKEM.
yTBEPXAAaTh, 4TO AJs Jio6oro ¢>0 Hafizerca cermedr I, ¢ Hgocra-
TOYHO OOJNbIIMM HOMEpOM  n, CcOJepKalluiics B HHTEpBaJe:
(b—¢, b+s). DTO O3HaYAET, UTO IPH COOTBETCTBYIOIUIEM HOMEpEe n

sneMent. 6asbl Bs, umeer obpas f(Bs), comepxalumiics B HHTeD--
Baje (b—e, b+e). Teopema nokasana.

IloauepkneM, yTO AOKa3aHHAsl TeOpeMa COAEPXKUT B KauyecTse:
YaCTHHIX CJy4YaeB KaK Kpurtepmit Kol CXOJMMOCTH 4HCJOBON IIOC-
JIEIOBATEJIBHOCTH, TaK M KpuTepun Kolum cyuiecTBoBaHHA BCeX
PacCMOTPEHHBIX BhIIE BHAOB Npefesa (GyHKUHUH.
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B kayecTBe BO3MOXKHBIX 0600HICHHH H3J0XKEHHOH TEODHH MOX-
HO paccMaTpHBaTh (QYHKIHH, 3afaHHble Ha NOJAMHOXKECTBAxX NPOH3-
BOJILHOTO METPHYECKOr0 IPOCTpaHcTBAa (CM. MO 3TOMY INIOBOAY HO-
nojHenue 2 K. ra. 12),

3ameuanue, basw B u D mHoxectBa {x} HasHBAlOTCA 3 KB H-
BaJEHTHB MH, ecad 1Js Jjoboro snementa Bs, 6asbnl B Hafi-
aercs takoli asement Ds, 6aspl D, uto Ds, CC Bs, wu ags a060ro
snemedTa Ds, 6asmi D naiimercsi takoil asement Bs,  Gasm B,
uto Bs,C” Ds,. COBOKYNHOCTb  BCEBO3MOXKHBIX  9KBUBAJICHTHBIX
Mexay coboii 6a3 B MHOXecTBa {x} HasbiBaeTcss GHJABTPOM MHO-
xectBa {x}.

Herpynno y6enutbcsi, 4TOo yTBEpKAEHHS O Ipefenax (YHKUHH
no axsusasentroim 6azam B u D cnpasedaussr 00HO8pemenHO.




I'masa 4

HENPEPbIBHOCTb ®YHKLLU U

B nacrogieii raase 6yAeT BCECTOPOHHE H3Yy4aTbCsl BaxKHeHliee HO-
HATHE  MaTeMaTHYeCKOro  aHaju3a — IIOHATHE  HeNpPEpPLIBHOCTH
(YHKIHUH. :

B monosinenun 2 K 1. 12 noHsITHE HENPEPHIBHOCTH OyleT BBEIECHO-
B 0o0mle#l CHTyalluH, KOrja 3aJaHo oToOpaxkeHHe OJHOTO METPHUECKOros
IpOCTPaHCTBA B JApYroe.

§ 1. TOHATHE HENPEPbIBHOCTH ®YHKUHH

1. Onpenesnenne HenpepbiBHOCTH ¢(ynkuuu. IlycTh TOYka a npu-
HaMJIeXKHT -00acTH 3afaHus GyHKUuE f{x}* u Jni006as &-OKPeCTHOCTh
TOYKH @ COHAEPXKHT OTJHUHBIE OT @& TOUKH OOJacTH 3afaHus (YHKLHH
f{x **.

QopMaJbHOE ONpefeJeHHEe HeNpPpepHBHOCTH B
Touke a. Dynxyus f{x} nasvisaercas HenpepuLlsHOLL 8 TOuKe
a, ecau pynxyusn f(x) umeer 8 rouxke a npedea u 3TOT npedes pasew.
yacTrHomy 3Hauenuro f(a) pynxkyuu f(x) 6 Touke a.

Hcnonb3ys onpeneenns npelena (QYHKIHH y=[(X) B TOYKe a IO
leiine n nmo Kown, ME NPUXOJHM K OIpeJesIeHHIO HeIpepbIBHOCTH:
(OYHKUHH B JaHHOH Touke a mo I'efine u no Komwu.

Onpepnenenune 1 (HenpepHBHOCTbL B TOUKEe a4 HO
I'efine). Pynxyun y=[(x) HasvisaeTcs HENpPepoLBROE 6 TO4UKE
a, ecau 0aa aw060i cxodsauelica K @ nocredos8aTesbHOCTU  BHAYEHULE
apeymenTa xi, Xa, ..., Xn, COOTBETCTBYOW,AN NOCACO0BATEAOHOCTL 3HA-
wenuil ynxyuu f(x1), f(%2), .., f(%a), ... cxolurca k yucay f(a).

3ameuaunne 1. Ilo cpaBuenuio ¢ onpegmeneHunem 1 mpegesa
¢yukunu no lefine (cM. m. 2 § 4, 1. 3) B onpeneseHUH HENPEPHIBHOC-
TH 1o [efine Mbl onmycTuau TpeGoBaHHE, 00s3bIBaIOLIEe BCE 3JEMEHTHE
NOCJIeJOBATENLHOCTH {Xn} GBITH OTJIHYHBIMH OT @. DTO MOXKHO CHEJAaTh
B CHJIy TOro, uro JHoGaBJIeHHe K 3JIeMEHTaM MOCJAeN0BATEJLHOCTH
{f(xn)}, cxomsmefica k uucay f(a), q060r0 uhcia HOBHIX 3JEMEHTOB,.
pa;mblx f(a), He HapyWHT CXOJMMOCTH 3TOH IIOCJIEAOBATENbHOCTH.
K f(a).

* 3aMeTuM, 4TO 3TOro He TpeGoBa/loCh, KOTAA MBl DACCMATPHBANH  NPEler
dyukuuu f(x) B Touke 4.

** T. e. ToYKa @ SBJETCA NpeJe]bHOM TOYKOH MHOXKecTBa {x}, Ha KOTODOM
3ajaHa ¢yuknus f(x).
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Onpepenenne 1* (HenmpepHIBHOCTH B TOYKe a IO
Kowu). Pynkyus f(x) HasbieaeTcs Henpepul8HOl 8 TOUKE
Q, ecau 0as 4106020 NOAOHUTEAbHO20 YUCAA & HAUOETCS OT6edaioujee
€M} NONONCUTENABHOE YUCAO § TaKoe, 4TO OAs 8Cex BHAYEHULL apeymer:
Ta X, YyO08AETBOPAIOWUX YCA0BU0 |Xx—a| <8, cnpasedauso Hepasen-
160 [F(x)—F (a) | <e.

3ameyanue 2. I[lo cpaBHeHHIO C omnpeleienneM 1* npeznena
<pysxknun no Komn (cm. n. 2 § 4, ra. 3) B onpelesneHdu HenpepbIBHOC-
T4 1o Komm MH omyctuan TpeGoBaHue, 00s3bIBalolliee Bce 3HAYEHHS
‘apryMeHTa X YJOBJETBOPATb HepaBeHCTBY [x—a|>0, T. e. GHTH OT-
JIAYHBIMH OT @. DTO MOXHO cAeJaTh B CHJY TOTO, 4TO JJIsI 3HAaYeHHH
X=a pa3HocTb f(x)—f(a) paBHA HYMIO ¥ yAOBJETBOPSIET HEPABEHCTBY
1f (x)—f(a) | <e npu awbom >0,

YcaoBue HenpepblBHOCTH (YyHKUHH f(X) B TOUKEe @ CHMBOJIHYECKH
MOXHO BBHIPA3HTb CJAEAYIOIIHM PaBEHCTBOM:

li_{n f(x)={f(a).

Tak kak a=1imx, TO 310My PaBEHCTBY MOXKHO NpPHAATH CJAeAyIO-
X—>a
ayio dpopmy:
lim f (x) = f (lim x).
X X—=>a

—a >

‘CiieloBaTeJIbHO, AJISI HENPEPLIBHOH B TOUKe @ (YHKUMH cuMBOoa  lim

X—a
Opeie/bHOrO IepexoAa M CHMBOJ [ XapaKTePHCTHKH (DYHKIHH MOXKHO
MEHATb MeCTaMH.

V3 Teopembl 06 >KBHBAaASHTHOCTH ONpENEJNEHHI NpeLesbHOTO 3HA-
genuss 1o Ieiine u no Komwu - (cM. Teopemy 3.19 u3 m. 2 § 4 ru. 3)
‘CIeIyeT, UT0 onpedesenus HenpepvlsHOCcTU ¢yukyuu no [eline u no
Kowu (onpedeserusn 1 u I*) 3x8usasenTHYL.

Coopmynupyem Tenepb onpefeeHHe OJHOCTOPOHHEH HempephiB-
‘HOCTH (YHKIHH f(x) B TOUKE @, T. €. HENPEPHIBHOCTH B TOYKE a JHOO
TOJILKO CIIpaBa, AHOO TOJBKO CJIeBa.

Ot mHOXkecTBa {X} 3ajauusi GpyHKuuH f(X) MBl H2 3TOT pa3 JOJXK-
HBl NOTPeGOBaTh, YTOOH 3TO MHONECTBC BKANOUAAO TCUKY G U OAf
2106020 6>0 umenro xora Go. 00UK 3NEMEHT, A2HCQWUL HA UHTepsaise
(a, a+8) [coorsercreenno (a—38, a)].

®opmManpbHoe oONpefejeHHE HEUPSPHIBHOCTH B
TOouYKe @ cunpaBa [caeBa]. Pynxyus f(x) nazsizaerca Henp e-
poLeHOl 8 TO4Ke a cnpasa [caesa], ecau nyaseil [resbui
npeden 37Ol PyHKYUL 8 TOYKE O CYWeCT8YeT U PABEH YACTHOMY 3HQA-
wenuro f(a) ¢pynxyuu f(x) 6 rouxe a. '

Hcnonbsys onpejesieHds npasoro [deBoro] mpeRena  GYHKUHH
f(x) B Touke @ no Tefine n no Kommu, M IpPHAEM X OIpeieeHHAM

HeNpEPHBHOCTH QYHKUUH f(X) B Touke a cmpaBa [cieBa] mo Teifne u
mo Kouru.
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Onpenenenne 2 (HenpepHBHOCTh (GYHKLHH B TOU-
ke a cupaBa [caeBa]l mo Teiine). Pyukyus f(x) Hasbieaercs
HenpepovsHoll 8 TOoO4Ke a cnpasa [cxzeea] ecau  0Oas
A1060t cxofauwelica K a nocaedo8aTeA6HOCTY  3HAXEHUL ap2ymeHnTa
{xn}, 8ce anremenTs. KOTOPOL YAOBAETEBOPAIOT Ycaosuio xn>a [x.<a],
COOTBETCTBYIOWAs NOCAe008ATEeAbHOCTy 3Havenull ¢ynxyuu  {f(xn)}
cxodurca k uucay f(a).

3aMeTuM, YTO B 3TOM OIpEIENEHHH YCIOBHE Xn>>a [¥,<a] MOXKHO
3aMEHHTh MEHEE XKECTKUM YCJIOBHEM Xn.=a [x¥.<<a], ubo nobabJeHHe
K nocienosatedbHocTH {f(Xn)}, cxomsiumefica X f(a), xakoro yroaso
YHCJA HOBBIX 3JE€MEHTOB, PaBHBIX f(a), He HAPYIIHT CXOAMMOCTH 3TOH
NOCIeI0BATENBHOCTH K [(a).

B npumenenuax OoJgee 3pPEKTHBHO YCHOBHE x,>a [x.<a].

Onpenenenune 2* (HenpepHBHOCTh GYHKIUMUH B TOU-
Ke a cupaBa [caesa] no Komu). @yuxyus f(x) rasseieaercs
HenpeposHoli 8 TOuKe a cnpasa [caesal, ecau dra Al0-
6020 NOAOIUTEALHO20 4UCAQ & HaudeTca oTsedaroujee emy noAOHU-
TeAbHOe 4UCA0 § TaKoe, 4TO OAf BCex 3HA4eHull apeymenra X, yoos-
Aetgoparouyux ycaosuw a<x<a+6 [a—8<x<a], cnpasediuso He-
pasencrso

IF(x)—F(a) | <e.

3aMeTHM, 4YTO W B STOM OIpeAeJeHHH YycJaoBHe a<x<a+d .
[a—8<x<a] MOXHO 6niI0 Gbl 3aMEHHTh MEHEee XKECTKHM YCJIOBHEM
a<x<a+6 [a—d<x<a].

IKBUBANEHTHOCTy onpedesenull 2 u 2% gbiTeKaer U3 IK6UBANEHT-
HOCTU COOTBETCTBYIOUUX onpedenenuii npedesa pyrKyul.

Tor dakr, uro yuxkuus f(x) HenmpephlBHA B TOYKe a cHpasa
[cnieBa], 3amuchiBalOT Tak:

Jimf() =/ (@) wn [ @+ 0)=F (@)
[ limf(x)=F (@) um [@@—0) = @)

Sameuanue 3. Ecau pyuxyus [(x) HenpepoisHa 6 TO4YKe @ U
cAe8a, U Cnpasa, TO OHA HenpepuieHa 8 3Tol Touke, I1eliCTBHUTEJNBHO,
B CHJYy VTBEpXKAeHus, mokKaszanHoro B m. 2 § 4 rn. 3, B aToMm cnyqae
cyInecTByeT npenes GYHKUHH B TOYKE d, PaBHBIH f( ).

Touku, 8 KoTOpblX pyHKyUA He 06/uu3aer CB0OUCTBOM HENPEPLLBHOC-
TU, HA3BIBAIOTCA TOYKAMU PA3Pbl8a 370U GyHKYUU.

PaccmoTpuM npumepsl.

1) Cremeunass ¢yHKuus f(x)=x", rie n — HaTypajbHOe YHCJIO,
HenpepbiBHA B KaXAOM TOYKe a GeCKOHeYHOH IpsaAMoOil (—oo, +o0).

JlefcTBUTENBHO, B TJ. 3 OBLIO yCTaHOBJEHO, 4TO npefieibHOe 3Ha-

YeHHe 3ToH (PYHKIHUH B JIOOOH TOUYKe @ OeCKOHedyHOH IIpHMOl/I paBHO
JaCTHOMY 3Ha4YeHHio a’.

§ 3ak. 72
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2) MHorou/ieHH M palUOHAJbHBE APOOH HMEWT B KaXJ0H TOUKe
o6/acTH 3ajaHHa NpelefbHOe 3HAadeHHE, PaBHOE YACTHOMY 3HAUYEHHIO
(cM. n. 3 § 4 ra. 3). IlosToMy OHM ABJSIOTCS HeNpPepHIBHBEIMH (QyHK-
LUAMH B KaxAOH TOyke 06J1aCTH 3aJaHus.

3) @Oyukuus f(x) =sgnx umeer paspuB B Touke x=0 M HENpephIB-
Ha BO BCeX OCTA/bHBIX TOYKaX YHCJIOBOH OCH. [elCTBUTENBbHO, B TOUKE
x=0, KaK GBJIO OKA3aHO B IVI. 3, CYIIECTBYIOT npaBbiii (paBHBEIH + 1)
n aeBbllf (paBHBIE —1) npexensl ¢yHkuuH sgn x. [ToCKOALKY 3TH Of-
HOCTODOHHHE IIpefieJIbl HE pPaBHHl ADYT APYry, OYHKUHE Sgnx B TOY-
ke 0 paspeiBHa (He sIBJIseTCst HENpPEpBHIBHOH). B ocranbHbix TOuUKax
ocH OHa obJsafaeT NpejeJbHbBIM 3HAUEHHEM, PABHHIM HAaCTHOMY 3Haue-
HHIO, U HelpephiBHA.

4) @ynkuua Hupuxiae D(x) (cM. § 4 ra. 3) paspbiBHA B KaxJAO#
TOYKE YHCJOBOH OCH, MOCKOJIBKY OH4 He HMeeT HpPeHesibHOI'0 3HAUCHHSE
HH B OXHOMH TOYKeE.

3ameTHM, OAHaKO, ato QyHKuus [(x) =x-D(x), rae D(x) — PyHk-
nusi Jlupuxie, sBJseTCS HENPePLIBHOA B TOYKe x=0 W pa3pbIBHOK BO
BCEX OCTAaJbHBIX TOUKAaX OeCKOHeyHOH npsiMoi. PaspuiBHOCTD f(x)
B J1I060# TOUKe Xo7<0 yCTaHaBJHMBaeTCsi TOYHO -TaK XK€, KaK JJis (YHK-
uud D(x) (ans mo60i cXoAsilelcs K Xo MOCAENOBATENbHOCTH {Xn}
PauUMOHAJIBHBIX TOYEK COOTBETCTBYIOILAS MOCJAEA0BATENbHOCTb {f(Xn)}
CXOOMTCH K 4Mcay xo7%<0, a aas no0ol cxomsileics K Xg mOCJeZoBa-
TEJIBHOCTH {X,} HPPAUHMOHAJBHBIX TOYEK COOTBETCTBYIOMIAsl NMOCHAEA0Ba-
TeJbHOCTD {f (X,)} cxomuTcs K HYyJI0). . ‘

Yobenumes B TOM, 4ro GYHKIHS [(X) =x-D(X) HenpephlBHA B TOUKE
x=0. Ina moGofi GecKOHEYHO MAJIOH MOCTENOBATEJbHOCTH 3HAYEHHIL
aprymenta {X,} nocuenosareabrocth {D(x.)} orpanuueda, a mnoromy
(B cuay TeopeMmsl 3.3 3 ri1. 3) MOCHEAOBATENBHOCTD f(Xn) =Xn-D (Xn)
siBJisjeTcss 6ECKOHEUHO MaJIOH, T. e. HMeeT mpejiesl HyJb, PaBHBIH yacT-
HoMy. 3HaueHHIO f(0).

Mu 6yzneM rOBOPHTb, UTO (YHKYUS HenpepbsiéHa Ha MHOMe-
cT8e {x}, ecau OHa HenpepoidHa 8 KaXHAOL TOUKe 3T020 MHONECT8A.

Hanpumep, ¢yHkuus, HenpephiBHAsi B KaXk[IOH TOYKE HHTepBaJa,
Ha3bIBaeTCsl HENPEPBIBHOH Ha HHTepBaJe. ‘

Oco6o dozosopumcs naseisars (ynkyuto f(x) HenpepovLero i
Ha ceemente [a, b], ecau oxa nenpepoisna 8 kasdoii enyTpenned:
TOYKe 3TO20 CeZMEHTA u, KPOMe TO020, HenpepeléHa Cnpasa 8 TO4Ke a
It HenpepulBHA caesa 8 Touke b.

Beie, nasas onpejenenue HenpepHBHOCTH GOYHKIHH f(X) B TOuKe
@, MH HAPEANOJOXUIH, 9YTO TOYKa @ o6Jafaer . TeM CBOICTBOM, 4TO
B JI06OH ee e-OKPeCTHOCTH CONEPHKATCH TOYKH OOJNACTH 3afaHHS, OT-
JUYHHE OT 4. POPMAaJLHO 3TOrO MPEANOJOKEHHS MOXKHO 6B GBLIO H
He #enaTh W JONYCTHTb, YTO TOUKA a 00JafaeT e-0KPEeCTHOCTHIO, CBO-
GopHOH OT TOYeK 06JIaCTH 3aflaHusi (YHKIHH, a B caMOH TOuKe @
¢ynkuns onpenenena. B stom ciyuae Qopmanbno byukumio , J(x)
MOXKHO CYHTaThb HeNpepbiBHOH B Touke a. OJHAKO BCH COJAEPIKATENb-
Hasi 4aCThb INOHATHS HENPEPHIBHOCTH (YHKLUMH OTHOCHTCA KakK pas
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K cJydam, Korja a — TpelejbHasg TOYKa o0O6JacTH oONpejelieHus
pyHK1IHY. :

Omnpenenenne HeNmpepHBHOCTH (QYHKLMH MOXHO JaTh H B CJeAy-

" joulel, 5KBHBAaJIEHTHOH (popMe. '

Onpenenenne 1** dyuxyua f(x) Haseteaercs nenpe-
poLeroid 8 TO4KE @, ecau Oas 41000l OKpecTHOCTY TOuKu f(a)
HaUi0eTca TaKkas OKPecTHOCTb TO4KU G, 4TO 00pa3 8Cex TOUEK MHO-
aecrea 3a0anus PYHKYUU, Aexcauyux 8 3TOU OKPEeCTHOCTU TOYKU af
npu orobpaxcenuu, ocywecrsasemom pyuxyueid f(x), yeauxom ae-
HUT 8 YKAZAHHOL OKPecTHOCTU Touku [(a).

B gonoauenny 2 K ra. 12 Gymer nokasado (naxe B Gojee 06-
mell CHTyalHH), 4TO MOCJAefHee OnpejeseHHe HenpephIBHOCTH 3KBH-
BaJIEHTHO npeabiayiuM. IIpeasaraercs B KauecTBe yNpaXkKHEHHs
IPOBEPHTH 3TO.

Hcnonnsys BeenenHoe B § 5 ri." 3 ofiee ompejesaeHne npefedia
¢dyuruun f(x) no G6ase B MHOXKecTBa ee 3afaHHsi, MBH MOXKeM O6b-
€JIMHHTb B OJHOH (DOPMYJIHPOBKE IIOHSITHE HENPEPHIBHOCTH B TOUKE
a, B TOYKE @ ClIpaBa W B TOUKE @ ClieBa.

Iycry dynkuua f(x) 3amana Ha MHOXecTBe {X}, KOTOpOe BKJIO-
YyaeT TOYKY a W jgonyckaer 6a3y B oxHoro us BumoB x—a, x—a-+0,
x—>a—0%,

Oynxuus f(x) HasbiBaeTcs HENPepHIBHOH B TOYKE @, eCJH ee
,}Ipenen no 6ase B MHOXeCTBa ee 3ajaHHs CYILIECTBYeT H paBeH

(a). '
2. ApudMerHyeckue onepanuu Haj HeMpepbiBHLIMU QYHKUHUAMH.
Y6ennmcs B TOM, 4TO apH(pMeTHYECKHE ONepalHH Haj HelpepbiB-
HBIMH (QYHKUMSMH NPHBOAST CHOBA K HENPEPHIBHBIM (GYHKIHSM.

CrnpaBeZiuBa Cjefyiollasi TeopeMa.

OcHoBHasa Teopema 4.1. [Iycre Ha 00HOM u TOM dce MHO-
sicecree 3adansl Pyuryuu f(x) u g(x), Henpepoisuoie 6 Touxe a. Toeda
e [()+e(x).  [()—8(x), [(9-£() n L2 nenpepoiann
8 TouKe a (8 CAy4ae 4ACTHO20 HYMHO OONOAHUTEAbHO TPebosars
g(a)=0).

HlokasateabcTBo. Tak Kak HenpephIBHBIE B TOYKE @ (PYHKIHH
f(x) u g(x) uMeloT B TOYKe @ mpejesibl, COOTBETCTBEHHO DaBHH f(a)
u g(a), To B custy Teopemsl 3.21 u3 ra1. 3 npenensl Qpyukumit f(x) +

+g(x), f[(x)—g(x), f(x)-g(x) un ;—((E;—cymecmyxm M DaBHE COOT-

BETCTBEHHO f(a)+g(a), f(a)—g(a), [(a) -gia) u é({—%. Ho xak pas

3TH BeJMYHHbl PABHBl YACTHBHIM 3HAYEHUSIM NEPEYHCJEHHBIX (DYHKIHM
B touke a. [lo ompeaesenuio 3TH (QyHKUHH HENpepHIBHEI B TOYKe a,
4TO H TPe6OBAJIOCh H0KAa3aTh.

*CMm. § 5ra. 3.
5*
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3. Cnoxnas (GpyHKUMS H €€ HeNPEePHLIBHOCTh, DYHKYUU, NOAYUEHHbIE
8 pe3yabTaTe cynepnosuyuu 08yx UAU HECKOAbKUX (yHkyull, moel 6Yy-
Oem HaswisaTs cAoKHuiMmu. Ilom cynepnosuuumeii aByX QyHKIHUK
MBI OHHMaeM (GYHKIHIO, IOJYYEHHYI0 B pesysabtaTe HaJOXKEHHS HIR
NOC/IeAOBATENbHOIO NPHMEHEHHST YKA3aHHBIX NBYX (QYHKIHH B oIpefe-
JEHHOM TOpAJKe. FCHO, YTO AOCTATOYHO OMpPENEJHThL CJAOXKHYIO (YHK-
IHIO, TIOJYYEHHYIO B Pe3yJsibTaTe CYNEePNO3HLHH TOJBKO ABYX (OYHKIHH.
Yka3aHHBIH aAropuTM MOXKHO OyJeT NPUMeHSTh, Gepsi CyNepNo3HIHIO
Tpex H 60JbLIEr0 KOHEYHOro 4ucaa (QPyHKUHUH.

ITycrs pynxyus x=q(t) 3adana Ha muoocecrse {t}, u nycro {x} —
MHoxcecT80 ee 3Hawenud. Hdonycrtum, 4ro Ha muoxcectse {x} 3adana
pyuxyus y=f(x). Toz0a zosopar, 4To Ha muoxcecTse (i} 3adana
cromnan pynkyua y=Fflo ()] =F(t) uru y=f(x), ede x=o¢(t).

CropaBennuBa ciefymoolias Teopema.

Teopema 4.2. Ilycre ¢pynxyus x=q¢(t) nHenpepoiéHa 8 TouKe a,
a ¢pynxyus y=f(x) nenpepvisna 8 Touke b=¢(a). Toeda ciodxcnas
pynrkyus y=f|o(t)] =F (t) nenpepoisra 8 Touke a.

okaszateabcTBo. [lycrs {f{,} — mnpousBosbHAsi mocjexoBa-
TeJbHOCTh 3HAUEHHH apryMeHTa CJOXHOH (DYHKIHMH, CXOAANIAfica K 4.
Tak xak ¢yHkuusi x=¢ (f) HempephiBHA B TOUKe a, TO (B CHJIy ompe-
JesneHuss 1 HempepbIBHOCTH 1m0 ['efiHe) COOTBETCTBYIOLlAs MOCAENOBA-
TeNbHOCTb 3HAYeHHH OYHKUME X,=q(f,) cxomutcsa K yHcay b=gq(a).
Hanee, nockojpKy ¢yHKuus y=f(x) HempeprBHa B TOuKe b=gq(a)
H JJs Hee YKasaHHas BBIIIE TOCJEIOBATEIbHOCTh {X,}, CXOAAIIASCT
K b=q(a), aBiasercd NOCJENOBATENbLHOCTHIO 3HAYEHHA apryMeHTa,
TO (B CHJIy TOTO Xe ompejeseHust 1 HenpepblBHOCTH mo ['eiiHe) coot-
BETCTBYIOLIast IIOCTENOBaTeNbHOCTh 3HaueHHN  GYHKuuH [(x,) =
=Fl@(t:)] =F (tx) cxomurcs k uncny f(b) =f[p(a)] =F(a).

Hrak, pns mo6oft mocaefoBaTesbHOCTH {f,} 3HaYeHHH aprymeHTa
CHOXKHOH (DYHKUHH, CXOASIleHcd K @, COOTBETCTBYIOINAs IOC/Ae0Ba-
TEJLHOCTb 3Ha4YeHMH caMoi caoxuol  GyHKumHH {F(t.)}=[g(¢:)]
cxonutes K uyHeay F(a)=f[p(a)]. B cuny onpenenenus 1 nenpepsis-
HocTH no lefine ciloXXHas (QYHKUHSA HENpepbiBHA B TOUKe a. TeopeMma
HOKa3aHa.

§ 2. CBONCTBA MOHOTOHHBIX ®YHKIUA

1. MonoroHHble ¢yHKuUMH. BBeaeM NMOHATHE MOHOTOHHOH (DYHKIIHH.

Onpenenenue 1. -Pyuxyus f(x) Hasvisaercs ney6olsaro-
wyeil [HesospacTarmuelil xa muodwcecrse {x}, ecau O a066Lx
X{ U X U3 3TO20 MHOJCECTBA TAKUX, 4TO X1<Xy, CNPABEOALBO HEpaseH-
cr60 [(x1)<f(x2) [[(x1)=F(%2)].

Hey6niBaomue H HeBo3pacTamolime (YHKIMH Ha3bIBAIOT MO HO-
TOHHBIMH (pYHKUHSAMH.

Onpenenenne 2. Pyukyus Hazeisaerca so3pacrarujelt
{ybosarwueill] Ha muoxwecree {x}, ecau Oaa A1066lX X, U Xo U3
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3T020 MHOMECTBA TAKUX, HTO X1<<X; CNpaeediuso Hepasencrsos
Flx) <f(x2) [F(x1)>F(x2)].

Bospacralomue H yOniBaioniue (YHKUHMH Ha3HBAaIOTCI CTPOTro
MOHOTOHHH MH. ,

IIpuBengem mpHMepH MOHOTOHHBIX (DYHKLHH.

1. ®yuxuus. f(x) =x* — cTpPoro MOHOTOHHA, 2 HMEHHO BO3pacTaer
Ha Bcell YHCJIOBOH OCH.

2. PyHKuus y=x? — Bo3pacraeT Ha noayocu x>=0 u yOniBaeT Ha
noayocu x<:0.

3. OyHKUua y=sgnx — HeyOmBamooLlas Ha BCeH YHCJIOBOH OCH.
4. dyuguus f(x)=—l—— y6mBaer Ha MHOXecTBax x<0 u x>0.
X

2. Ilonsatue obpatHoit dynkuuu. Ilycts ¢ynkums y=f(x) sanaxa
Ha cermeHre [a, b], u mycrb cerMeHT [a, B] fBJfETCH MHOKECTBOM
3HayeHHH 310l yHruuu. ITycTs, KpoMe TOro, KaXXAOMY y H3 CETMEHTA
[a, B] cooTBeTcTByeT TONIBKO OAHO 3HAUeHHE X M3 cerMenra [a, b],
a5 koroporo f(x)=y. Torna Ha cermeHnte [a, B] ompenenena QyHK-
Ius, KoTopasi KaxJAoMy y u3 [a, B] CTaBUT B COOTBETCTBHE TO 3Hauye-
Hue x U3 [a, b], ans kotoporo f(x)=y. Dta ¢yHKUUs 06GO3HAUAETCA
cuMBosIOM X=f"!(y) W -HasmBaeTcd 0oO6paTHON JId QYHKIHA
y=[(x).

B npoBefiecHHBIX BHIIE DPAaCCyXIEHHAX BMECTO CErMeHTOB [a, b]
H [a, B] MOXHO 6blJIO OB paccMaTpuBaTh HHTepBaJH (a, b) u (a, B)
HJIM, HalpHMep, cjaydaH, Korja OAMH MJM o6a M3 THX HHTEPBaJOB
npeBpamalTca B 6eCKOHEUHYIO NPAMYIO HJIH OTKPHITYIO HOJYHPSIMYIO.

MoxHo paccMaTpHBaThb M CaMBlii o6uu# ciayuaif, KOraa 3afaHo
orobpaxenne f oaHoro MHoxectBa {x} Ha mpyroe wmHoxecTBO {4},
npuueM otobpaxeHHe [ ycTaHaBJMBAeT B3aHMHO OJHO3HAUHOE COOT-
BeTCTBHE MEXAYy 3JeMEHTaMH 3THX MHOKecTB. Torfa MoXHO omnpeje-
JuTh o6paTHOe oToGpaxkeHHe f~! MHoxectBa {y} ua MHOXecTBO {t}.
B atoM cayuae ypaBHeHHE y=f(x) MOXKHO Pa3DPEIIUTH OTHOCHTENbHO
X, T. €. MOXHO OJHO3HAYHO ONpEJEe/UTb X, 3Hasl JEMEHT Y, H Mbl HMe-
eM x=["1(y).

OrmernM, yto ecm ¥=[~!(y) — obpaTHas QysKRuua aias y=f(x),
TO, OYeBHAHO, PYHKUHUA y=f(X) ABasercs oOpaTHOM A QYHKIHH
x=["1(y). Ilosromy ¢Gyukuun y=f(x) u x=f"'(y) HaspiBaloTCA B3 a-
HMHO o6parubnMu. OueBupuo, uro f[f~1(y)]=y, [~{f(x)]=x.

ITpuBeneM npuMepsl B3aUMHO OGPATHHIX QYyHKIHH.

1. Ilycte Ha cermente [a, b] sagana ¢yuxkuus y=2x. MHOXKeCT-
BOM 3HayeHHH 3TOH OQyuKuuu Oyaer cerMedt [2a, 2b]. Pyuxuus

x=f"1 (y):—g—, onpeneseHnas Ha [2a, 2b], Gymer ob6paTHO# K 3a-

JaHHOH (YHKUHH y=2X.
2. PaccmorpuMm Ha cermente [0, 2] ¢yHRuu y=x2. MHOKECTBO
3HaueHHil 3ToM ¢yHKUMHE ecTb cerMmedT |0, 4]. Ha stoM cermenre on-

pellesena obpatHas K 3afaHHOR QyHKUHMH yHKOHA X=V ¥ .

L3
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3. Paccmorpum Ha cermenTe [0, 1] dyukuuio

X, €CJIM X — pAallMOHaJIbHOE YUCJIO,

y = .
1 —x, ecn x— MppaliOHaIbHOE UHCJIO.

Herpyano y6eautbes, uto 3ajanHas Ha cermeHte [0, 1] dyHKnus
v ( Y, €CIM Y — PallMOHANIBHOE YHCJIO,
| 1—y, ecmu y— mppanmonabHoe unCIIO,
Oyner obpaTHOH K 3aJlaHHOH (YHKUHH.

JloKaxkeM HeCKOJIBKO yTBePXKJeHHII 0 MOHOTOHHHBIX (YHKIHAX.

HauneMm ¢ JoKasaTesjbcTBA JIeMMEl, CNpaBeJJHBOH AJisi JMIO00H MO-
HOTOHHOH (He 06A3aTeJIbHO CTPOIO MOHOTOHHOH) (YHKIHH.

Hdemma. Ecau ¢pynryusn [(x) n8a8€TCA MOHOTOHHOU HQ Ce2MEHTe
la, b], To y Hee cywecTsytoT npasvul u aesvili npedess. 6 a10601
BHYTpeHHell Touke ceemenra [a, b] u, xpome TO20, cywecTeyrOT npa-
sbLil npedea 8 Towke a u Aeaslli npedes 8 Toyke b, )

JlokaszateabcTBoO. [l NOJHOrO J0OKa3aTelbCTBA JIEMMBI JOC-
TaTOYHO JOKasaTh fABa (pakra: 1) cyuiecTBoBaHHe TIIpaBOro mpejesa
B JIIOOOH TOYKe ¢, YAOBJETBOPSIOIIEH HepaBeHCTBaAM a<c<b; 2) cy-
[leCTBOBAHHe JIEBOro npefesna B JI000H Touke ¢, YAOBJETBOPSIOLIEH
HepaBeHCTBaM a<<c<b.

. MBl ycTaHOBHM TOJLKO NepBBIfi H3 yKa3aHHBIX ABYX (akros, 6o
BTOpPOH yCTaHaBJIUBAETCS aHAJOTHUHO.

Ilpn sToM MBI mpoBeJeM BCe pacCyXKAeHHS IS (QYHKUMH [(X),
HeyOhIBalOIield Ha cermenTe [a, b] (ubo a/is HeBo3pacrarouieil QyHk-
IIHH OHH YIPOBOJSITCS AaHAJIOTHYHO).

Hrak, nycts ¢ynkunst f(x) He ybOmBaer Ha [a, b], ¢ — mobas
TOYKa, YAOBJETBOPAIOas HepaBeHCTBAM asic<b. PaccmMoTpum MHO-
xecTBO {f(x)} Bcex sHawenu#t ¢yHKuUwH f(x) /9 sHaYeHHH apryMeHTa
X, YJAOBJIETBODSAIOWIHX HepaBeHCTBaM ¢<x< b. dto muoxectso {f(x)}
Hemycto (B CHJIy TOTO, 4TO ¢<<b) H OrpaHuMYeHO CHH3Y (B CHJy HEyOhl-
Banust QYHKIMHM f(x) AJsd BCex X H3 IoJycerMenra ¢<x<lb cnpasen-
JHBO HepaBeHCTBO f(c)<{f(x), koropoe osuayaer, uto f(c¢) sBAAETCH
HMXHeH TpaHbpI0 paccMaTpHBaeMoro MHoxectsa). ITo ocHoOBHOM Teo-
peme 2.1 1. 2 y paccMaTpHBaeMOro MHOMKECTBA CYIIECTBYET TOUHAS
HHXKHSIL TPaHb, KOTOPYIO Mbl 00G0O3HaYHM CHMBOJIOM v. JOKaxeM, 4TO
3TO YHCJO y H SABJISETCA NPaBhHIM NpejesoM GyHKuuH f(x) B TOuKe C,
T. e. JOKaxkeM, uro y=[(c+0).

®urcupyem npouspoabroe £>0. [To onpenesennio TOUHOH HHUKHEH
rPaHd HaWAeTCs MOJIOKHTEJNbHOE YHCJIO O, He TpeBoCXoAdllee b—c
M TaKoe, 4TO 3HaueHHe (QYHKUHH f(c+8) yHOBIETBOPAET HEPABEHCTBY
fle+d)<vy-+e. . S

Ho Torma B cuay HeyOblBauus (yHkuud f(X) mJA BCeX x H3 HH-
TepBasa ¢<x<c+98 u nomaBHo 'GyjaeT CHPaBeLJHBO HEPaBEHCTBO
[(x) <y+e. Tak KakK, KpoMe TOro, AJis BCEX X H3 YKA3aHHOTO HHTEp-
BaJla CNPaBelJIHBO HEPABEHCTBO y<If(X), TO MBl IOJyYHM, YTO HJIS
BCEX X H3 mHTepBaJa c<x<c+§ crnpaBelJIHBH HEPaBEHCTBA
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V<<F () <y+e nan [y—f(x) | <e,

a 3TO W O3HayaeT (B CHWJy ompeflesleHHs NpaBoro npeiena no Kowmmwu),
9TO YHCJO y ABJAETCS IpaBbiM mpefAesoM f(x) B Touke c. JlemMa fo-
Ka3aHa.

3ameuanne K JeMmMMe. B npeinoJoxeHusix JeMMH IPH yc-
JIOBHH HEYOBIBaHHA f(x) AIs MOGHX ¢ M X, YAOBJIETBOPAIOIIHX COOT-
HOWEHHAM a<c<x¥<b, OyAyT cpaBefJUBH HEPABEHCTBA

fa)<f(c)<f(e+0)<f(x)<f(b), . (4.1)

a AJst JoOHX € H X, YIAOBJETBOPAIOIHX COOTHOIIEHHAM a<<x<c<lb,
OyayT crnpaBelJIUBH HepaBeHCTBA

Ha) <F () <F(e—0) < (e) <F (D) (42)

ITpu ycnoBuu HeBo3pacTaHHs [(x) Bce 3HaKW B HepaBeHcTBax (4.1) ®
(4.2) caenyer 3aMeHHTb Ha NPOTHBONOJOXKHEIE. ,
[lycry, nanpumep, f(x) He yOniBaer Ha [a, b] u a<<c<x<(bh. Tor-
ra f(a)<f(c)<f(x)<f(b). Y3 nocjefHHX HEpaBEHCTB Cpasy ke BHI-
rekaer, ut0 [(a)<f(c)<f(c+0)<f(b). Ona s3aBepuieHus moKasa-
TeJbCTBAa HepaBeHCTB (4.1) caeayer yGemutbes B ToM, uto f(c+0)<<
<f(x)<f(b) ana moboro x u3 noJyunHTepBaja ¢<x< b, HO 310 cpasy
BLITEKAeT H3 TOro, 4TO uHC/I0 y=f(c+0) sBisercs, Kak HOKa3aHO
B JleMMe, TOUHOH HHXKHEH IpaHbl0 MHOXKECTBa 3HayeHHH [(x) Ha moJy-
uHTepBase ¢<x<{b. CrnpaBensuBocTh HepaBeHCTB (4.2) mpoBepsieTcs

aHAaJIOTHYHO.
" JIoKaxeM Telepb TPH. TEOPEMHEl O CTPOrO MOHOTOHHBIX (DYHKUHSX.

Teopema 4.3. Ilycre ¢ynkyus y=f(x) eospacraer (ybeisaer)
Ha ceemente [a, b], u nycro a=f(a), p=f(b). Tozda, ecau mroxe-
cT80M 6CeX 3Ha4enull Gynkyuu y=f(x) asasercs cecmenr [a, B]
(coorsercreenno ceement [B, al]), TO HA 3TOM nocireduem cezmewnre
onpedesena obparnas 0an y=f(x) dynxyus x=["'(y), xKoropas Tax-
ace gozpacraer (ybvi8aeT) HA YKASAHHOM CeeMenTe.

HokaszartenbcTBo. IIpoBeneM Bce pacCyXJIeHHS B NpPeAIOJo-
JKeHHH, 4To. f(x) Bo3pacraer Ha cermMenTe [a, B] (ans yOGwiBawmei
(GYHKUMH pacCyXKIeHHS aHAJIOTHYHBI).

Y6epumcss B TOM, 4TO QYHKUMA y=[(X) yCTaHaBJHMBAaeT B3aHMHO
OJHO3HAYHOE COOTBETCTBHEC MEXKAY CerMeHTaMH a<iy<(b m a<{y<<B.
HeficTBUTEILHO, TO, YTO KaxXkAOMy X H3 [a, b] COOTBETCTBYeT TOJBLKO
OJHO 3HAuYeHHe y H3 [a, B], caemyer M3 CaMOro IOHSITHA (DYHKIHUU
y=f(x), a T0, 4TO Kaxa0oMy y u3 [a, ] COOTBETCTBYeT TOJBKO OMHO
x u3 [a, b], BHITeKaeT U3 Bo3pacraHus QYHKUMH y=f(x).

Y6enumcsi Tenepb, 4TO ecJaH y=f(x) Bo3paeraer Ha [a, b], TO H
x=f"1(y) Takxe Bo3pacraer Ha [a, B]. [Iyctb y1<ys, rme y) u Yy —
Jio6eie aBa uucaa us [a; B]. Torma x;=f"1(y;) <x2=f"1(ys), n6o u3s
HEPaBEHCTBA X¥;—>X; H H3 BO3pacTaHus OQYHKUMH y=f(x) cjenoBaJo
Obl, UTO y1=>Y2, UTO NPOTHBODEUHT HEPaBEHCTBY y;<Ys. Teopema mo-
KasaHa.
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3ameyanune 1. CoBepiieHHO aHAJOTHYHO AOKasbiBaeTca OoJsee
ofuiee yTBepxKIeHue: nycto y=[(x) sadana u sospacraer (yboi.saer)
Ha Hexoropom mHoxcectse {x}, a {y} — mHoxKecTéo 6cex 3Ha4eHUd
aroil pynxyuu. Toeda na muoowecrse {y} onpedesena obparHas 0af
y=f(x) pynxyus x=f"1(y), xoropas rakxe eospacraer (ybvieaer)
Ha yKasanHHoOM MHOMcecTse {y}.

Teopema 4.4. IMycrs pyuxyus y=f(x) eospacraer (uru ybol-
saer) Ha ceemente [a, b], u nycre a=f(a), p=f(b). Toeda Oss TO20,
4robsl  pynxkyus y=f(x) asrssace HenpepolBHOL HA Ce2MEHTE
[a, b], Heo6xo0umo u docrarouro, yrobol aw0b0e HUCAO Y, 3AKAIOYEH-
Hoe mencOy o u B, 6ola0 3naueruem aTOU PyrHKyUU.

JoxazareapcTtBo. Bce paccyxAeHus mposelleM AJd Bospac-
Tatoulell Ha cermenTe [a, b] ¢yukuum, u6o mjas yOHBaroued GYyHKUHH
OHH aHAJOTHYHHL.

1) Heobxodumocrs. Tlycte dyukiust y=7F(x) BO3pacraer u Hempe-
peiBHa Ha cermeHte [a, b]. Tpebyerca mokasatb, uto Jo6oe YUCIO ¥,
yAOBJETBOpsiOIee yCJOBHAM a<y<P, sBJIsgeTCS 3HAUeHHEM YHKUHH
B HEKOTOPOH TOYKe ¢ cermeHra [a, b].

[lyets {x} — MHOXecTBO BCeXx 3HaueHHi#r x u3 cermenra [a, b],
Ana xoTophix f(x)<{y. DTo MHOXKecTBO {¥} HemycTo (eMy mpHuHajJe-
XHT, HallpuMep, TouKa a, u6o f(a) =a<y) W orpaHuHYeHO cBepxy (Ha-
npumep, ydcaoM b). [To ocHoBHO Teopeme 2.1 ni. 2 y MHOXKecCTBa
{x} cymectByeT TOUHast BEpXHSsi TPaHb, KOTOPYIO Mbl 0603HAYHM Uepe3
¢: c=sup{x}. Ocraercs Xokasartb, 4TO f(C) =%.

Crauanra y6edumcs 6 tom, uro f(x)<y daa scex x u3 [a, b], ae-
acauiux sesee ¢, u f(x)>vy dan ecex x ua [a, b], sexmaujux npasee c.

B camom pgene, ecan x<c¢, TO MO ONpeJENIEHHMIO TOUHOM BepxHeit
rpand Ha#jercs x’ H3 NOJNyHHTepBajda x<x'<(¢, NpUHaAJIeXKallee
MHOXecTBY {x}, T. e. Takoe, yto f(x’)<{y. Ho Torma ms Bospacranus
f(x) Gymer BoITeKaTh, uTO H f(x)<y (6o f(x) <f(x)).

Hanee, no6oe x, Jexalulee npapee ¢, He NPUHAANEKHT MHOKECTBY
{x}, a moToMy IJs TaKoro x CmpaBelJIMBO HEpaBeHCTBO f(x)>v.

Tenepp y6efuMcss B TOM, UTO € SIBJIsieTCs] BHYTpPeHHEeH TOYKOA
cermenta [a, b]. Jokaxem, uto c<b. IIpeanosoxum, 4to 370 He TaK,
T. €. JONYCTHM, 4TO ¢=b. Bo3sbMeM /106YyI0 CXOUSAIIYIOCH K C¢=b BO3-
pacralollyio NocJefoBaTeJbHOCTb {X,} Touek cermenrta [a, b]. Tak
KaK BCE ee 3JEeMEHTBl X, Jexar JeBee ¢, TO [(x,)<y Aja Bcex HoOMe-

poB n, a nostomy (B cuay teopemnl 3.13 ra. 3) u limf(x,) <y. Ho
TaK Kak GyHKuus f(x) HempepbiBHa B Touke ¢=b, To limf(x,) = f (b).

Tem cambiM MBI moJyuyaeM HepaBeHcTBO B=f(b)<y, KOTOpOE NPOTH-

BopeuHT ycaoBuio y<f. IloayuenHoe npoTHBOpeuue HOKAa3bIBAaeT, 4TO

c<b. : ‘ ,
CoBeplLIeHHO aHAJIOTHYHO JOKasbiBaercs, uyTo a<C. :
Wrak, n0kasaHo, 4TO ¢ — BHYTPEHHsisi TOUKa cermegra [a, b].
Tenepp aas Toro, 4ro6ul AOKa3ath, 4TO [(c) =y, PACCMOTPHM ABE
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cxoisfllyecs K ¢ C Pa3HBIX CTOPOH NOCJENOBATeJbHOCTH TOYEK CerMeH-
Ta [a, b] — BO3pACTAIOILYIO IIOCIEN0BATENBHOCTD {X,'} B YObIBaIOMYIO
noCAEN0BaTeNbROCTh {X,”}. B cuay Toro, uro ¢dysxuus f(x) Henpe-
pHIBHA B TOUKE C,

lim f () = lim  (x) = (¢)-

C zapyro¥i CTOPOHBI, NOCKOJBKY X, <c<xn” mas awoboro uomepa n,
o f(x. )<y, [(x+”)>y (nns moboro nomepa n). Ho Toraa B cuay
teopeMsl 3.13 : : .

lim (xn) =F (c) < s Jirgi(xi)=f(6) >

T. €. f(¢) =¥.

HeobxoaumocTb nOKa3aHa.

2) Hocrarounocte. Ilycrs dyskuua f(x) Bospacraer Ha CerMeHTe
[a, b], m nycTh ar06G0Oe ymcaO y H3 cerMenTa [a, ] sBAferca 3Haue-
HueM sTofl ¢yHkuuu. JlokaxkeM, uto (pyHKuus f(x¥) HempeprBHA Ha
cermente [a, b]. JlocTaTouHo RXOKa3aTh, uTO f(X) HENpEpHIBHA CpaBa
B J1060H TOUKe ¢, YAOBJIeTBOpAIOUIEH YCIOBHAM a<ic<b, U HemnpephB-
Ha cjeBa B Ji060H TOYKe ¢, YHOBJIETBOPSIOWIEH yCIOBHAM a<c<b.

Mbi  OrpaHHYHMCS J0OKa3aTeJbCTBOM  HENPEPHIBHOCTH CIIpaBa
B J060# TOUKe ¢, YHOBJETBOPSAIOMEH ycloBUSIM a<c<b, u6o BrOpad
YacTb YTBEPXKAEHHUS JOKA3bIBAETCA aHAJOTHYHO,

[IpeanmonoxuM, uro ¢yHkuus f(x) He sBJAfeTCH HeNpephHIBHOM
crpaBa B HEKOTOPOM TOUKe €, YAOBJETBODAIOIEH YCJHOBHAM a<ic<b.
Torma ee npaBbiit mpeneda f(c+0), KOTOpHE CyUIeCTBYeT COIMVIACHO
JIOKa3aHHOH BhILE JieMMe, OyAeT OTJHYeH OT 3HaueHus [(c), u 1o-
3TOMY COpaBeAJIHBbIe B CHJY 3aMeUaHMsl K yKa3aHHOH JieMMe HepaBeH-
crBa (4.1) mpuMyT BHA

a=f(a)<f(c) <f(c+0)<F(x) <[ (0) =8 (4.2)
(mnst Bcex x M3 moJyuHTEpBasNa c<Xx<h).

Hepasencrsa (4.2") osnauwalor, 4To cojepxamuiica B [a, B] HH-
tepBan (f(c), f(c+0)) He comepxut smaveHu#t ¢pynkuuu f(x)* a ato
HPOTHUBOPEYHT TOMY, UTO JI060e uucyo y u3 cermenra [a, B] aBnsercs
3HaueHneM 31o# ¢Qyukuuu. Teopema 4.4 TONHOCTBIO JOKa3aHa. |

Teopema 4.5. ITycro ¢pynxyus y=f(x) sospacraer (y6oieaer)
u HenpepvieHa Ha cezmenre la, b], u nycre a=f(a), p=f(b). Toeda
Ha ceemente [a, B] (cooreercrsenno na ceemenre [P, a]) onpedese-
Ha obpatnas 041 y=[(x) pynkyua x=[-'(y), xoropas seo3pacraer
(y6biBaeT) u HenpepylsHa HO YKA3AHHOM CeZMeHTe.

KpaTko MOXKHO CKa3aTh, 4TO M3 CTPOrOfi MOHOTOHHOCTH H HeIpe-
pbIBHOCTH Ha cerMeHTe ‘[a, b] HNaHHON (YHKUMH BHITEKAIOT CYIIECTBO-

* B camoM jfene, A8 X<C 3HadeHue f(x) ymoBJeTBOpsier HepaBeHCTBY f(x)<g
<f(c) (B cuny BospacrarHg QYHKIMH), a AJa X>>¢ 3HaueHHe f(X) .yAOBJETBOpHET
HepaseHctBy f(c+0)<f(x) (B cuny (4.2°)).
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BaHuWe, CTPOrasi MOHOTOHHOCTb H HEIPEPHIBHOCTb Ha COOTBETCTBYIOLLEM
cermente o6paTHOH QYHKLHH.

HoxkasarteancTBO. IIpoBelileM Bce paccyxHeHHs HJs Bo3pac-
Talome# QyHkuuu, H60 a5 yObBawomed (QYHKOHH OHH NPOBOJSATCH
aHaJIOTHYHO.

Tak xak f(x) Bospactaer H HenpepHBHa Ha cermeHre [a, b], To
B CHJIy HeOGXOZMMOCTH TeopeMbl 4.4 MHOMXECTBOM BCeX 3Ha4YeHHH 3TOH
oyukuuu siBasgerca cermenT [a, B]. Ho torma Teopema 4.3 oGecrneuu-
BaeT CyIIeCTBOBaHHE HAa S5TOM CerMeHTe Bo3pacTamlleli oO6paTHOM
¢ynrnur x=f"'(y). OcraeTcs HOKa3aTb HENPEPHIBHOCTb YKa3aHHOH
obpatHoit ¢yHKUHH Ha cermente [a, B]. [das srtoro JOCTAaTOUHO
yYeCTb, YTO MHOXKECTBOM BceX 3HayeHHH o6paTHOH QYHKUHH x=["!(y)
cayxur cerment [a, b], rme a=f"1(a), b=f"'(B), u Hcnoian30BaTh
AJ1si 3Tof o6paTHON (YHKUHH JOCTaTOYHOCTh TeopeMhbl 4.4. Jlokasa-
TEJbCTBO TeopeMH 4.5 3aBepleHO.

Sameuanue 2. Mox#HO nokasarsb, 4TO U3 CYuecT808aHUA 006-
patrold pynkyuu 0ra  pynkyuu f(x), Henpepeisnol Ha ceemenTe
[a, b], caedyer, uro f(x) cTpO20 MOHOTOHHA HG 3TOM CezMeHTE
(cM.'m. 2 § 6 HacTosmIeH rJ1aBHI).

§ 3. MPOCTEAUIHE 3JEMEHTAPHBIE ®YHKUHH

IlpocrefiiiHMH 3JeMEHTapPHBIMH (PYHKUHSMH, KaK yXe OTMedaJsoch,
'0OBIYHO HA3HIBAOT CJeAyloIiHe (QYHKHHH: y=x% y=a* y=logax,
y=sinx, y=cosx, y=tgx, y=ctgx, y=arcsinx, y=arccosx, y=
=arctg x, y=arcctg x.

Hamreii ocHOBHOH HeJbI0 SIBJSIeTCS H3ydYeHHe Bolpoca o0 ompefe-
JIEHHH M HeIpephIBHOCTH NPOCTEHHIMX 3JieMeHTapHHIX ¢yHkuuii. Cie-
IyeT 3aMeTHTh, UTO BONpOC 06 ONpeleNeHHH NpPOCTEHIIMX 3JeMeH-
TapHblX QYHKUHH naneko He mpocT. Tak, Hanmpumep, mNOKasaTe/bHas
GYHKUHA y=a* Jerko Moxer ObITb OmpelesieHa MAJIS pallHOHAJbHBIX
3Ha4YeHHH apryMeHTa X, BMecTe ¢ TeM 3Ty GYHKIHIO CAeLyeT onpeie-
JHUTb JJIs1 IPOM3BOJIbHBIX BEHIECTBEHHBIX 3HAYeHUH X, T. €. CIEeAYeT Ofl-
pelleJIuTh BO3BeJeHHE BeleCTBEHHOro YHCJIa B JIIOOYIO BEIleCTBEHHYIO
creneHb x. Jlanee, onpefejieHHe TPUI'OHOMETPHYECKHX (YHKIMH sin x
H COS X C NOMOILBIO HAIVISAHHIX T€OMETPHUYECKHX COOOpaKeHHH HMMeeT
Joruueckuid npobes. Bo3MOXKHOCTD ONPENEJNHTb 3TH (QYHKIHH [AJA
BCceX BelIeCTBEHHBEIX 3HAYEHHH apryMeHTa X CBOJUTCH K BO3MOXKHOCTH
YCTaHOBJIEHHS] B3aHMHO OJHO3HAYHOTO COOTBETCTBHS MEXAY TOYKAMH
eIHHHYHOH OKPYXKHOCTH H BCEMH BELIECTBEHHBIMH YHCJIAMH IIOJycer-
menta [0, 2x). ;

Bcemu sTEMH BONpOCaMH MHl H GyAeM 3aHHMAaTbCf B HACTOSLIEM
naparpade.

1. TMokasarteabHas ¢yHxkums. HauneMm Halle paccMOTpeHHe ¢ ompe-
JleJIeHHs] pallMOHAJbHBIX CTeNeHel NOJOXHTENbHBIX umcea. duas Toro
4yTOOBl BO3BECTH JI00OE BelleCTBEHHOE UHCJO X B LEJYIO NOJOMKHTEJb-
HYIO CTeNeHb n, CIeAYeT YMHOXKHTh TO YHCJIO X caMoO Ha cebs n pas.
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CJefloBaTeNbHO, TIPH LEJAOM A MBI MOXEM CUHTaTb ONpele/eHHOH
CTENEHHYI0 (YHKUHIO y=Xx" HJs BCeX BCLICCTBEHHBIX 3HAUYCHHH X.
YcraHoBHM HEKOTOpPHE mpocTefiine ¢BOHCTBA 3TOH (YHKUHH.

Vreepxaenue l. Crenennas pynxyus y=x" npu x=0 u ye-
AOM NOAOHCUTEALHOM N 803DACTAET U HENpPepouleHa.

HdokasaTteabctBo. IlokaxeMm, uTo (YHKUHSA y=Xx" BO3pacra-
er. Ilyete 0<<x <xp. Torma xp"—x "= (Xg—x1) (x2" 1+ %272 X1+ ...
..tx1771). O6a COMHOXHTENd B NpaBoOi 4acCTH, B COOTBETCTBHUH C BHI-
6OpOM 3HaUEHHH Xy H X|, MOJOXKHTeNbHHL. [109TOMY NOJIOXKHTEJIbHA H
JieBasg 4acTb PaBEHCTBAa, T. €. Xy">x;", a TO O3HAYaeT BO3paCTaHHeE
dyHRIHKM y=x" npu x=0.

HenpeprisHocTs QyHKIMH y=x" B MI060H  TOuke 4 OECKOHEYHOH
npamofi (—oo, +0o0) O6bLIa ycraHoBJeHa B npuMepe 1 m. 1 § 1 nHac-
TosilleH ryiaBHl. YTBepxKIeHHe 1 goKa3saHo.

- Paccmorpum crenerdyio QyHKuuio y=x" Ha cermente [0, N], rze
N — n1060e nosnoxurenbHoe yuca0. Tak Kak 3Ta GyHKUHS HelpeppiBHA
M BO3pacTaeT Ha yKa3aHHOM CerMeHTe, TO B CHJAy TeopeMbl 4.5 OHa
uMeer Ha cerMeHTe [0, N”] Bo3pacTramwuiyio H HeNpepHBHYI0 06paTHYIO
GYHKIHIO, KOTOPYIO MBI 0603HauuM uepe3 x=y'/?, [Tockonbky N mMoxK-
HO BBIOpaTbh KakK yrofHo 6oJblIHM, TO H N” TakkKe MOXHO CHeJaTh
CKOJIb yroaHo GosibuM. CraepoBatenbno, GyHkuus x=y'/* onpenee-
Fa JJs BCeX HEOTPULATENbHBIX 3HaueHuil y. Meusig mius atol ¢QyHK-
uuu obo3HayeHHe apryMeHTa y Ha X, a o0o3HayeHHe GYHKUMH X HA Y,
MBI MOJYYHM CTeNeHHYI0 (QYHKIHIO y=x!/" onpeleseHHYIO AJsi BCEX
BellecTBeHHBIX x=0. .

Tenepb MBI B. COCTOSHHH ONpEREJHTH JIOGYI0 pallHOHAJBHYIO CTe-
IieHb 7 NOJIOXHTEJbHOro yneaa a. OnpejesnuM, npexiae Bcero, al/? xak
BellleCTBEHHOe YHMCJO b, paBHoe 3HaueHHIO GyHKUUH X!/" B TOUKe a.

m
Ila.nee, €CJIH r-—~7, rgpe m U n — 1LeJble TIOJOXKHUTEJIbHbIE = YHCJIa,

TO Mbl HOJJIOZKHM
' m

a’=a" = (a'mm.
KpOMe TOTrO, NNOJOXKUM 11O OHpeILeJIeHHIO

a’=1, a7’ = (_;-\)r npu r > 0.

\

Tem cambiM, MBI ONpeJeaH/IH JIOGYI0 PALHOHANLHYIO CTENeHb MOJIOKH-
TeJbHOr0 BELEeCTBEHHOTO YHCJA 4.

BrinosHAOTCS  CJAeAyIOLlHe CBOHCTBA PAlHOHAJLHOH CTENEeHH MOo-
JIOXKHUTEJbHBIX BEUECTBEHHBIX YHCEJ:

(a7)s=a"s, a"-b"=(a-b)’, a -as=arts. (%)

HokaxeM cHayaJla CIOPaBeJJHBOCTL NEPBOrO  CBOHCTBA ().
m

. =
3ameTHM, YTO IIPH LEJOM MOJOXKHTEJIBHOM p paBeHCTBO (a )" =
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m-p
=a", B KOTOPOM INOJ M H 71 NOHHMAIOTCA JIOOHE LeJbie NOJO-
XWTe/JbHbIE YHCJIA, 3aBelOMO CIpaBefJHBO, 60 KaK JieBaf, TaK H
npaBas 4acTH 3TOTO PAaBEHCTBA PaBHBI NIPOH3BEJEHHIO 4YHCIa al/»
camoro Ha cebst m-p pas.

m m

Momaras r=-—%-, s=-—>, IOKaXeM paBeHCTBO (a7)S=a"s
ny na

B CHTYauU¥H JIOGHX IOJOXKHUTEJIbHHX palMOHAJbHHIX r K S. IloJo-
my m, my-My

KM ¢ =(a™™, cy=a™™. Ecim 66 c; 6HIO OTIHYHO OT Co,

TO M3 BO3pACTaHHUsi CTENEHHOH (YHKUHH y=x"* cJefoBajJo Oul, YTO
H C™ 550" a NocJefHee COOTHOUIGHHE, B CHUJIY yXKe JOKa3aHHON
: m m-p

cnpaBeIHBOCTH paBeHctBa (a”)’=a " mnpu uenaom p, osHauano
T Tiyme '
651, yT0 (a™)™=s=2a ™ . TlosydueHHOE COOTHOUIEHHE NPOTHBOPEUHT
yXe MOKa3aHHOMY HaMM JJISi LeJbIX MOJNOXHTeNbHBIX My, n; H Mg
y G
paBsenctBY (@™)=a ™ . Tem caMbIM ¢;=Cy, ¥ MepPBOE PABEHCTBO
(*) noxasaHo mjsi JMIOGHIX NOJIOKHTENbHBIX PAalHOHAJBHEIX 7 H S.
PacnpocrpaneHse 3TOro paBeHCTB2 Ha HENOJOXKHMTEJbHBIE I H S
He MpeACTaBJseT TPYAa B CHJY Halllel XOrOBOPEHHOCTH O TOM, 4TO

a=1, a—r=-L npu r > 0.
ar

Bropoe paBeHCTBO (%) Takike KOCTATOYHO AOKA3aTh AJIA I OJI O
KXHTEeJbHOTO panuoHaabHoro r. [Ilomaras 310 r paBHBEIM
m/n, Tie m U n — LeJble NOJOXHUTEJbHbIE YHCJIA, 3aMETHM, 4YTO
HaM JOCTATOYHO JA0Ka3aTb PaBeHCTBO al/?-bl/a=(a-b)V/" u6o me-
PEMHOXKEHHEM m TAaKHX PaBeHCTB OyJeT J0Ka3aHO o6liee COOTHO-
meHne a"-b"=(a-b)’. :

s pokasartenbcTBa paBeHcTBa al/m-bl/n=(a-b)!/n 3zameruM,
YTO B CHJIy CBOHCTB B3aMMHO OOpaTHHX (QyHKuHH y=x!/" yu x=yn
MBH MOXeM yTBepxAath, yro (b/*)r=b, (al/*)r=a, ((ab)V/")n=
=ab. Iloatomy, noJIOKHB ¢y=al/"-bYn co=(ab)/" u npemnonaras,
YTO C154C, MEl NOJYYHJH GBI, 4TO €1"~Co", YTO NPOTHBOPEYHT pa-
BEHCTBY a-b=ab.

IokaxeM Tenepb nocjefHee CBOHCTBO (%), y4HTHIBAaf, 4YTO

m m
HepBhle XBa yxe AOKasaHu. Ilyerh r=-—%, s=—2, trorga r=
a1y

m ’ ny
_ Mmy-ny
= » 8= » H MBI IIPHXOAMM K CJeAyIOllleMy DaBeHCTBY:
Ny g1y

1 ' 1 1

ar a8 = (anv n,)m,- n, 5 (anl- nz)mggn, — (anr ﬂz)mn-"ﬁ—mz'n,,.

(TTocaienHee paBeHCTBO CIpPaBeJINBO, TAaK KAK MyMfy H My Ny —
LeJble yucaa.)
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Takum o6pasom,
my-Nytmy-ny my ms
a'-a‘ =a ny-fg — a"l A __ ar+3,
4yTO U TpebOoBaJOCh.
IIpu a>1 u payuonassrom r>0 cnpasedauso HepaseHCcTEO
a>1.
m
B camom pmene, nycts r=-— u @"=a™" 1. [lepemHoxas mnaqr
n

YJICHHO 7 YKa3aHHBIX HEPaBeHCTB, noayduM a™< 1. Ho sto HepaBeHcT-
BO NIPOTHBOPEYHT HEPABEHCTBY a™>> 1, NOJYUYEeHHOMY NOYWIEHHBIM Hepe-
MHOJXKEHHEM 1M HepaBeHCTB BHZa a> 1.
m
OTMeTHM TaKXKe, , UTO €CJH palHOHaNbHasi JpOOb r==— HMeeT
: Q

HEUETHHIH 3HAMEHaTedb 71, TO OHpeJeJieHHe pANHOHAJbHOH CTeNeHH
MOXKHO DaclHpOCTpaHHUTb M Ha OTpHULATeJbHBle YHC/JAA, MoJarasgs NpH
a>0, uto

(—a)"=a’, ecniu m uerHoe,
(—a) =—a’", ecau m HeueTHoe,
Y6enumcss B TOM, UTO @ynkyus y=a* npu a>>1, onpedesennan

HAMU HQ MHOMCECTBE DAYUOHAAbHOIX 4HlUcesr, MOHOTOHHO 603pacraer
HA 3TOM MHOXMCecrse.

ﬂeﬁCTBHTe.ﬂbHO, nyCcTh 7y K r2 — JBa palAOHaJNIbHBIX YHCJa TAKHX,
4yto ry>ry. Torga

ar—ah =an(anri—1), (4.3)
Tlockonbky ro—ri>0 w a>1, T0 (B CHJIYy YCTAHOBJIEHHOrO BhIIIE)
a~">1. Takam obpasoM, npaBasi 4acTb paBeHcTBa (4.3) mouo-

xureabHa. CJenoBaTeNbHO,

ar—an >0, T. e. a= > an,
YTO H TPe6OBaJOCD.

OnpegennM, HakoHell, GYHKIHIO y==a* He TOJBKO AJISl PAalHOHa/b-
HEIX 3HaYeHWi#l ¥, HO U A% JIOOHX BE€IMEeCTBEHHB X 3HAYe-
gau . Ilycte ¥ — NpOH3BOJIBHOE BEHIECTBEHHOE UHCIO. PaccMoTpum

BCEBO3MOXKHBIC pallMOHAJIbHBIC YHCNIA A H B, YAOBJIETBODAIOLIHE HEpa-
BEHCTBaAM

a<lx<B. (4.4)

Onpedeaum a* npu a>1 kKax sewyecTéenHOe 4uCAO Y, YOOBAETEOPALIO-
uiee HepaseHcTsam

< y<a® (4.5)

apU BCEBO3MONMCHBIX PAYUOHANBHOLX o u P, yoosaeTsOpArOWUY Hepa-
sencream (4.4).



142 T'a. 4. HenpepriBHOCTD. GYHKIHK

OxaspiBaercsi, 4TO TaKOE YHCJO y CyLIeCTBYeT M INPHTOM TOJBKO
onno. CaefoBaTeNbHO, TAKUM NyTeM (YHKUHSI y=a* GyleT OIpeiese-
Ha Ha MHOXECTBe BCEX BeleCTBEHHBIX X.

MBI nokaeM, 4TO 3Ta (YHKIHS BO3pacTaeT M HeNpepbiBHA Ha
BCeli BellleCTBEHHOH npsiMoii. DTH pe3yJ/bTaThl COJepKaTtcsd B AOKashi-
BaEMbIX HHMKE YTBEPXKACHHUSAX.

YTBepxpaeunue 2. [aa 21066lx PUKCUPOBAHHLIX BeULECTBEHHOLX
yuces x w a>1 u B8CeBO3MOICHOLY PAYUOHAAbHBIX 4ucer o U P, y0os-
aergoparouwux Hepasercrsam (4.4), cywecrsyer u npurom eOUHCTEEH-
Hoe eseujecTéenHoe 4ucao Yy, yoosaersoparouee Hepasencrsaxs (4.5).

HokasateabcTBo. [loKaxkeM cHayajia CyIecTBOBaHHE TaKOro
ypcna y. OHKCHpyeM IPOM3BOJLHOE pailHOHaJIbHOE YHCJIO0 f, yAOBJeT-
BOpAIOLIEe IIPaBOMY HepaBeHCTBY (4.4), H PaCCMOTPHM BCEeBO3MOXKHEIE
palHoHa/ibHbIE YHCJIA @, YHAOBJIETBOPSIOIIHE JIEBOMY HEDaBeHCTBY
(4.4). Tak kak a<p H moKa3aTeJbHass (YHKUHsS, ONpeAcJeHHas Ha
MHOXKECTBE palHOHAJbHBIX uMces, Bospacraer, To a*<a’. Takum 06-
pasom, MHOXecTBO {a®} orpaHHYeHO CBepxy, H uHcJIo -a@® sBasercH
ONHOH H3 BePXHHX TIDaHe# 3T0ro MHOXKecTBa. M3 ocHOBHOMH
TeopeMH 2.1 clefyeT, YTO MHOXKeCTBO {a*} MMeeT TOUHYI0 BEpXHIOIO
rpaHb, KOTOpPYI0 MH 0603HaurMm uepe3 y. Ilokaxkem, 4TO Yy yJAOBJIETBO-
psier nepaBeHcTBaM (4.5). M3 onpenesenuss BepXHeH TpDaHH BHITEKaeT
CIpaBeJUIMBOCTh JIEBOrO HepaBeHcTBa (4.5), a cnpaBeAJuBOCTh Ipa-
BOro HepaBeHcrBa (4.5) BbITeKaeT H3 TOro, 4ro a® — oXHa H3 Bepx-
HHX rpaHeil, a y — TOUHas BepXHsis IPaHb MHOXKecTBa {a%}.

IlokaxeMm Terepb, UTO TaKOe YHCJIO y TOJBKO oAHO. JlocTaTouHO
Jl0OKa3aTh, 4To IJs Jwboro >0 HalgyTecs Takue palHOHaJbHbIE
YHCia ¢ H B, YAOBJETBOpsiloluMe HepaBeHCTBaM (4.4), MJst KOTOPHIX
af—a*<e. Torga mo6ble ABa 4HCJIA y; H Y2, YAOBIETBOPAIOLINE Hepa-
BeHcTBaM (4.5), 06si3aHEl COBNACTb, TaK KaK Pa3HOCTb MEXAY HUMH
IO MOAYJIO MeHbLIe JMI060ro Hanepes] 3afaHHoro gucnaa e>0.

dukcupyeM IpPOH3BOJbHOE IOJOXHTEJbHOE YHCAO & H HEKOTOpoe
palHOHAJIbHOE YHCJIO Po, ynoanemopmomee ApaBOMYy HEpPaBeHCTBY
(4.4). Torpa tak xak a*<af, to

aPf—a*=a*(aF*—1)<labo (a*—*—1).

HepaBencrBo af—a®*<e Gyaer AOKasaHO, €CJIH MBI YCTaHOBHM BO3-
MOXHOCTb Bb160pa B HepaBeHCTBax (4.4) TaKHX PalMOHAJBHHIX o H-f,

yro ab—*—1 < ﬁ
aO

B rai. 2 6b0 JOKa3aHO, YTO JJst JIOGOr0 HaTypasbHOTO i MOXKHO
BHIGpaTh pauUHOHAJbHBIE YHCJIA ¢ H f§, VIOBJAETBOPSIOUINE HepaReHCT-
Bam (4.4), Tag, 4To pasHocTb P—a Oyxer MeHbuwe 1/n. Takum o6pa-
30M, JOCTATOYHO [0KasaTh, YI0 CYLIECTBYeT TAaKOe HaTypaJbHOe 71,
4TO

atn —1<L

aBo
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Ilycrs al/7=1486,. Taxk xax a'/*>1, To 8, moNOXKHTEJILHO. VcnoNb3yA
nepBble JBa uieHa O6uHoMa HbroToHa, MBI MOJYYHM, UTO

a=(aV/n)r=(1+48,)">1+n-8,.

a—1 a—1

Ochna a—1>n-8q, T. €. 0« 5, < 3uauur a'/» —1 < -
n

Brifepem Temeph HaTypasbHOEe A YAOBJETBOPSIIOIIAM HEPABEHCTBY

— — .gPe —1
a1 <——-S— WM n >—(Cf—l)a— . Torpga  a'» —1<K = < ——8—,‘,
n aﬁo a aﬂo

& n
U JI0Ka3aTeJbCTBO OAHO3HAUHOK ONMpPeleJeHHOCTH YHcJa Y, YAOBJIETBO-
pamouero HepaseHcTBaM (4.5), 3aBepluieHo. YTBepXJeHHe 2 JOKa-
3aHO.

3aMeTuM, YTO €CJIH X — palHOHaJbHOE YHCIO H a* — 3HaYeHHe
B TOUKE X HOKas3aTelbHOH (YHKIMH, NMEepBOHAYAJbHO OINpeResIeHHOH
JIMUIb HAa MHOMKECTBE PAlHOHAJbHBIX UHCEJ, TO a* U SBJSCTCH TeM
€MHCTBEHHBIM YHCJOM Y, KOTOpOe YIOBJAETBOPSET HeDaBeHCTBAM
(4.5). '

YrBepxpenue 3. Ilokasaresvras ¢pynxyus y=a* npu a>1
so3pacraer Ha eceil 6ecKoHeuHoll npamol.

JokazareabcrBo. Ilycth X1 U X — Ji00He IBa BelleCTBEH-
HEIX 9HCJIa Takue, uro x1<Xe. Bcerga CyIIeCTBYIOT paliHOHAJbHBIE
gucia ¢ " f Takue, yTo X;<a<P<xy (cM. gemmy 2 § 3 ru. 2). Tak
Kak x1<a U f<X3 TO HO ONPENeNEeHHIO NMOKa3aTeJbHOH (DYHKIHH BHI-
MoJIHeHB! HepaBeHCTBa a* < a%, ab < ax. C JAPYTO# CTOPOHBI, TakK
Kak a<f,, To H3 BO3paCTaHHs NOKA3aTeJbHOH (PYHKLIHH Ha MHOMKeECTBE
panHOHAJBHBIX YHCEN BbITeKaer a*<(af. ComocraBisisi HepaBeHCTBA
an<a% a*< a® ua® <a®™ u ucnonbays CBOHCTBO TPaH3HTHBHOC-
TH 3HaKOB > H =, IOJIyUHM, yTO a* <.a*, a 3TO W JOKa3blBaeT BO3-
pacranue QyHKUUU a*. YTBepXKAeHHe NO0Ka3aHO.

YrBepxkneuue 4. [lokasareavras ¢yuxkyus y=a* npu a>1 as-
ASETCs Henpepouleroll Pynkyuell 8 1000l TOuKe BECKOHEYHOl nPaAMOL.

Hokaszarteabctpo. IlycTh x — DpOH3BOJBbHOE BELIECTBEHHOE
yucao, a {x,} — Jmiobas cXoAdAMmasncs K x MoCaAeJoBaTebHOCTh, B cuiy
onpezesieHns HenpepelBHocTH no [efiHe mocraToyHo JoKazaTh, UTO

ans moboro >0 cymecTsyer takoit Homep N, uro |a'n—af| < e
1pu Bcex n>=N. DurcupyeMm npou3BosabHoe £>0 M MO HeMy pauHoO-
HaJbHBIE YHCJIa @ H B Takue, yTo a<x<P H a*—a*<e. BosMoxkHOCTH
¢uKcHpoBaTth 1o JoboMmy £>0 Takue palHOHaJbHEE YHCIA o H P
Obla ycraHosJeHa B yrBepxueHuH 2. [lockoabKy mnocsenoBaTesb-
HOCTb {X.} CXOOHMTCH K X H a<x<fB, TO CymecTByeT Takoil HOMep N,
uyro npu Bcex n=N cnpaBelJIMBH HepaBeHCTBa a<x,<p. Tak Kak mo-.
KaszaTejbHas (DYHKIHS MOHOTOHHO BospactaeT, To a < a* < ab, a* <

<L a™ < aP npu Bcex n>=N.

Taxkum o6pasom, oba uucnaa a" ua* pu n2=N 3aK/TIOUeHB MeXK-
Iy ABYMSI WHCJIAMH a® W af, pasHOCTh MeXAY KOTOPHIMH af—a* MeHb-
me e. Orcionga cienyer, 4to npu n>=N CHpaBelJIHBO HEPaBEHCTBO
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la™n —a*| < &, KkOTOpOe M NOKa3bHIBAET HENPEPHIBHOCTH INOKa3aTelb-

HOH (YHKUMH B NPOU3BOJBHOH TOUKE Xx. YTBepxkIeHue 4 J0Ka3aHO.
TlonyyuM Tenepb HEKOTOpBIE CJAECACTBHS M3 HOKa3aHHHIX CBOHCTB

nokasartesbHOH ¢yHKuuH. Ilpexxjae Bcero samerum, uro ecan 0<a<l,

TO a=%, rae b>1. IToatomy ¢dyHkuuio y=a* npu 0<a<l MOXHO

ONpenesiuTh Kak (pyHKIHIO y%b“” npu b=L > 1.
a

CnenctBue 1. [lokasareasvnasn ¢yuxyus y=a* npu a>1 noao-
WuresbHa (nNpU 8cex 3HAYERUAX X).

Ecin x — npoH3BOJbHAA TOYKA YHCJIOBOH OCH, a r — palHOHalb-
HOe YHCJIO TaKoe, uTo r< X, TO NO ONpeleJIeHHIO NOKa3aTeJbHOH (yHK-
UM HAa MHOXKeCTBe PAaHMOHAJbHEIX uuaces a’>0, a no yTBepxIeHHIO 3
a*>a" upu a>1. CaenoBarenbHo, a*>0.

Canencreue 2. Ilokasareavuas pynkyua y=a* npu a>1 ydos-
aersopsaer ycaosuam: lima®*=0, lima*= + oo.

n-»—ow X4} c0
B camom jene, Tak Kak a>1, o a=1+8§, rae §>0 u a"=
= (146)">nd. CaemoBarensHo, lima®= +oco. B cuily MOHOTOH-

n—>w

HOCTH (QYHKUHH y=a* nojydaeM, uTOo H lima*= -} oo. Tak KaK
X+t

1 . i .
a"*=— 10 lima—"=0, u nostomy lima*=0.

an n—+w X+

CnepncrBue 3. 3nHauenus Qyuxyuu y=a* npu a>1 3anosnawT
BCI0 NOAONHCUTEAbHYIO noaynpamyio y>0. ‘

HeificrBuTenbHo, 10 cJAeACTBHIO 1 QYHKUHS y=a* npUHUMaeT
TOJIbKO IIOJIOXKHTEJbHEIE 3HAUCHHSA, a MO CAEACTBHIO 2 OHa NPHHHMAaeT
KaK CKOJb YTOJAHO MaJibie, TaK H CKOJIb YFOAHO OOJIbILHE NOJOKHTEJbe
Boie 3HauyeHus. M3 HenpepHBHOCTH H CTPOrofi MOHOTOHHOCTH a* H H3
TeopeMHl 4.4 BBITEKaeT, 4TO JI060€e NOJOXKHTENBHOE YHCIO SBJSETCS
3HaueHueM (pyHKLIMH y=a*.

Canencreue 4. [Jaa a100blx BEWECTBEHHBIX HUCEA X| U X2
cnpasediusel COOTHOUWEHUS

(axn)xz =qg* %, ghbh = (a- b)’ﬁ’ a*i. q¥s = gxrt®s,

B camom Jmene, 3TH COOTHOWEHMs yXKe OLIIM YCTAHOBJEHH HAMH
IJIs1 PallMOHAJbHHX nokasarenell. OTciofa BHTEKaeT CHPaBeAJHBOCTD
WX H JJ5 NPOU3BOJBHEIX BEIECTBEHHBIX NOKasaTeseH. Y6efuMmcs, Ha-
npuMep, B CHOPaBeJHBOCTH TNepBoro cootHowmenus. Ilycrs {r',} ®
{r/’} — rmnocaefOBaTEJbHOCTH pauHOHaJIbHBIX YHCeJi, CXOAsIliHecs co-

OTBETCTBEHHO K X; U X2 Torza (a ")"—a" n, Ilepexoas k& mpegeny
IPH n—00 M HCIOJb3Yys HENPEepHBHOCTh MOKA3aTeJbHOH (QYHKIMH,
noay4uMm (a%)%=0**. AHaJOrHYHO YCTAHABJAHBAIOTCA M OCTAJbHBIE
PAaBEHCTBA.

3aMeTHM Tenephb, 4YTO MBI (QAKTHUECKH H3YUHJIH u CBOIICTBA INOKa-
3aTeJbHOH (Qynkunu y=a* npu 0<a<l. ,Z[eHCTBnTeJIbHo, ee Hempe-



§ 3. Ilpocreiimue seMeHTapHHe QYHKUHU 145

PHIBHOCTB CJeJyeT M3 caMmoro ompeieiennd. K3 ompeje/enus clenyer
TaK¥Xe, YTO 3Ta (YHKUHS MOHOTOHHO yObiBaeT Ha OGECKOHEYHOH Nps-
moit. Caeactsuda 1, 3, 4 Bepun u s ¢yskuum y=a* npu 0<a<l, a
cleicTBHE 2, OUeBHAHO, OyJeT BHIIIALETb TaK:

lima*= 4 o0, lima*=0,

Xr— X4

Ha puc. 4.1 u 4.2 n306paxensl rpaduKH NOKaszaTeNbHOH (QYHKUHK

y=a* ajs caydaeB a>1 n 0<a<l.

'S

X
0 P/
Puc. 4.1 Puc. 42

SBameuanune. [lokasaTeabHyio QyHKIMIO MOXHO ObLIO OBl Ompe-
JeNuTh Kak pelleHHe HEKOTOPOro (p)yHKUHOHAJbHOIO ypPaBHEHMS, YAOB-
JIeTBOPSIOIIee ONpefie/IeHHBIM YCAOBHSIM. MOXHO JI0Ka3aTh, YTO Cylle-
CTBYeT, H IIPHTOM eJMHCTBeHHas, (YHKUMs f(x), onpeleseHHass Ha
Bcell 6eCKOHEUHOH MpsIMOH M YJOBJETBOpSIOUlIas TPeM TPeGOBaHHAM:

1) nas mo6blX BeUIECTBEHHHIX X; H Xg BHIIOJHEHO COOTHOLIEHHE
f(xi+x2) =f(x1) - f(x2) 5

2) [(0)=1%, f(1)=a npu a>1;

3) ¢yuxuus f(x) nenpepeiBHa npu x=0.

Takoli ¢yuxuuMedl W ABJISgETCH NOCTPOeHHasl BeIe (yHKUus [(x)=a*
npu a> 1.

2. Jlorapudmuueckas ¢yHkuus. JlorapudMuueckyio GyHKUHIO MH
onpelennM Kak o6paTHYIO K nokasarteabsofl. Ilycts [¢, d] — mpomns-
BOJILHBEIH cerMeHT GeckOHeuHOH npsaMoil. Ha stom cermenre ¢yHKuus
y=a* npu a>1 Bo3zpacraer u HenpepuBHA. [I03TOMY B CHJIy TeOpeMbl
4.5 dyuknus y=f(x) =a* nmeeT Ha cermeHTe [a‘, a?] Bo3pacrarouLyIO
H HempepwiBHyI0 obpaThHylo ¢yskuuio x=f"'(y), Kotopas u HashBa-
eTcs JorapupMuUecKOon u o0o3HauaeTcs Tak:

x=[""(y) =logay.

3ameHsiss o603HaueHHe apryMeHTa y Ha X, a 0603HAYeHHEe DYHKUHH X
Ha y, 3anunieM ee B GoJiee IPUBLIYHOM HaM BHJE:

y=logax.

* MoxHno noxasaTh, 9To TpeGoBaune [(0)=1 spasieTcs cleACTBHEM OCTANBHHX.
TpeboBaHuil (M NOTOMY MOXKeT GHITb ONYIIEHO).
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Cayuait 0<a<1 paccMmarpuBaercs aHasnoruuHo. OTMeTHM cJeay-
lomue cBoficTBa Jorapu@MHUIecKo# cpynmmn BBEITEKAIOIIHE H3 ee
OIpeeNeHus:

1) JIoeapudmuuecrcan pynxyus onpedesena Oan 8cex NOAONHU-
TeAbHblx 3Ha4erull x. B caMoM gene, apryMeHT .norapnq)MquCKou
«pYHKOMH 1npefcTaBisier co0OH 3HAYEHHS TNOKasaTeJbHOH (YHKIMH,
KOTOpHI€, KaK MBI 3HaeM, TOJbKO IOJIOXKHTENbHBE H 3alOJHAIOT BCIO
Tonynpamyw x>0.

2) JIoaapuquuqecrcaﬂ pyuryua uenpepbteua u so3pacraer Ha
sceil noaynpamo x>0 npu a>1 u HenpepsisHa u y5bl3aeT Ha scell
noaynpamoii x>0 npu 0<a<<l, npuuem

limlog, x= —oo, limlog,x= + o0 npu a > 1,
x->0-+0 x—»—l—
lim log, x= 400, limlog,x= —o0 npu 0 {a < 1.
x-504-0 X~pf-0 :
‘CripaBeVINBOCTh 3THX CBOMCTB BLITEKAeT H3 CBOHCTB IOKasaTesbHOU

(pYHKIHH.
3) Hasa 11066ix NOAOKHUTEABHBIX X1 U X2

loga(x1-x2) =loga x,+10ga %o

DT0 CBOHCTBO TaK¥Ke BHITEKAeT H3 CBOHCTB IOKa3aTe/]bHOH (DYHKIMH.
3ameuanue. Crexyer 0co60 BBHAEJUTb JOrapHPMHUIECKYIO

. 14" .
pyHKIMIO y=log.x, Tle e——llm( + —) . Hna »>tofl QyHKIUHH

f->0 \

MCnoJb3yeTca o6o3HaveHne y=Inx. JlorapudMsl MO OCHOBAHHIO € Ha-
-3bIBAIOTCA HATypaJbHBIMH.

Y Y= ogax,an‘ y‘

oy

y=l0g,, fca<l

Puc. 4.3 Puc. 4.4

Ha puc. 4.3 u 4.4 usoGpaxens rpaduku JorapupMuieckoit pyHx-
qiun y=1loga x nas cayuaes a>1 u 0<a<l.

3. Crenennas ¢yHkuusa. OIpesenuM Temepb CTENEHHYIO (QYHKUHIO
¢ JIO6LIM BELIECTBEHHEIM NOKAa3aTeneM ¢, 4Yepe3 CyNepHO3HIUIO Jora-
pHupMHUecKoii byHKuuH # NMOKaszaTeabHOH. Ilyctb x>0- Torma obmas
cTeneHHas (QYHKUHS ONpeJleNIgeTcs TaK:
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Y=x%= (aIOgax)a o aa-logax,

rge a — mo6oe  (QUKCHPOBAHHOE UHCJIO, paiu ONpele/leHHOCTH
6O0abiuiee €4 HHMUI B
M3 storo omnpeneseHHss U W3 TOro, 4yro Inpu a>1 morapudmuue-
cKasi QyHKIHS BO3pacTaeT Ha Bcell moaynpamod x>0, a mokasaresb-
Hasg (QYHKIWS Bo3pacraeT HA Bcell GeCKOHEUHON NpsAIMOH, BHITEKaerT,
9T0 cTenennas Qyukyus y=x*=d"'%* gospacraer npu o>0 u
yboieaer npu <0 xHa noaynpamoti x>0.
CnpaBeJJiuBH cJefyloOlliHe CBOHCTBA:
1) Hdas crenenHod Qyuxyuu B8b6LNOAHEHbL COOTHOULEHUSA:
"limx*=0 npu « >0, limx*= + oo npu a < 0.
x-0-+0 x-040
B camowm gmene, mycth {x,} — J106as cxoAsmascs K HYJIO CIpaBa
MOCJIEIOBATRILHOCT 3HAYEHHH apryMeHTa X.. Tak Kak limlog, x, =

n—o .
=-—00, TO H3 CBOHCTB IIOKasaTeJbHOH (YHKUHH BBITEKdE€T, YTO
lima®'*®a =0 npu o>0 u lima® = 4 oo npu a<0. Io
n—w n-»©
onpenenenuo monoxuM 0¢=0 npu a>0 u Gyaer cUUTATb 3TO BRIpaxKe-
HHe HeompeaeJeHHbM IpH a<(.

2) Crenennas yuxkyus y-—=x*=a
TO4Ke X OTKpbLTOl nosynpamoti x>0.

310 cpa3dy Ke BBITEKaeT H3 TeOpeMbl 4.2 HENPEePBIBHOCTH CJIOXK-
HOH (YHKIHMH ¢ y4yeTOM TOrO, 4To PyHKUHA U=0a log,x HenpephiB-
Ha B J060fi Touke x>0, a QyHKIHS y=a* HempepeiBHa B JI060M
TOUKe 4 GecKOHEeYHOH NpsSMOH.

3ameuanune. Eciu nokasareib o CTENEHHOH (QYHKUHH Npef-
cTaBsieT cO60 pamHOHAJIbHOE YHMCJIO Mfn, TAe n — HEUeTHOE LeJIoe
YHCJIO, TO CTENEHHYI0 (PYHKIHIO y=X* MOXHO ONpEeAeJNuTb Ha BCel
9YHUCaAO0OBOMH OcH, noaaras npu x<<0:

a-log,x

HenpepoieHa 8 KaxcOdoik

o
y=|x|* ecim = — M M YeTHOR,

m
y=—]|x|* ecim o.=-— M m HEYeTHOe.
n

Ha puc. 4.5—4.7 uzo6paxeHs rpaQuku CTENEHHOH (GYHKUUH y=x*
AJIs pa3JIMUHBIX 3HAUYCHUH q.

4. TpuronomeTpuyeckue GyHKuMu. Mul yxe uMeeMm npeicTaBieHue
O TPHrOHOMETPHYECKHX (YHKUHAX y=sinx U y=cosx U (PYHKUHUSX,
- sin x COs x

, y=clgx= ,

KOTOpHIE Yepe3 HUX BHIPa)aiorcest, y=1gx = -
s x

1
y=secx= , Y =COSeC X = —
Cos x sinx .
Bo BBenenun k stomy nmaparpady bl yke FOBOPHJH O JIOTMUECKHX
npobenax, BOSHMKAIOWIMX INPH ONpeAeJeHHH OYHKIuK y=sinx n
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Y
4
0 ) oo
z
- — - 2 +i
0 . 2/0 v y:.zfa:Z%;}
§=2 o5y x> ] ' T
2K+ x>]

Pue. 4.7

Y=cOSX ¢ TOMOLIbI0 HATJSAHBIX TeOMETPHUECKHX coobpaxkenui. Jlo-
ruyecky Ges3ynpeuno 5TH (YHKIHH MOXKHO ONpeNeJHTh KaK peuleHune
HEKOTOPO# CHCTeMHBl (YHKUHOHAJbHHX ypaBHeHHiH. ToyHee, MOXKHO HO-
Ka3aTh CJAEAYIOLlee YTBEPKACHHE: CYUeCcT8YeT U nPUTOM eQUHCTEeHRAR
napa gyukyuil f(x) u g(x), onpederennoix 0asl 8Cex 6eujeCTBEHHBIX
BHAUEHUL Ap2YMEHTA X U YOOBALTBOPAIOUWUX YCAOBUAM:

1) flxi+xe) =F(x1) g(x2) +F(x2) -g(x1),

g(x1+x2) =g (%1)-g(x2)—f (1) -g(x2), [ (x)+g%(x)=1;

2) [0=0, g@=1, f(F)=1 &[F)=0:

3) ecnu0<x<-2£, 7‘00<f(x)<x<—g(—(“2—;—- ‘ (4.6)

(%)

g(x) .
TanpHEIX CHOPMYJHPOBAHHHX 3AeCh YCJIOBHA (cM. mo 3ToMy mNOBOAY ykasHBaeMoe
HHXKe AonoJHeHHe K kHure B. A. Masuna u 3. T. [TosHaka).

4
* CnpaBe//IHBOCTb HEPaBEHCTBA X < . 0<<x<< > caelyeT H3 ocC-
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ITepByio B3 sTux (yHKUM#EA Ha30BeM CHHYycOM M 0603HauUM
cHMBOJIOM f(x)=sin X, BTOpyi0 HA30BeM KOCHHYCOM H 0603HAUUM
CHMBOJIOM g(X)=COS X.

JloKa3aTe/ibCTBO NPHBEZEHHOTO YTBEPXKIEHHS MOXKHO Ha#iTH B ZO-
nosHeHuH K rit. 4 kuuru B. A. WUnbuna u 3. I, Ilosuaka «OcHOBH
MaremMaTHyeckoro asajiusa», 1 (M., Hayka, 1982).

HerpyaHo mokasath, 4To H3 cBOHCTB 1), 2) W 3) MOXKHO H3BJEUb
B BHIe CJEACTBHH Bce JIpyrue CBOACTBAa (QyHKUMH y=sinx pg
Y=cos X, H3BECTHBIE YHTATENI0 M3 INKOJbHBHIX YUeGHHKOB M yCTaHaB-
JuBaeMble B CPejHeH INKOJe M3 HaIIsIAHBIX eOMETPHUECKHX coobpa-
xeHu#. BrpoueMm, 3T0T (paKT cpasy BHITEKAaeT H3 TOro, YTO CBOHCTBA
1), 2) wu 3) onpemensiloT - e IMHCTBEHHYIO napy QyHKIui
f(x) n g(x) u urO BBeJeHHEIe B cpelHeH IIKOJe W3 HAIJISIAHBIX Teo-
METpHYECKHX coo0paxennii ¢ynknun f(x)=sinx u g(x)=cosx
STHMH TpeMs CBOACTBaMHU 06J1afaoT.

B kadecTBe mpmMmepa yCTaHOBHM C HmOMOWIbIO cBoiicTB 1), 2), 3)
HEKOTOphle CBOMCTBA QYHKIHH y=sinx M y=cCOSX, KOTOpPHE NOHaAO-
6s71Ccq HaM NpH A0KAa3aTeslbCTBE HENDPEPBIBHOCTH 3THX (YHKUMH U AJI8
OTBICKAHHSI YYacTKOB MX MOHOTOHHOCTH. .

a) U3 tpernero coorHomenus 1), uMetoumiero BHA sin®x-+cos?x=1,
cpasy e BhITeKaer, uto sinx<1 n cos?x<]1, 1. e.

|sinx|<1, |cosx|<l. (4.7)
6) Jlanee, ¢ NOMOIIBbIO NMEPBHIX ABYX COOTHOLIEHHH 1) M MepBRIX
JBYX PaBEHCTB 2) MK IOJIY4YHM, 4TO
sin 0=sin[x+ (—x)] =sin x-cos(—x) +cos x-sin(—x) =0,
cos 0=cos[x+ (—x) ] =cos x-cos (—x)—sin x-sin(—x) =1.
[ToamydyeHHble nBa paBeHCTBA NPEACTaBJASAIOT cOGON cuCTEMY OBYX
YPaBHEHHH OTHOCHTEJbHO ABYX HEH3BeCTHHIX cos(—x) H sin(—x). Pe-
masg 3Ty CHCTeMy H YUHTHIBag, 4T0 sin?x+cos?x=1, Mbl HOMyuHuM,

4TO
cos(—x)=cosx, sin(—x)= —sinzx, (4.8)

T. €. COSXx NpejcTaBiser co6oi ueTHyl0 (yHKHHIO, a sinx — Heuer-
Hyl0 QYHKIHIO *.
B) M3 coorHomenu# 1), B CBOIO Ouepesnb, BHITEKAIOT PABEHCTBA
sin (x1—xg) =sin[x; + (—x,) | =sin x;-cos (—xz) +
4 €0s X1 - sin (—x3) =sin x, - oS Xo—c0s X, - sin x2,
(4.9)
cos (¥1—x2) =cos[x1+ (—xp) ] =cos x;-cos (—xz) —

—sin x; - sin(—xz) =c0s X -€0s xz+sin x; - sin xo.

* QyHRUMS @(X), ONpefeNenHast AJjs BCeX BEUIECTBEHHEIX 3HAYEeHHi X, HA3H-
Baerca ueTHOH, ecsm @(—x)=¢@(x) (ana JMo6OTO 3HAUEHHS X), M HEUYETHOH, eCaH
@(—x)= —@(x) (Taxxe A3 moGOro sHaUEHHS X). :
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r) W3 mepBoro cooTHoweHus 1) u mepBoro cooTHoumeHus (4.9}
Mbl TIOJIYUHM, UYTO

sin x, = sin ( x2—l2—x1 + ngxl) =
Ay

. X X; Xo — X; . Xg — X; X X-
= sin 2_*2—1-cos 271 4 sin 22— "L .cos 242_ L,

sin x, = sin ( azJunk W xz*x‘) =
! 2 2

Cosin et g TR g T oq T2t
2 2 2 2

CKJIHIII)IBaH H BbIUMTAadA IMOJYYECHHbIE JABa paBEHCTBAa, Mbl NPpUAEM K
COOTHOIUEHHAM

sin x, + sin x, = 2sin x2—21-x1 .cos xz;xl}
(4.10)
sin x, — sin x, = 2cos 28 sin ;’xl

nA) JHanee, u3 nepsoro cooTHoweHusi (4.9) W U3 TOCAEAHHX IBYX
PaBEHCTB 2) NOJAYYHM, YTO

b A Fi s R
sin (7 —x) = sin—-cos x —cos %’smxzcos X,

cos x = sin (—2-“ x) . | (4.11)

e) Ybeaumcs, HakOHell, B NMEPHOLUYHOCTH (YHKUMH f(x)—smx 7}
g(x)=cosx ¢ nepuosom 2;. M3 mepBhIX ABYX cOOTHOWeHHH 1) npu
X=Xy =Xp NOJNYYHM, YTO

sin 2x=2sinx-cosx, cos2x=cos?x—sin’x. (4.12)
s T ST
Y4uTHIBasA, YTO B CHJY PaBEHCTB 2) snl?:l, cos—2—=0, MBI - TIO-

o b1 .
JY4uM U3 coorTHomienu#t (4.12) npu x:;, 410 sinn=0, cosn=

= —1, a U3 MOC/EAHUX IBYX PABEHCTB H H3 COOTHOWeEHu# (4.12) mpm
X=g NMONY4HM, UTOo sin2n=0, cos 2x=1.

Hcnonbsyss moc/ieaHue ABa PaBeHCTBA, Mbl NOJIYYHM U3 MEPBHIX
ABYX COOTHOIIeHHE 1), 4TO

sin(x-+2mx) =sin x-cos 2m+sin 2r-cos x=sin x,
cos (x+2x) =cos x-cos 2x—sin x-sin 2 =cos x,
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2 3TO W O3Havaer MNEPHOJHYHOCTD (YHKUHE Sinx U COSX C NepHo-
Jom 2%,

X) B 3ak/oueHHe HECKObKO YCHJIHM HePaBEHCTBA, COAEprKallHe-
¢ B cBOHcTBe 3). MBI yCTaHOBHM, YTO JUJISl BCEX BEIIECTBEHHBIX X
CIpaBeJJINBO CJEeAyollee HECKOJBKO 00liee HEpaBEHCTBO:

|sin x| < |x]|. (4.13)

Ipu 0<x<—;— COOTHOILIEHHE (4.13) canenmyer u3 HepaBeHCTS,

CoflepXalluxcs B cBoicTBe 3).
k14 - .
Tlpu - < x<0, B cmIy CcOOTHOIWIEHHS sin(—x)= —sinx,

"HepaBeHCTBO (4.13) caexyer H3 CJeAYIOUMX HEpaBEHCTB:
0 < sin(—x) <—x npu ———g-<x< 0,

a 3THM NOCJeJHHe HepaBeHCTBA CIpaBeJJHBH BCJAEACTBHE TOrO, 4TO
14 . :
{—x) JexuT B HHTEpBaJe (0, -2—> ITpu x=0 sin x=x.

Ilpu —g—\<!x| HMeeM fsiux|\<1<%\<lx], T. e. |sinx|<

<|x]|.

[lepeiineM X ycTaHOBJICHHIO ABYX OCHOBHBIX CBOHCTB  (GYHKIHA
J(x)=sinx u g(x) COS X.

1°. Dynkyuu sin x u cos x Henpepolerol 8 KaXJ0W Touke x Oecko-
Heurnot npamol. .

HoxasarteabcTBo. JlOCTATOUHO yCTAHOBHTbL HeNPEPHIBHOCTH
B KaxJoH Touke x TOJNbKO (yHKUHH f(x)=sin X, 160 HenpeprIBHOCTb B
KaXJOH Touke X (YHKUHH g(X)=cos x OyAeT mpH 3TOM BBHITEKATb U3
«cootHoenus (4.11) u TeopeMnl 4.2.

CHayana jpoxkaxeM, 4YTO (YHKUHS Sin X HempepnlBHA B TOUKe
x=0. Tak kKak B cujay nepsoro paseHcTBa 2) sin0=0, t0o B cuay
OmpefeeHnss HelpephBHOCTH Mo [efiHe AOCTATOYHO J0Ka3aTh, 4YTO
JJist 1060 GeCKOHeYHO MaJsofl MocJeJoBaTeNbHOCTH {X,} NocjenoBa-
TeNBHOCTh 3HaueHH# GYHKUHE {sin Xx,} TakXke gBjsieTcs OECKOHEYHO
MaJoii. '

W3 nepaBeHctBa (4.13) m u3 ycioBHs |sinx]|>0 BhTeKaer, 4TO
JJIsT BCEX X

<|sinx|<|x]|. (4.13)
Cre10BaTeJbHO,
< |sinxu| < | Xn].

Tlociiepnne HepaBeHCTBA B CHJIY TPHMHIMNA IBYCTOPOHHErO OrpaHH-
yeHdss (cM. TeopeMmy 3.14 ra. 3) 03HayawT, 4YTO MOCJAENOBATEJNBHOCTh

* OyHKOHA (X}, OMpeAeNeHHAs JJis BCEX BELIECTBEHHHX X, HA3HIBAETCS NEPHO-
Auueckoit ¢ nepuojoM T, ecau ¢(x+T) =g (x) nna scex x.
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{|sinx.|}, a 3nauuT, U MocJenoBaTeJbHOCTh {sin x,} sBJsercs Gecko-
HeyHO MaJofi. HenpeprlBHOCTh ¢yHKIHH sinx B Touke x={0 moxasaHna.
JlokaxkeM Tenepb, 4YTO (QYHKIHS Sifi X HENpPepHIBHA B JIO00H TOUKe
x GeckoneuHo#i mnpamo#. Ilycts {x,} — npousBoJbHas mnocJexOBa-
TEJBHOCTD, CXOAsAmiasica K x. JocTaToyHO H0Ka3aTh, YTO COOTBETCTBY-
I01Iasi NOCJeN0BaTeNbHOCTD {Sin x,} cXomuTcH X sin x.
Bocnonbayemcs BropuiM coorHoueHHeM (4.10), nojoxXuB B HeM
Xo=1Xpn, x,=x. Ilonyunm
sin x,—sin x = 2co08 It X g In—X (4.149)
2 2
Jocratouno AOKa3aTh, 4T0 B NpaBoli yact# (4.14) CTOMT aJeMeHT
6eCKOHeUYHO MaJIOH HOC/eJ0BAaTeNIBHOCTH, HO 3TO CPa3y BLITEKAET H3

Xn— X
TOrO, UTO IOCJEJ0BATENBHOCTD {sln ”2 } B CHJy yXe JOKa3aH-

HOfi HEHPEPEIBHOCTH CHHYca B HyJe, sBJsieTcss GEcKOHeYHo MaJiofi, &
X X
T0CJIe J0BATEIbHOCTD {2cos L;_——} B CHJY BTOPOTO HepaBeHCTBa

(4.7) sBnsieTcs OrpaHHYEHHOIM.
2°. dynryus sin x sospacraer Ha /caaicaom U3 ceeMenTos [2kn——

— L, %+ —;—} u ybvieaer Ha Ka#OoOM U3 CE2MEHTOB [(2k+ )rn—

Ck+ a4+ %] ; pynkyus cos x yboeaer Ha KaKooMm uz

ceemenros [2kn, 2kn+n] u eospacraer Ha KaxcOoOM U3 CeeMeHTOB
[2kn—m, 2kn] (30eco scrody k — atoboe yenroe aucao, 1. e. k=0,
+1, £2,. '

JoxaszarteabcTBO. Bce paccyxaenus ZOCTaTOYHO NPOBECTH
Ast QYHKOME sin x, KGO NOCJe HAXOXAEHHS BCEX yYaCTKOB MOHOTOH-
HOCTH (PYHKIHH Sin X yYyacTKM MOHOTOHHOCTH (PYHKIHH COSX MOryT
6HTH MOJAYYEHH, HCXOAs H3 paBeHcTBa (4.11).

Jlanee, mocKoJBKY sinx — nepuojuyeckas GyHKIHSA C IEPHOAOM .
27, TO DOCTATOYHO HAWTH YYacTKH €€ MOHOTOHHOCTH, JIeXaHlHe B

npenpenax OLHOro mepuona, T. €., HaIlpuMep, AJ4 3HauYeHU#H apryMeHra

U3 cermMenta | — —-, 25—~
2’ 2

Jlokaxen cHauajfa, 9ro (yHKUMS sinx BO3pacTaeT Ha CcerMeHTe
[O, -g—] ITycts %1 B Xy — mo6ble ABa YHCJIA H3 3TOrO0  CEerMeHTa
X+ %1 " Xg— X3

2 2
NpHHAAJEeXaT HHTEPBAJdY (O, —g—) npuueM B CHJIy BTOPOTO paBeH-

ctBa (4.10)

TakKde, 4TO Xy >X;. lorjga, OYEBHAHO, UHCIa

sin x,—sin x, — 2 €08 "2;”1 sin 22— (4.15)
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HoctatouHo AoKasaTh, yTo B MpaBoil dacTH (4.15) CTOMT MOJOXKH-
TeJbHOE YHCJO, 4 AJsS 3TOTO AOCTATOUHO yOeAMThCs B TOM, 4YTO AJA

o 3N .
Bcex 3HAUEHHH apryMeHTa H3 HHTepBaja (0, T) ¢byuruun sin x

H COS X MPHHHMAIOT TOJIBKO IIOJIOKHTENbHble 3HaueHus. [as ¢yHKuH
f(x) =sin x aTto BhITEKaeT u3 cBoiicTBA 3), a AJMA (DYHKUHH COS X
caexyer u3s paBeHcrsa (4.11). ,

Wrak, nokasaHo, uTO (QyHKUMs sinx Bo3pacTaer Ha cerMeHTe

T .
0, <1 W3 HeyetHocT# YHKUMH Sin X, T. €. H3 BTOPOrO COOTHO-

wenns (4.8), B TakKOM cayuae cjenyer, 4yTo (PyHKUHs Sin x BO3pacTaer
11
H Ha CerMeHte — 0

Tem caMbIM Z0Ka3aHO, YTO QYHKUHS Sin ¥ BO3PACTAET HA CerMEHTe

k14 14 .
[_T’ —{] Ocraercsl HCCJAEXOBATH MOBeAeHHe (YHKNHH sin x

Ha cerMeHTe [—g-, :rc-i——;—]- B nynkre e€) MBI yOeIUJHCh B TOM,
yro sin w=0, cos n= —1, a U3 3THX PaBEHCTB H H3 IIEPBOTO COOTHO-
weHust 1) BBITEKaeT, 4TO
sin(x+ ) =sin x-cos n+cos x-sin g= —sin x.
[MosyueHHnoe COOTHOIIEHHE NO3BOJSIET 3aKJ/IOUHTh, YTO H3 YCTAHOBJIEH-
k14 14

HOr0O HaMM BO3pacTaHMs (YHKIHMH sifnl X Ha CerMeHTe — —2—]

o 14 ki
BhITeKaeT yOblBaHUe 3TOH (PYHKUHH HA CErMEeHTe [—2-, -+ ?]

MsyueHHe y4acTKOB MOHOTOHHOCTH (YHKIHH Sinx H COSX MOA-
HOCTBIO 3aBepLIeHO.

o sinx cos X
B cuny npexcraBieHHH tgx= ,clgx=—"—-— u B cuay
: COoS X s x

TeopeMbl 4.1 pus caydas yacTHoro (yHKIus tg x HenpepbiBHA B J1I060H
TOUKe X #= —;——I—kn, a ¢yukuus ctg x HempepeiBHA B MI000H TOUKe

xstkn. TloJb3ysich COOTHOIIEHUSIMH sin (x+m)=-—sinx, cos (x+mx) =

. sinx
= —CO0S ¥, MBH NOJAy4HM, uyrT0o {g(x -+ n) = ——=1g X H aHAJOTHUIHO

Cos x
ctg (¥+n)=ctgx. D10 o3nauaer, uto tgx u ctg x A8as07CE nepuodu-
deckumu QpyrKyuamu ¢ nepuodom m. SHAUHT, AOCTATOUHO NPOU3BECTH
HCC/IeOBaHHe YYaCTKOB MOHOTOHHOCTH 3THX (QYHKUHH TOJbKO B Hpe-
Jenax uHTepBasa AJHHH ;. M3 paBencrsa

tgxz—tgx1= sin x, _ sinx _ sin (x3 — %) (4.16)

COS Xp COos Xy COS Xy COS Xy

H M3 TOTO, YTO Sifl X NMPHHMMAET TOJbKO MNOJIOXHTEbHBE 3HAYEHHS Ha
uHtepBase (0, m), a cosx NPUHHMAET TOJBLKO NOJOXKHTEJbHBIE 3HAUE-
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n 19
HHA Ha HHTepBaJje <—_——2—, —2—> BHITEKaeT, yro (QyHKuua tgx
x on ‘
BO3pacTaeT Ha HHTepBaJje (——5—, 7) (Ot m06bHX X U X2
gs ka4 o
U3 MHTepBaJjga (——2—, —) TaKHX, 4TO Xp>>X|, B NpaBOH HacTm

(4.16) Gyzmer CTOSITb NMOJOXKHUTEIbHAA BeJHUHHA.)
AnanornuHo ycraHaBauBaercs, yto ¢yHKRuus ctg x y6piBaer Ha

uarepsane (0, 5).
Mbl He ocTaHaBaWBaeMCs Ha H3yueHHH OQYHKIHH secx=

1
sinx
I'padukn BceX TPUrOHOMETpPHYECKHX (YHKIHHH H306pakeHbl Ha
puc. 4.8—4.13.

COos X

.

H Cosecx =

~_ 7 ﬂ,-;’y

y=sinx y s &

Puc. 4.8 Puc. 4.9

I I ! ]

{ | | |

] 1 | |

| 1 | |

| ! | |

I | ] ]

] | ' | !

/. | |
e NG

2 | - 5 > |

! Z b2z Z\ |

! | |

! i I ]

| i ! |

| { ‘ {

| | ! |

) i ! '
Puc. 4.10 Puc. 4.11

5. O6paTtHble TpuroHoMeTpHuyeckHe ¢yHkuun. OCTaHOBHMCS Ha
BONPOCAX OTpeJeseHHs] H CBOMCTBAX HENPePHIBHOCTH H MOHOTOHHOCTH
0oOpaTHBIX TPHTOHOMETPHUECKHX (PYHKIHH.
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c y=sec & ‘ y=coséc x
Puc. 4.12 Puc. 4.13

Ina onpenenenuss QyHKUMH y=arcsinx paccCMOTPUM  (YHKIHIO

. 1 I
Y=sin x Ha CEerMeHTe [—T' 7] CorsacHo 1. 4 Ha 3TOM cer-

‘MeHTe (YyHKUHSI y=sinx MOHOTOHHO BO3pacTaeT M HenpepbiBHAa. MHo-
JKecTBO ee 3HayeHHH ecThb cerMent [—I1, 1]. B cuay teopemn 4.5 nHa
cermente [—1, 1] cymecTByer  HenmpeprBHasi BospacTaiomas obpar-

T
Has d")YHKHI/IH, NpHHHUMAKUIAag 3HAYEHHE ——2-— B Touke —1 H 3Haue-

. :
HHE -~ B rouke 1. Dty ¢yHKUUIO 00603HAYAIOT CHMBOJOM X=

=arc sin y uau, meHsis o603HAUYeHHe aprymeHTa y Ha X u obo3Haue-
HUe X IJjsd (QyHKUHMH Ha y, CUMBOJOM y=arc sin x. TouHO Tak ke ofl-
peneasiercst Ha cermedtre [—1, 1] ¢yHKIHA y=arccosx, .ob6parHas
0 OTHOLIEHHI0 K (YHKUHM X=COSyYy, yObBaloliell H HeNpepbIBHOH Ha
cermenTe 0<y<m.

OyHKIUA y=arccos x YyObBAeT W HeOpephiBHA HA CerMeHTe
[—1, +1] u npuuumaer B Toukax x=—1 u x=+1 3Hadyenus, coor-
BETCTBEHHO paBHbie m U 0.

Oynxuuu y=arctg x u y=arcctg x onpenensiiorcssi KaK ob6paTHbIE
U1 TaHreHca U KOTaHreHCa, paccMaTpHBaeMBIX Ha HHTepBaJjax

(-———g—, —;—) # (0, m). dtu (yHKUUM ONpefesNeHHl H MOHOTOHHBI
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- ———

LS

R ) S ——.

—_——————{
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D R —,

y=arcsin z

Ny

o) -7

Puc. 4.14 Puc. 4.15

h =
y=artg z < y=arcctg

Puc. 4.16 Puc. 4.17

Ha Bce#i OeckoHeuHofi mpsmoit. Ha puc. 4.14—4.17 uzo6paxeHnl rpa-
"¢uKH 06paTHBIX TPHTOHOMETPHUECKHX (YHKIMH.

X e . eX— %
2 2
Ha3bIBAIOTCS COOTBETCTBEHHO FHNepOGOJTHUECKHM KOCHHYCOM
HrunepboOJHYECKHUM CHHYCOM H 0003HAYAIOTCA CHMBOJA-

MH chx u shx:

6. 'unepGoauyeckue dyuxkuun. OyHKIUH

T'unep6onuuecKuil TaHT€HC H THNEPOOJHUECKHH KOTAaHreHC Ompeseds-
IOTCS COOTBETCTBEHHO (GOpMyJIaMu

thy— Shx _e—e" x _ere
chx e* | e¥ shx ef—e™*

s onpenenenus runepGosnveckux ¢yHKumii cieayer, ~ato rumep6o-
JHYECKUH KOCHHyC, TunepOOJIMUeCKHHA CHHYC M THnepOOJIHYeCKHi TaH-
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reHc 3aJlaHel Ha Bcell YHCJIOBOH OCH, a THmepOOJHYeCKHH KOTaHIeHC
onpefiesieH Bciofy Ha UYHMCJAOBOM OCH, 32 HCKJIKUeHHeM ToukH x=0.
Ha puc. 4.18—4.21 n3o6paxeHn rpadury 3THX QYHKUHH,

¥4 _”x

0 -
, z
7
o ‘ z : ' y=5hz
Puc. 4.18 Puc. 4.19
91
1 TNS—
—————
v 0 _~
e e .
0 y=cthx
z
B R =T
Puc. 4.20 Puc. 4.21

TunepGosinueckye (GYHKIHH HeNpepHIBHLI B KaxJoH Touke obiac-
TH HX 33flaHHsl (3TO CJEAyeT H3 HENPEePBIBHOCTH MNOKa3aTeJbHOH
yHKUHE U TeopeMH 4.1).

F'unepGonuueckue (GYHKIHH 00nagaloT pAJOM CBOHCTB, aHAJIOTHY-
HBIX CBOMCTBAM TPHIOHOMETPHUYeCKHX (yHkuui. Hanpumep, nias ru-
nepGonnuecKux (QYHKIHH HMEIOT MECTO TeOPEMBI. CJIOXKEHHs, aHaJso-
THYHBIE TeopeMaM CJIOXKEeHHS JJsf TPHTOHOMETPHUECKHX (DYyHKLHH:

sh(x+y)=shx-chy+chx-shy,
ch(x+y)=chx-chy+shx-shy.

HenocpenicTBeHHO Takke npoBepsiorcss (Gopmysn sh 2x=2shx-chy,
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ch? x—sh? x=1. Dnuter Xe «runep6oOIHYECKU» CBsI3aH ¢ TeM 06CTOA-
TeAbCTBOM, UTO paBeHCTBA x=a-chf, y=a-sh{ sanaor runepboay,
mojo0HO TOMY, KaK paBeHCTBA Xx=a-cosf, y=a-sinf 3anawoT .okK-
pyXHOCTb. JleHCTBHTENBHO, B I€PBOM CJaydae MH, OUEBHAHO, HMeeM
x?>—y?=a? rT. e. ypaBHeHue THUNepGOJB, a BO BTOpoM x2+y?=a? —
YPaBHEHHE OKPYKHOCTH.

§ 4. BA 3AMEYATEJIbHBIX NMPEAENA

1. Hepeblii 3amMevareannblii npegen. I[Ipexae Bcero JOKax)eM cle-
AYOWyI0 TeopeMy, NpeicTaB/sfomyo co00fl QYHKIHOHANBHBIA aHaJor
TeopeMHl 3.14.

Teopema 46 (PyHKUMOHAJAbHHH aHAJOr NpHHIHU-
ma ABYCTOPOHHero orpanuuenus). Ilycte 8 HekoTOpOU
npoxKoAoTOl d-0KpecTHOCTY Touxku a* zadanst Tpu pynxyuu f(x), h(x)
u g(x), dse ua xoropoix f(x) u g(x) umeror 8 To4xke a obwuil npe-
des, pasnuui b. Tozda ecau 8crody 8 YyKa3awHOU NPOKOAOTOU O-0kK-
PECTHOCTU TOYKU G CNPpasedAUusbl HePaABEeHCT8A

f(x) <h(x)<g(x), (4.17)
70 U pynryus h(x) umeer 8 Touxe a npedes, pagusiii b.
HJokxasareabctBo. [lyets {x,} — npousBosbHas, cxoismiascs

K g NoCJel0BaTe]bHOCTh 3HAYEHHH apryMeHTa, BCe 3JIEMEeHTHl KOTOpOH
OTJIHUHBL OT @. Torga, ¢ OfHOH -CTOPOHBI, B CHJIy OIpejeJieHHs Ipe-
Jesa no Iefine, of6e mocjef0BaTeIbHOCTH COOTBETCTBYIOIUHX 3HAUYEHHI
dynkuuit {f(x.)} u {g(x.)} cxomarcs K b, a ¢ APYroil CTOPOHHI, B CH-
ay (4.17), oas BceX HOMEPOB 7 CNpaBeNJHBB HEpaBEHCTBA

f(xn) <h(xn) <g(%n).

B cuny teopembr 3.14 MBI MOXeM YTBEepXKAaTbh, YTO HOCJENOBATEN]b-
HOCTh h(xn,) Takxe cXOmuTCS K b, a 3T0 M O3HAYaer, uUTO YHCJIO b
ABJseTCSA NpeaeaoM (yHKIuM A(x) B TOuKe a.

Teopema mokasana.

Teopema 4.7. Ilpedesr  pynxyuu  h(x)=

sin x

8 TOUKe
x=0 cywecrsyer u pasen eduxuye, T. e.

sin x

lim = 1.

x-0 X

ﬂ OKa3aTeabCTBO. BYJIQM OTNPABAATLCA OT HEPABCHCTB

0« sinx<x<tgx(n’pn O<x<—’2t—); (4.18)

* HamoMHHM, 4TO DPOKOJOTOH O-OKPECTHOCTBIO TOUKH @ HA3HIBAETCA HHTEPBAJ
{a—9, a+90), U3 KOTOPOro BHIKHHYTAa TOYKa 4.
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ykasaHaeiXx B 1. 4 § 3. IlocpencTtBoM peneHus Ha sinx>0 MB 1O-
aydam u3 (4.18) caenyouiue HepaBeHCTBa:

X

1<

sinx Ccos x

(om0 x< )

Jns o6paTHbIX BeJHYMH, OYEBHJHO, ClpaBelJuBbl o0paTHHe Hepa-
BEHCTBA

sinx

cos x <

<1 (npu 0<x< %) (4.19)

X
3amerHM, UTO U3 TOro, yTO HepaBeHcTBa (4.19) cupaBeAsHBHL IIpH

L
0<x<?, BBITEKA€T, 4YTO 3TH HEDABEHCTBA CIPAaBEAJHBHI H NpH

19
—?<x< 0, ubo npu saMeHe x Ha —x BCe TPH (DYHKLIHU COS X,

sinx

H | He MEHAIOT CBOHMX 3HaueHHH *.
X

Taxum o6pasom, HepaBeHCTBa (4.19) cnpaBeANHBH JJsi BCeX 3Ha-
T 1 .
3 <x<L 5> 3a HCKIIOYeHHeM TOuKH x=0,

e o ks
T. €. cCHOpaBCcAJHUBB BCIOAY B INPOKOJOTOH T-OerCTHOCTH TOYKH

UeHHH X U3 HHTEpBaJa

x=0. Tak kag, kpoMme rtoro, obe pyHkuuun f(x)=cosx u g(x)=1
uMeloT B Touke x=0 paBHbIH eAHHHIE Npeles, TO B CHJIy TeopeMbl 4.6

sinx o
u pyHkuusa  h(x)= nMeeT B Touke x=0 npenen, paBHbIH enu-
X

rune. Teopema jmokasaHa.

2. Bropoii 3ameuarteJabHbIH npepe.

Teopema 48. Ilpeder ¢pyuxyuu f(x)=(14+x)"* 8 rouxe x=0
cywecTsyer u pasen wucay e **.

JJokaszatTeabcTBO. JloCTaTOYHO JOKa3aTh, UTO KaK IpaBbIH,
Tak M JieBblH npepennl GyHruuu f(x) = (1+x)/* B Touke x=0 cyme-
CTBYIOT ¥ 00a paBHH e.

1) Cuauara Ookasicem, 4TO np a8 bl il npedes YKa3anwot ¢ynk-
yuu 8 touke x=0 cyuwjecrsyer u paset e.

B cuny onpemenenuss npaBoro npepena no Komm aocratouHo mgo-
Ka3aTb, 4T0 s jgioboro ¢>0 Hafinerca orBeyaioniee emy 8>0 Takoe,

* B camom nene B 0. 4 § 3 MBI yCTaHOBMJH, uTO cOS(—x)=c08 ¥, sin(—x)=
. sin (—x) sinx '
= —sin x u, 3HAYHT, = :
(—x) x

** Uneso e BBeZieHO B I 3 § 2 M. 3 Kak mpefies1 NOCJIE0BATebHOCTH {(l +

o)
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uTo Aas Jio6oro x U3 uHTepBasia 0<x<8 cmpaBeanuBO HEpaBeH-
CTBO

[(14x)V*—e| <e. - (4.20)
@ukcupyem npousBoJbHOe €>0 M paccMOTpHM JBe IoOc/jedoBa-
n
TeJAbHOCTH {an} U {b.} c sMemenTamu  aq,= (1 + —:—l ) , b,= (1 +
\ n
1 )n-{—l

+ —

n
JATCA K e. B camMom jedie, TOCKOMBKY B cuay 1.3 § 2 ra. 3 lim (l +

n-—»w

Yo6enumcs B TOM, 9TO 00e 3TH MOCJEI0BATEJbHOCTH CXO-

1 n
+—-) = ¢, TO Ha OCHOBAHHH TE€OpPEM O mIpeae/iec JacTHOIO U IIPOH3-
n

BeAEHHUA JABYX CXOAALIHXCA MOCJIEeI0BATENBLHOCTER MBI NoJy4YHM, HYTO

(l—{— ! >n+1 lim (1+ ! >n+l
lim @, = lim ntl SRS

n->w n—o 1 . 1
(1+n—|-1) nlfvla(l_i—n )

limbn=lim[(1 +L>". (1 n L>]=
n—>w n->ow n n

= lim (1 —i--l—)".lim (1 +L)=e-1=e.
n n .

n—»w n—»o

e
=T

Tax xak o6e mocJienoBaTesbHOCTH {@n} u {b.} cxomsaTcst K e, TO
Ana ¢ukcHpoBaHHOro Bee g>0 HalizyTcs Homepa N; u N, Takue,
uro |ap—e|<e npu n=Ny, |bn—e| <e npu n>N, Ilycts N — ato
HauboJbiuui H3 ABYX HOMepoB N; u N,. Torzma, oueBuzaso, npu a=N
6ynyT crnpaBequBE 062 HepaBEHCTBA:

lan—e|<e u |[bp—e]<e. (4.21)

Tenepb 1Jist 3aBepLIeHHs AOKA3aTEJbCTBA CYIIECTBOBAHUSI PaBHO-
To e mpaBoro npepeia oyukiuyu f(x)=(1-+x)/* B Touke x=0 yGe-
JIHMCSL B TOM, YTO €CJH B3SITh O = —»  To A JI060T0 X H3 HHTED-

Bama 0L x< 6=—1—L— 6yieT CHpaBefIHBO HEPABEHCTBO (4.20).
B camom gene, myctb x — Jio60e uncao u3 uHTepBasia 0< x <
1
< d= _117 Torna — > N.OGo3HauuB Yepe3 n LEJyI0 UYacThb YHCJa
X .

1 1
—, T. €. IIOJIOZKHB N = [——:|, MBI, BO-IIE€PBLIX, C NNOMOIIBI HEpaA-
X X

1
gedctBa — >N MOXKeM yTBepXKIAaTh, uto n>N, a BO-BTOPHIX, MO-
X

KeM yTBEpXKAaTh, YTO CIpaBEAJHBbI HEpABEHCTBA
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n<-Lt<ntl. (4.22)
pa
H3 (4.22) BHITEKAIOT HEPABEHCTBA
1 1 1 1
_ — — <1 — 4.
n+1<x<n ul+ n+1< +x\<1+n. (4.23)

M3 comocraBieHnss HepaBeHCTBa (4.22) €O BTOpPBIM HEpPaBEHCTBOM
(4.23) u u3 cBoficTBa BO3pacTaHHsI MOKa3aTeJbHOH (PYHKLUHH C OCHO-
BaHueM, GOJbLIUM €JUHHLB], BHITEKAET, UTO

(14— ) <9< (14 )™ g, < (4275 <0,
n

\ nd-1

Hrak, Mb mokasaju, yto ajasg Jjioboro x uz uareppata 0<x <
1
) = [P# HEKOTOpOM n>N, zapucsumeM, KOHEYHO, OT X, OymyT

CrpaBeJJiMBH HepaBeHCTBa a,<< (14x)/*<b, a 3HAyuT, H HepaBeH-
CTBa

an—e< (14+x)Vr—e<bp—e. (4.24)

Hs comocraBnenus (4.24) c¢ HepaBeHcTBaMH (4.21), cnpaBedJHBBIMH
aasg gwoboro n>N, MBI OKOHYaTeJbHO yb6eguMcss B TOM, YTO AJIs JIQ-

1
.6oro x m3 uHTepBana 0<x< 6=—1-v— O6yAyT cnpaBeiJHBH Hepa-

BeHcTBa (4.20).

2) Hoxascem Tenepv, uro u sesbiii npedenr Gynkyuu f(x)=
= (14+x)V* 8 Touke x=0 cyujectsyer u pasex e.

B cuay onpegenenus jeporo npejena no I'efiHe A0CTaTOYHO AOKa-
3aTh, YTO JJa JM000H GeCKOHEUHO MajoH NOCNeZOBATENIbHOCTH OTPH-
ILaTeJbHBIX 4UCeN {X,} COOTBETCTBYIOIlAsl MOCAEROBATEJNLHOCTH 3Haye-
anit pyrkumn  f(x)=(1+x,) "% cxomurcs  e.

Ilycrs {x,} — mnpousBosbHasi GECKOHEYHO Majiasl II0CIeLOBaTelb-
HOCTb OTPHUATEJNBHBIX uHced. DTy NOCJIefOBATENTbHOCTh MBI OyHeM
paccMaTrpuBaTh, HAUHHAsA C TOTO HOMepa N, ¢ KOTOPOro BCE 3JIEMEHTHI
Xn TIO MOJYJIIO MEHble eJMHHIEL.

T rak uro x,=—I% .
1+ xn 14 yn
BHAHO, {y,} O6yAeT ABAATHCS GECKOHEUHO MaJsof HOC/eX0OBaTeNbHOCTHIO,
COCTOsIIEeH U3 MOJ OXK HTEJ bHE X UHCE], IPHIEM

Tlonmoxum yY,= Torma, oue-

_l+yn
_ Uty _ (1 _ __Un _
Fx)=(1+x,) (1 —1+y,,) on
1
—{ =1 — 41
_ 1 \In )_ Yn
—(1+yri> =U+y

€ 3ax. 72
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Takum o6pasom,
1

im f(x,) =1im (1 + g™ - lim (1 + y,) (4.25)

NpH YCJOBHMH, YTO CYLIECTBYIOT Npejesisi B mpasoi dacta (4.25). Ho
MOCKOJBKY {Yn} CXORHTCA K HYJIO H COCTOWT H3 [OJIOXKUTENbHBIX M-

ces, TO 11m(1+y,,) e (B cuay yikKe [JOKa3aHHOTO CYILECTBOBA-

n=->o -

HUS PaBHOTO e npaBoro rrpeﬂe.na) a lim(1+y,)=1. Tem cambm

n—-+eo
NOKAa3aHO, YTO NOCJAEAOBATENbHOCTb {f(X,)} CXOAMTCS K UHCAY e.
Teopema 4.8 mOJHOCTBIO JOKas3aHa.

Cnencteue. Ilpeder pynxyuu f(t)=<1 +—:—>t npu t—»o&

cyujecTeyer u pasex e.
B cuay ompenejyienust npefiena npu t—oco no leiine tpeGyercs Ao-
Ka3aTh, YyTo AJs JI000H OeckKOHeYHO OOJBINOH MNOCJeI0BATEIbHOCTH

{t.} coorBercTBywlIasi INOCJEJOBATENLHOCTb 3HAYeHHH  (QYHKUHRW
1

t v :

fi&)= (1 + —t_) " CXOHMTCHA K yHcay e. Mu OyaeM paccmaTpH-
n

BaTb .6ECKOHEYHO GOJIBILIYIO NOCJEeN0BATeNbHOCTh {f,}, HAUHHAS C TOrG

HoMepa N, ¢ KOTODOrO BC€ €e 3JIeMeHTHl fn, 110 MOAYJIO MPEBOCXOAST

1 1
epununy. IMosoxum x, —~—t—, TaK 4to I, =7 B cuany Teope-

Mbl 3.6 u3 1. 3 l'IOCﬂe,ZIOBaTEJIbHOCTb {xn} aBmeTcx 6eCKOHEYHO Ma-
/x,,
Jofi, npuuem f (¢,)= l+—-—) =(l+x,)
OcTaeTcsi 3aMeTHTb, YTO B CHAY TeOpeMbl 4.8

lim f(t)=lim (1+x,) ™=

§ 5. TOUKH PA3PBIBA ®YVHKIHH N HX
KIACCHPHKALLUSA

1. Knaccudukauus touex paspbiBa ¢pyHkuuu. B § 1 Mul morosopu-
JHCh Ha3HBAThb TOYKAMH paspbiBa PyHKUUH f(X) Te TOUKH, B KOTOPHX
sta ¢yHKUHA He o6jajfaer CBOHCTBOM HempepwBHOCTH. [Ipu 3tom -
noapasymeBaetcs, 4To GyHKUuA f(x) onpeneneHa B TOH TOYKe, KOTO-
pyio Ml anpoGupyeM Ha IIpeIMeT HaJHYHS HJIH OTCYTCTBHA B Hel
CBO#CTBA HEMPEPHEIBHOCTH:

Paciiupsia Hame pacCMOTpeHHe, MBI MOXKeM MNOABEPTrHyTh H3yue-
HHIO U T€ TOYKH, B KOTOPHIX ¢yHKUusA f(x) He onpefesieHa (mpH ycJjo-
BMH, KOHEYHO, UTO 3TH TOYKH SIBJSIOTCH NpPENeJbHBIMH IJSI MHOXECT-
Ba 3aJaHNsA (PyHKIHM).

BhISICHUM BO3MOXHBIE THIB TOYEK pa3pHIBa.
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1°. Yerpanumblit paspuiB. Touka a HasviBaeTcs TO4KOoU YyCTpa-
#umoeo paspeiea Qyakyuu y=f(x), ecau npedea gynrxyuu f(x)
8 TOUKe @ CYWecTsyeT, Ho 8 Toyke Q4 (hynkyus f(x) aubo ne onpede-
snena, aubo umeer 4acTHoe 3nauenue [(a), orauunoe or npedera f(x)
8 3Tol ToUKe.

Hanpumep, ¢yHkuus

sinx ™ rod
npu x 70,

fl) =
0,5 mpu x =0

uMeeT B TOYKe x=0 yCTpaHHMBIA pa3phIB.

JlefAcTBUTENBHO, NpefesbHOe 3HAaYeHHe 5TOH (YHKIHH B TOUYKe
x¥=0, kak MBl foKasdanu B n. | § 4, paBro 1. UacTHoe Xe 3HaueHHe
0,5+#1.

Ecau ¢ynkuusa f(x) uMeer B TOYKe @ YCTPaHUMBI pas3pbiB, TO
3TOT Da3phLiB MOXKHO YCTDAHHTb, He H3MEHAsl TPH 3TOM 3HAUeHHH
$YHKIMH ‘B TOUKAX, OTJAMYHHIX OT 4. [ 5TOro JOCTaTOYHO MNOJO-
XKHTb 3HaueHUe (YHKUHMH B TOYKe @ DABHHIM ee NPELe/IbHOMY 3Haue-
HUIO B 3TOH Touke. TakK, B PacCMOTPEHHOM BhIlue NMpHMepe Z0CTATOY-

"o noaoxkuth f(0)=1 u Torxma lim sin x =f(0)=1, r.e. OyHKuus

f(x) craner HenpepHIBHOH B Tque x 0
B ¢usnyeckux npoueccax TOYKH YCTPaHHMOrO pa3pbiBa BCTpeqa-
10TCA TNPH COCPEJOTOYEHHBIX paclpeleseHUusiX (PU3HYECKMX BeJHUHH.
2°, PaspbiB nepBoro poga. 1o4Ka a HA3b6I8AETCA TOUKOU pa3-
polea nepsoeo poda, ecau 8 Tol TouKe yrkyus f(x) umeer
KOHeuHble, HO He pasHbie Opye dpyey npasolll u Aesbil npedeibl

lim f(x)== Hm f(x).
x—>a+0 x—=a—0

OO6pasHo Bhlpaxascb, Pa3pblB MEPBOr0 poja MOXKHO Ha3BaTh KOHeU-
#bIM ckaukoM. [IpHBeneM HEKOTOpbLie NMPHMEpHI.
1) Dyuruus
1 npu x >0,
fx)=sgnx= 0 npu x =0,
—1 mpu x< 0

B Touke x=0 uMeer paspeiB nepBoro poaa*.  JlefcTBHTENBHO,

* @yrkuus f(x) =sgn x, OueBHAHO, MOXeT GHITb 3aMHCAaHa Tak:

f(x) =sgnx= 1x] npua x =0,

0 npum x=0.
6*
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lim sgnx=1, lim sgnx=—1, H, TaKuM 'oépasoM, 3TH Npejensl
x-+04-0 x-»0—0
He paBHHE MeXZAy co6oii.

2) Ipyro#i npumep naer QyHKIusA f(x)— I npu x== 0. s
sroft pymkums  lim S5X =, lim 2% — ], rax w0 TOuUKa

x-04+0 |x| x-0—0 |x|

x=0 aBasgercs TOUKOH pasphiBa NepsBOroO poja. _

3) Pynkuus f(x)=—————1——, ompejeseHHas BCIOAY, KpOoMe TOU-

1o

KH x=1, uMeeT B TOYKe x=1 pa3phulB NepBOro Poaa.
B camoM jese, ecau {x,} CXOHHTCI K | H COCTOMT U3 3JIEMEHTOB

1 o
x,>1, TO {——— sgBJgercs 6eckoHedHo OO0JIBIIOH IIOCJAEA0OBAaTENb-.
Xn

, —l
HOCTBIO C TOJOXHTeNbHBIMH usieHamu. [lostomy {l1+42% '} —

GecKOHeuHO GoJibiIasi NOCJAeJOBATEABHOCTD UM, 3HAUYHT, TIOCJEA0BATENb-
1

HOCTb f(x,,):———]——- aBJasieTcsl 6eCKOHEUHO MaJoi, T. e.
]+2xn——l

1m f(x)=

x->14-0

Ecan xe {x,} cxomurcs X | H COCTOMT H3 3JeMEHTOB X,<l, TO

{ ! } siBjisieTcsi GeCKOHEUHO GOJBIIOH MOCJe0BATeNbHOCTBIO <
Xp — .

oTpunaTenbHEIMH wienamu. [lostomy {2%7'}  cxomutes K nymo u,

3HAYUT, MOCIENOBATENBHOCTD f (x,) = CXOAMTCS K elH-

1

142"

I
nune, 7. e.  lim f(x)=1.
x—1—0

. Paspris Broporo poga. Touka a Has3eisaerci TO4KOU pas-
potsa eTopoeo poda, eciu 8 3Tol Touke pynkyus [(x) He
umeer no kpatneil mepe 00H020 u3 0OHOCTOPOHHUX npedesos Uil ec-
Al x0Ts 66 00UH 13 OOHOCTOPOHHUX npedenos GecKkoHe4eH.

[Tpumepn. 1) Oyrruua

'x'cos% npu x < 0,
fry=] 0 npu x = 0,

1

l cos— npu x >0

1 X

obaajgaer JeBblM HpegesioM B TOYke x==0, paBHEIM Hymw: lim f(x)=
x->0—0

= 0. B camoMm gene, ecau {x,} — NOCJEI0BATEIbHOETh, CXOMSILASACS
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K HYJIO H COCTOsfIIas M3 umcea Xx,<<0, o
0< If (%) = 15,1 -

ITockoabKy |x,]—-0 npu n—oo, To lim f(x,)=20.

n->w

Y6enumcst Tenepb B TOM, 4TO paccMaTpHBaeMasi QyHKIHS He HMeeT
B Touke x=0 npaBoro npepena. Ilas 3TOro paccMOTPHM JABE CXOAdA-
IKecss K HYJI0 H COCTOSIIIHE H3 NOJIOXKHTEJIbHHIX YHCeJd IOCJIeAOBae

’ 1
TEJbHOCTH X, = — Ll u Kn= . Ecan Ob QyHkuHS ob6ianana
n
B Touke x=0 mpaBmIM IpefesoM, TO 06e mocaefoBaTeabHOCTH {f(Xn)}
u {f(x’s)} cxomuaunce OB K OEHOMY ¥ TOMYy xe umcay. OpHaxo
f(xn") =cos2nn=1 cxoaurca K eawnune, a f(x,)=cos (%4- Jm>=

1
cos———l\< EAP
Xn

=0 cxoguTca K HyJIO.

Hrak, paccmaTpuBaemMasi pyHKuUHs uMeeT B ToYke x=0 pasphlB BTO-
poro poza.

2) ®yukuus f(x)=tg x, O4UeBUAHO, HMEET Pas3phLlB BTOPOro poja B

o 14 -
KaxKJI0H M3 TOYEK xk=7+ nk, rpe k=0, =1, =2,..., ubo B Kax-

AOH TakoH TOUKE X
lim f(x)= +o0, lim f(x)= —o0.
x—>x%—0 x—>x,+0

MoxHo 06pa3HO cKasaTh, UYTO B KaxIOH TOuKe X, GyHKRUMsS tgx
uMeeT GECKOHEUHBIH CKayoK.
3) ®yHKUHA
.1
sin— npu x % 0,
f)= x
1 nmpux=0
uMeeT pasphlB BTOPOro poja B Touke x=0, 60 B 3TOH TOYKe y Hee
He CYIIECTBYET HH NpaBoOro, HU JIEBOro IpenesnoB. B camom nene, mo-

. |
CKOJIBKY  SIn = —S8INl—, JQOCTAaTOYHO YAOCTOBEPUTHCSA B OTCYT-
~X X

CTBUU B To4yke x=0 TOJBKO IpaBoro npenedaa, a aJjas 3Toro Aocraroy-

HO 3aMeTHuTh, 4YTO JBYM MOCJIeHOBaTEJbHOCTIAM 3HauYeHUH apryMeHTa
1 ’ 1
X, = — H Xp =———— OTBE€YAIOT IOCJEeAOBaTE/JbHOCTH 3Haye-

BUH pyHkuuu f(x,) =sinnn=0u f(x))=sin ’\—;— + 2m1) =1,

CXOHsILMeCs TlepBas K HYyJO, a BTOpass — K eIHHHIE.
BBeieM nousiTHe KycOYHO HENPEepHIBHON (YHKIHH, 4YacTo BCTpe-
YaoIIeecs B MaTeMaTHKe H B ee IPHIOXKEHHSX.
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Dynkyus f(x) HA36IBAETCA KYCOUYHO HERPEePBLLEHOI Ha
ceeamente [a, b], ecau sta pynkyus onpederena 8crody Ha cee-
mente [a, b], Henpepolerna 80 8cex 6HYTPEHHUX TOUKAX 3TO20 Ce2MeH-
TA, 3Q UCKAIO4EHUEeM, BbiTb MOXMCET, KOHEYH020 HucAd TO4eK, 8 KOTO-
polx OHQ umeeT paspeis nepsozo pola U, Kpome TO20, UMeeT npasviil
npedea 8 Touke a u Aeswil npedes 8 To4ke b.

Dynkyus f(x) HasviBaeTCAE KYCOUHO HenpepvieHOl HA
unrepeasre (uau Ha 6ECKOHEe4nOl npamoili), ecau f(x)
KYCO4HO HenpepoieHa Ha Ar060M npuxadiescaujem 3ITOMY UHTepP8ANY
(uau 6ecxoneunoll npamotl) ceemenre.

Hanpumep, ¢ynkuus y=[x] Kycouno HempepelBHa Kak Ha JO60M
CerMeHTe, Tak H Ha 0eCKOHeYHOH npsaiMoil.

2. O Toykax paspbiBa mMonoToHHo#t dyHkuun. Crepyomee yT-
BepXKJeHHe [POJHBAET CBET HAa HPUPOLY TOYEK paspsiBa MOHOTOH-
HOH (YHKLHH. .

Teopewma 4.9. Ecau ¢pynrxyus f(x) onpedesena na cezmenre
[a, b] u sasaserca MOHOTOHHOL ™ HA 3TOM Ce2meMTe, TO OHA MOXCET
UMeT6 HQ 3TOM CeeZmenTe TOAbKO TO4KU paspuisa nepsozo poda,
npudem MHONCECTBO 8CeX ee TOYeK PA3pblea He 6osee 4em CHETHO.

JokaszateabcTBO. B cuiay neMMn, gxokasaHHo# B m. 1
§ 2, MOHOTOHHAsT (QYHKNHMA HMeeT KOHeuHble IPaBHlfl H JIEBHH mpe-
Jeasl B J1060N BHyTpeHHeH TOuke cerMeHTta [a, b] H, KpoMe TOrO,
KOHEYHBbIH NpaBLIf NpeAen B TOYKe & ¥ KOHEUYHBIH JIeBHIA IpeleJ B
Touke b. OTClofla M BHITEKAeT, YTO TOYKAMH paspuHiBa MOHOTOHHOH
(YHKIMH MOTYT ObITb TOJIBKO TOYKHM pa3pbiBa MEPBOro poja. ‘

UTo6kl 10Ka3aTh BTOPYIO YaCTh TEOPEMHl O TOM, YTO MHOXECTBO
BCeX TOUeK paspbiBa He Oosiee ueM cueTHO, OyfeM paiH onpefe-
JIEHHOCTH CYHTaTb, YTO [(x) sBJAsIeTCS HeyObIBaloOLle# Ha CerMeHTe
[a, b]. docraToyHo AOKa3aTb He GOJee yeM CUETHOCTb MHOXKECTBA
TOYEK pa3phiBa, PaCIOJIOXKEHHEIX HAa HMHTepBaJe (a, b), T. e. TOYeK
paspeiBa, SIBASIONIMXCS BHYTPEHHUMH TOYKaMu cermeHra [a, b].
3aMerHM, 4TO B KaXJOH TaKOH TOYKe pas3peBa X CIPaBeNJHBO He-
PaBeHCTBO JUIA TpaBoro u Jesoro npejenos f(x+0)>f(x—0) (cm.
3aMeuaHue K ykasaHHo# Boime Jemme). B cuay Jaemmn 2 ria. 2,
KakoBbl Obl HU OBl [IBAa BEIIECTBEHHBIX 4HCJA, HE PaBHEIX Jpyr
ApYry, BCerha Haiigercsi PallHOHAJBbHOE YHCJO, 3aKIIOueHHOe MeX-
Iy HHMH.

Tak Kak B KaXJIOH TOYKe pasphBa X CIpaBelJIHBO HepaBeH-
ctBo [(x+0)>f(x—0), To KaxAOH TOYKE paspLiBa X MONKHO IIO-
CTaBUTh B COOTBETCTBHE HEKOTOpPOE pAauHoHaNbHOE 4wHCIAO 7(Xx),
yroBJaeTBopsiollee HepaBeHcTBaM [(x+40) >r(x) >f(x—0).

3aMeTHM, uTO NIPH 3TOM Da3HLIM TOUKAM pa3priBa OYAYT NOCTAB-
JIEHB B COOTBETCTBUE pa3Hble pallHOHaJbHBlE uHcaa. B camoMm nene,
€CJIH X; H Xp —— JIBE TOUKHM pPa3pLBa TaKWe, YTO X;<Xp, TO M3 He-

* T. e. 160 HeyObiBalollell, JHGO HEBO3PACTAIOMUISH.
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yObBaHHa ¢yHKUMH caenyeT, yto f(x+0) <f(x.—0), a nostomy
r(x)) <r(xs).

Takum o6pa3oM, MHOKECTBO BCeX TOUYEK pa3pniBa (yHKIHH f(x),
PacNoJIOXXEeHHEIX BHYTPH CerMeHTa [a, b] 5KBUBAJEHTHO MOAMHOXKE-
CTBY MHOXKeCTBAa palHOHAJBHEIX uYHceJ, KOTOpPOe, KaK J0KA3aHO B
§ 7 ra. 2, asasiercs ye GoJiee yeM CYETHBIM.

Teopema pokasaHa.

§ 6. JIOKAJIbHBIE U TJIOBAJIbHBIE CBOHCTBA
HENPEPBIBHBIX ®YHKUHHA

K nokalbHBHM CBOACTBAM OTHOCATCH Te CBOHCTBA (YHKLHH,
KOTODHIE CIpPaBeJJHUBH B CKOJb YrOAHO MaJOH OKDPEeCTHOCTH (HKCHPO-
BaHHOH TOUYKH O0JacTH onpepejenus (yHKUHH. DTH CBOHCTBA Xapak-
TEPH3YIOT NOBeJeHHe (YHKIHUM IIPH CTPEMJIEHHH apryMeHTa K HccJie-
nyemoii touke. Hanpuwmep, HenpepblBHOCTh (PYHKUMH B HEKOTOPON TOY-
Ke 06/1aCTH ee onpejesIeHHs SBJsETCSH JIOKAJbHBIM CBOHCTBOM 3TOH
byHKIHH.

F'no6anbHbie CcBOHCTBA — 3TO CBOHCTBA, CBA3aHHBIE CO Bced
obJacteio onpenejeHus QyHkuun. Hanpumep, MOHOTOHHOCTbD (QYHKIHH
Ha cermeHre [a, b] ABidercss ee riaoGajbHEIM CBOHCTBOM.

1. JlokanbHbie CBOHCTBa HEMpepHIBHBIX (yHKUMiA. BBeiem HOBHe
nonsartus. IlpennosoxuMm, yro ¢ysxkuus f(x) sagaHa Ha MHOXKeECTBE
{x}. :

Onpenenenue 1. PDynxkyus [(x) Haseieaerca ozparu4en-
Hod ceepxy (cHu3dy) wua MHONecTee {x}, ecAu = cyujecTsyer
Takoe seujecreennoe wucaso M (sewjecreennoe wucao m), 4ro Oas
6Cex 3HQYEHULl apeymenTa x u3 MmuoicectTea {x} cnpasediuso Hepa-
sencreo f(x)<M (f(x)=>m). IIpu stom wucao M (wucao m) Hazolga-
erca 6epxneld (Hudned) epanbvio Qyukyun f(x) na mHo-
ocecrae {x}.

Onpenenenne 2. Pyuxyus [(x) Hasvieaercs oepanudeH-
HOU ¢ obeux cTtopon (uAu npocTo O2parHuU4%eHHOL) Ha
MHOJCECTEe {X}, €CAU OHQ 02PAHUYEHO HA 3TOM MHONCECT8E U CB8epxy,
U CHU3Y, T. e. ecAu HAUOYTCA TaKUe sewjecTeennble yucia m u M, uro
0as 6cex 3HQUeHUL apeymenTa X u3 muoxcecTea {x} cnpasedaussi He-
pasencrsa m<f(x) <M. |

Takum o6pasoM, orpaHHyeHHOCTH GYHKUHH f(X) Ha MHOXecTBe
{r} daxTuyeckH o3HayaeT orpaHHYEHHOCTh MHOXKECTBA BCEX 3HAUEHHH
?Tf)ﬁ ¢GyHKUME (OTBEYAIOIIMX 3HAYEHHSM APryMEHTa H3 MHOXECTBa
x}).

ITpumepn. 1) Dynkuusa f(x)=tgx, paccMatpuBaeMass Ha HH-
TepBaJe (O, —’2‘—) OrpanMyeHa Ha 3TOM HHTepBale cHH3Y (B Ka-

YeCTBe HHXKHEH rpaHH MOXKHO B3fTh uHca0 m<0), a cBepxy He orpa-
HUYEHa.
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2) Oyuxuus Hdupuxiae D(x), paBHas HyJI0 B HPpalHOHAJIbHEIX
TOYKax W eJHHHIE B pallMOHAJLHBIX TO4YKax, orpaxHudeHa (c obeux
CTOPOH) Ha JTI0G0M MHOXKeCTBe {x}.

CnpaBeanuBa cllefiyioliasi TeOpeMa O JOKaJbHOH OrpaHHYeHHOCTH
(YHKLHH, HMEIOLell KOHeYHOe IIpeJebHOe 3HauyeHHe.

Teopema 4.10 (0 nOKanbHOH OrpaHHYEHHOCTH
GYHKUHH HMeloHmeHd KOHeUWHHH upepen). Hycrs ¢ynx-
yus f(x) sadana na muoscectse {x} u umeer KoHeunHoe npedesbHoe
BHauenue 6 Touke a. To2da cyuw,ecTsyer TaKoe ROAONCUTEAbHOE HUCAO
6, uro Qpynxyus [(x) oepanuyena na mroxcecree By, npedcrasasouem
coboii nepeceuenue muosxcecrsa {x} ¢ unrepsasom (a—>s, a+96), 1. e. ¢
8-0KpecTHOCTBIO TOUKU Q.

Samevyanne 1. Ecin MHOXecTBO 3aganusi QysHkuum f(x)
CNJAOMmMb NOKPBBaeT HEKOTOPYIO §-OKPECTHOCTb TOUKH @, TO B
KadecTBe B, MOXHO B34Tb caM HMHTepBaJ (a—38, a+9).

HdokasarenbctBo. Ilycts mpemen f(x) B TOuKe a paBeH b.
B cuny onpegenenns npeaeiaa no Kowmu s HEKOTOPOTO  IOJIOXKH-
TEJbHOTO 4YuC/la & Halfercsl OTBedawliee eMy NOJOXKHTEIbHOE YHCIO
6 Takoe, yTO A/ BCeX 3HA4YeHHH apryMeHTa x M3 NPOKOJOTOH §-0K-
PECTHOCTH TOUYKH a* crpaBeJJiHBO HepaBeHCTBO |f(x)—b|<e wiu

b—e<f(x)<b-+e. (4.26)

Ecan mHoxecTBo {x} 3amanus (HYHKUMH He COHEPKHUT TOUKY 4,
TO TeopeMa JoKasaHa, ub0 B 3TOM cjaydae HepaseHcTBa (4.26) o3Ha-
9aloT, 4TO AJIsA BCeX TOYeK MHOxKecTBa Bs={x}{1(a—0§, a+98) 3uaue-
Husl QyHKUHU f(x) 3aK/JIIOYEHBl MeXAy yucjaaMu m=b—e u M=b+e.

Ecnu xe mHoXxecTBO {x} 3agaHus (yHKUHH [(X) COHEPKHT TOUKY
Q@ W 5TOH TOYKe OTBeyaeT HEKOTOpoe 3HadeHme OyHKuuu f(a), TO,
0603HaUUB yepe3 m HauMeHblliee U3 ABYX uHcesa b—e u f(a), a uepes
M naubonbuiee u3 ABYX uuces b+e u f(a), MB mojy4yum, YTO AJS
Bcex TOYeKk MHoxkectBa Bs={x}1(a—0, a+38) Oyayr cnpaBemnuBH
HepaBeHcTBa**

m<f(x) <M, (4.27)

KOTOpbBIE U O3HAYAIOT OrpaHuyeHHOCTh f(x) HAa MHOXecTBe B, Teopema
JI0OKa3aHa. ‘
Wnnmoctpanuefi K JOKa3aHHOH TeOpeMe MOXKET CJYKUTh pHC. 4.22.
CaencrBue u3 reopeMmur 4.10. Ecau ¢ynxyus f(x) nenpe-
pblBHA 8 TOYKE @, TO 3T (PYHKYUAL O2PAHUYEHO HA MHONCECT8e 6CeX
3HAYEHUL ee QPESYMEHTQ, NPUHAOAENHAULUX HEKOTOPOLl §-0KpecTHOCTU
TOUKU Q.

* HamomHHM, 4YTO NPOKOJOTOH O-OKPECTHOCTBIO TOYKH Q HA3HIBA€TCS HHTEpBaJ
(a—38, a+98) 6e3 Touxu a.

** B camom Jene, . AAf BceX TO4eK MHOxkecTBa Bs= {x}1(a—38, a+8), »sa
HCKJIOYEHHEM TOUXH @, OYAYT CIpaBelJuBH HepaBeHcTBa (4.26), a moTomy u Hepa-
BenctBa (4.27). Ins Toukn x=a HepaBeHcTBa (4.27) CHpaBefliMBE- BCJEACTBHE
BHGOpa uucen m u M.
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JloCTaTOYHO 3aMeTHTh, UTO HeNpEepHIBHAS. B TOUYKe @ (PYHKIHSA
HMEEeT B 3TOI TOUKe KOHEYHOe IpefesabHOe 3HayeHHe.

Teopema 411 (06 ycTOAUYHBOCTH 3HaKa HEIpPepH B-
Hoit B Touke ¢ymkuuu). [Mycre pynkyus [(x) 3adana Ha
MHO%CecT8e {x}, Henpepolena 6 TOYKe @ ITO20 MHOMECTBA U ee 3HAYE-
Hue f(a) nosoocurensno [orpuyaressno). Toeda cyuwjecteyer raxoe
NOAOKHUTEAbHOE 4UcA0 O, 4TO pynKkyus [(x) A645€TCA NOAOHCUTENLHOU
[orpuyarensroii] ectody na muoxcecrée Bs, npedcrasaatoujem cobou
nepeceuenue muosxcecrsa {X} ¢ 8-0KPecTHOCTHIO TOUKU Q.

a-5 a a

Puc. 4.22 Puc. 4.23

3aMeuanune 2. Ecau MHOXKECTBO 3ajaHus OyHKHUH [(x)
CONJOWbL NOKPH BaeT HEKOTOPYIO O-OKPECTHOCTh TOYKH 4, TO B
KauecTBe B, MOXKHO B3STb caMy O-OKPeCTHOCTb TOUKH 4.

JlokazaTeabCcTBO. B cuay onpejeneHds HeNpepbBHOCTH IO
Komu a5t 711060T0 TOJOKHTEJNBHOTO YMCJIa & HaljeTcss OTBeualoniee
eMy TIOJIOKUTENbHOE YHCJIO & TaKoe, UTO IJIsi BCeX 3HAUEeHUN apryMmeH-
Ta X U3 §-OKPECTHOCTH TOUKH @ CIPaBEIJHUBO HEpaBEHCTBO

IF(x)—F(a) | <e,

f(a)—e<f(x)<f(a)+e. (4.28)
Ec/iH B3ATh B KauecTBe g MOJOXKHTEABHOE YHCJIO —mfi, To 062

HIH

yucna f(a)—e u f(a)+e 6ynyr nojoxutesvHu npu f(a) >0 u orTpu-
uateabHs npu f(a) <O0.

TTostomy HepaBeHnctBa (4.28) OymyT o3Hauarh, YTO AJsI BCeX 3Ha-
YeHHH apryMeHTa H3 §-OKPeCTHOCTH TOYKH a QyHKuusa f(x) siBasercs
noJ0XKHTeabHOH NpH f(a) >0 u orpunarensroi npu f(a)<0. Teopema -
IoKa3aga.

HManmocrpanueii x teopeme 4.11 moxer cayxkurh puc. 4.23.

Teopemy 4.11 serko nepegopmyJupoBaTh Ha cayuaf, Koraa (yHK-
uus f(x) HempepbiBHA B TOYKE @ TOJBKO CNpaBa MIM TOAbLKO
cheBa. ‘
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JIloroBopumMcsi HasblBaTh noayceement [a, a+98) npaso i d-nory-
OKPeCTHOCTb10 TO4KW a, a noasyceemenr (a—3d, a] — sesoil §-nory-
OKPEeCTHOCTbIO TOUKU Q.

Teopema 4.11*% Hycre ¢ynryus f(x) 3ad0ana na MHONecTSE
{x}, Henpepvisna 6 Touxke a 3TO20 MHOMeEcT8a cnpasa [ciesa] u ee
snauenue f(a) He pasHo Hyso. Toeda nalilercs Takoe NOAOHUTEALHOE
qyucao 8, wro pynkyus f(x) ne obpawaercs 8 HYsb U umeeT TOT He
BHAK, 4TO U 8 TO4Ke a, OAsl BCex 3HAHeHuil x us mHooxcecrsa {x}, npu-
radsexcawjux npasol [resoll] §-nOAYOKPECTHOCTU TOUKU q. ‘

Jasi mckazaTesbCcTBA 3TOH TEOPEMHI CJefyeT JOCJHOBHO INOBTODHTH
J0Ka3aTejbcTBO TeopeMbl 4.11 ¢ 3aMeHOH TepMHHa «§-OKDeCTHOCTh
TOYKH @» TEDMHHOM «npaBas [aeBas] O-NOAYOKPECTHOCTb TOYKH a@».

3ameuanue 3. K uucay JOKalbHBIX CBOHCTB HENPEPHIBHHIX B
JaHHOH TOYKe (YHKUMH CJEAyeT OTHEeCTH JOKa3aHHBIE Bhillle TEOPEMB
4.1 1 4.2 0 HeNpepHIBHOCTH CYMMBI, Pa3HOCTH, IPOU3BEJEHUST H YacT-
HOrO JABYX HENpPEepHLIBHBIX B JNaHHOH TOYKe (YHKUUH M O HENpephHB-
HOCTH CJIOXHOH (DyHKIHH.

2. Tano6GannHbie CBOMCTBA HenpepbiBHbIX GYHKUHH. ‘

Teopema 4.12 (npoxoxXJgeHHe HENPEPHBHON (QYyHK-
UMH Yepe3 HYJb NPH cMeHe 3HaKOB). Ilycte ¢ynkyua
f(x) Henpepvisna na ceemenre [a, b, u nycrv 3Hauenus 310l @YHK-
yuu na koHyax ceemenra f(a) u f(b) cyrs wucia pasHoix 3HAKOS.
Tozda enyrpu ceemenra [a, b] naidercs Taxas To4ka &, 3Haverue
Gynryuu 8 KOTOPOL pPasHO HYAIO.

INoxasartenbcTBO. He orpannunBasi OGIIHOCTH, MOXHO CYH-
TaTh, uto f(a) <0, f(b)>0. Ilycts {x} — MHOXKecTBO BCeX 3HAUYeHHH X
u3 cermenrta [a, b], mias xoroprx f(x)<0. DTo MHOXKECTBO HENMycCTO
(eMy, HampuMep, IPDHHAJJIEXHT TOYKA X=0a) H OTPAHHYEHO CBEPXY
(Hanmpumep, uncaom b). -

Cornacio TeopeMe 2.1 y MHOxkecTBa {x} cymiecTByer TOYHas
BEpXHSs I'PaHb, KOTOPYI0 MBI 0603HauuM yepes E.

3ameTHM, uTO TOYKa £ — BHYTpPEHHS S TOYKA cerMesnra [a,
b], TaKk KaKk U3 HeNmpepbIBHOCTH GYHKUHH [(x) Ha [a, b] u u3 ycaoBui
f(a) <0, f(b)>0, B cuny Teopemnl 4.11% BhiTekaer, uro Hafigercs
npaBas 8-NMOJNYOKPECTHOCTb TOYKH @, B Ipedenaax kKoTopoh f(x) <0, u
JeBasi O-IOJYOKPEeCTHOCTb TOYKH b, B Ipepgenax Koropo# f(x)>0.

Y6enumca B ToM, uto f(E) =0. Ecnu 6B 310 GBHLIO He Tak, TO IO
teopeme 4.11 Hamtace 6b1  6-OKpecTHOCTh E—O0<x<<E+§ TOukM §,
B npefesiax KoTopoil ¢yHKuMs f(x) MMena Obl OnpejleleHHBIH 3HaK.
Ho 3T0 HeBO3MOXHO, TaK Kak IO ONpeleseHHI0 TOYHOH BepxHeil rpa-
HYu Haiferca XoTd OB OJHO 3HaueHHe x M3 moJiycermeHtra —8<x<§
takoe, uto f(x)<0, a mas nw060ro 3HaueHHs X U3  HHTepBaJa
E<x<E+ O cupaBeauBo HepaBeHcTBO [(x)>0. ITonyuenHOe mpoTHBO-
peune nokasbiBaer, 4to f(§) =0. Teopema nokasana. HMaarwocrpanuen
K Teopeme 4.12 MoXeT CIYyXHTb pHC. 4.24. '

Teopema 413 (npoxoxJgeHue HenpepoBHON PyHK-
uuy yYepes JwbGoe TMNMpPOMeXyTOHUHOE 3HadeHHE).
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Puc. 4.24 Puc. 4.25

ITycre @ynkyus f(x) nenpepoisra ua ceemenre [a, b], npuuen
f(ea)y=a, f(b)=B. Iycrs, daree, y — a1060e 4ucio, 3aKAOYEHHOE
mexcdy a u B. Toeda nHa ceemente [a,b] nailderca Touka § TAKARA,
410 f(8) =v.

JoxasatenbcTBO. B poxkasarenbCTBe HyXK7JaeTcs, OYEBHA-
HO, JHIb cl1yuall a=~P (B HPOTHBHOM cJyyae y=oa=f H MOXKHO
B3sTh E=a). [Io 3TOH Ke NIpPHYHHe OTNajaer caydai, KOrjga y cosma-
IaeT C OAHHM H3 YHCEJ o HIH P.

He orpanuuuBas oGmHOCTH, OyaeM CuHMTaTh, 410 a<p, a<<y<f.
- Pacemorpum dyrknuio @(x) =f(x)—y. Orta ¢yHKUHS HenpepoiBHA
Ha cerMeHTe [a, b] (kakK pasHOCTb HENpPEPHIBHHIX (YHKIHMH) U NpH-
HHMaeT Ha KOHIAaX 3TOTO CerMeHTa 3HaueHHs Pa3HhIX 3HAKOB:

p(a) =f(a)—y=0—v<0, q(b)=f(b)—y=p—v>0.
ITo Teopeme 4.12 BHyTpH cerMmenra [a, b] Hafigercs Touka §{ Takag,
uto @ (&) =f(§)—vy=0, 1. e. f(§) =vy. Teopema mokasaxa.

Mcmoab3ys TOJBKO UYTO JOKa3aHHYIO TeopeMy, MHl y6Gemumcs
B CIPaBEAJIMBOCTH 3aMeuaHus 2, BHICKasaHHOrO B WM. 2 § 2. '

Iycro ynxyus f(x) uenpepvisna ra ceemenre [a, b] 4 cy-
wecrsyer Gyukyus, obparnas 0as f(x), paccmarpusaemor Ha
arom ceemenre. Toeda f(x) cTpoe0O MOHOTOHHA HA  YKABAHHOM
ceemente [a, b].

JokaszateabcTBO. M3 cymecrBoBanusa oOpaTHOH (PyHK-
nau aas f(x) caepyer, uro f(a)z=f(b). Tlyers f(a)<f(b)
[f(a)>f(b)]. TTokaxkeM, 4To f(X) CTPOrO MOHOTOHHO BO3PACTaET
[yoviBaer] Ha cermente [a, b]. Pacemorpum cayuait f(a) <f(b).
(Ecau f(a)>f(b), To paccyxpaenuss aHanoruuus.) [Ipeasapu-
TeJbHO YCTAHOBHM CIIPaBeJJIMBOCTh HepaBeHCTBa f(X)<f(b) nas
Bcex x u3 (a, b). JleificTBuTenbHO, NyCTh CYIIECTBYeT TaKoOe
e (a, b), uro f(x)>f(b). (Pasencrso f(x;)=f(b) HeBO3IMOXKHO
BBHAY. CYIIeCTBOBaHHA o0paTHOH (yHKUMH ans ¢yHkuum f(x).)
Ipumensisi Teopemy 4.13 ans  cermentoB [a, x;] ® [x, b] ¥ uc-~
nosb3yst BuiTekaouue H3 f(a) <f(b) <f(x;) HepaBeHcTBa

f@y < TR0 £ 4,
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flr) > L0 > 1),

yOequMcsi B CYLIECTBOBAHHM JABYX TakHX uyumcea §E =(a, x) H
Be(n b), wo fE)=f(E) =IO prax, gtte wo
f(&1) =F(&2), uTO TPOTHBOPEUHT CYLIECTBOBAHHIO OOGpaTHOH (QyHK-
LHH 118 QyHKNHHE f(x) Ha cerMeHre [a, b].

YcTaHOBHM Temepb CTPOr0 MOHOTOHHOe BO3pacraHue f(x) Ha
cermenre [a, b]. IlycTh cymecTByloT aBa umcaa X;<<Xp, NpHHaLJIeE-
JKalllme noaycermenry [a, b), Takue, uto f(x;) >f(x;). Tlokaxem,
YTO 3TO NPENIOoJOXKEeHHe NPHBOJUT HAc K mpoTHBopeyHio. I[lpume-
HAs TeopeMy 4.13 aast cerMeHTOB [%y, x2] W [X2, b] u ucmOAB3yA
BhITeKatomue u3 f(x) >f(x2), f(x1) <f(b) HepaBeHcTBa

f ) >R 4,
Fle) < LA ETCD ),

y6emuMcs B CyUIECTBOBaHHM MABYX TAaKHX UHCeN Es& (%1, X)) H
gl b), mo  f(g)=f(E) =[O prax, ggs w0

f(Es) =f(E4), 9TO TaKkKe NPOTHBOPEYHT CYLIECTBOBAHHIO 0OGPaTHOM
byHkuHM ans ¢yHKuuu f(x) Ha cermenrte [a, b]. 3ameuas, d9rto
ycaoBHe f(x1) =f(x2) Ans x;<Xy Takke HEBO3MOXKHO, Mbl NPHXO-
OUM K BHIBOAY, 4TO f(x;) <f(x2) mas moGHX x;<X; U3 CErMeHTa
[a, b]. 3amMeuanue JOKaszaHo.

Teopema 414 (nepBasi tTeopeMma BeliepmTpacca).
Ecau ¢ynxyusn f(x) Henpepoviena Ha ceemenre [a, b], T0 oxna ozparu-
4eHa HA 3TOM CeSMeHTe. :

HJokasateabcTBo. JloxkaxkeMm, yro ¢yHkuus f(x) orpaHu-
yeHa Ha cermeHre [a, b] cBepxy (OTpaHHYEHHOCTb CHH3Y JNOKa3bIBa-
€TCsl aHaJOTHYHO).

JloKa3aTeJbCTBO NPOBEREM OT IIPOTHBHOIO, T. €. HPELNOJIOKHM,
uyTo f(x) He sBJsieTCS OrpaHHYEHHON CBepXy Ha cermeHrte [a, b].
Torga mns mwo6oro HarypaaeHoro n (n=1, 2, ...) najijgercs xorsi Oul
ojHa TOYKa X, U3 [a@, b] Takas, 4to f(x.) >n. (B mporuBHOM cayuae
f(x) 6B1a OBl OrpaHuueHa cBepXy Ha cerMeHre [a, b].)

TakuM 06pazoM, MH YKas3ajH NOCTEeJOBATEJIbHOCTb 3HAueHHH {x.}
u3 cermenta {a, b] Takyw, YTO COOTBETCTBYIOIlAsl MOCJIEIOBATENb-
HOCTb 3Ha4YeHH# ¢yHruuu {f(x.)} siBasercs OGeckoHeuno OGOabLIOH.
B cuany teopembl bBoabnano—Bedfiepmitpacca (cM. ciaeactsue 3 U3
teopemul 3.16 m. 1 § 3 ri. 3) 43 moCNeROBATENBHOCTH {X.} MOXHO
BBIIEMHTD IOANOCAENOBATENbHOCTD {Xk,}, n=1,2,.., cxogsuyiocs
K HekoTOopof Touke E. Tak Kak Bce 3JeMEHTH NOANOCAEAOBATENbHOCTH
{xz,}  nexar Ha cermente [a, b], TO M TOUKa § NPHUHAJJIENKHT cer-
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MeHTy [a, b] (B cuay caexctsus 2 u3 Teopemnl 3.13). B cuiy Henpe-
PHBHOCTH GYHKIHUH f(X) B TOuKe £ COOTBETCTBYIOWAs IOANMOCIEROBA-
TeJIbHOCTh 3HaueHHit ¢yHkuum {f (¥s,)}  o0s3aHa CXOAHTBCI K
f(¢). Ho ato npoTHBOpeduT TOMY, UYTO MOANOCJEAOBATEIbHOCTD
{f (xx,)}s 6yaydu BhiJeJeHa u3 OECKOHEYHO G0JbION HOC/IeNOBa-
teapHocTd {f(x.)}, cama saBasiercst feckoHeuHo Gousbiiod. IlosyueH-
HOe NMPOTHBOpeYHe NOKa3blBAET TeopeMy.

Sameuaunune 1. Jasg uHTepBana (HJIH MOJyCerMeHTa) yTBepXK-
ZicHUe, BBICKa3aHHoe B TeopeMe 4.14, yxe HeclnpaBelJ/iHBO, T. €. H3
HENpepHBHOCTH (PYHKUHM Ha HHTepBase (HJH NOJyCErMEHTe) HE BBHI-
TEKaeT ee OrPaHHYEHHOCTb HA 3TOM MHOXKecTBe. PaccMOTpHM, HampH-

Mep, BYHKUHIO f(x)=—:c— Ha uHrepBase (0,1) (mnu Ha mnoay-

cermenre (0,1]). Dta GyHKHHA HenpepbiBHA HA YKA3aHHOM MHOXe-
CTBe, HO HEOIDAHHYEHHa Ha HeM. B camom jese, moc/jel0BaTe]bHOCTD

xnzT (n=2,3,...) NpuHALJIEXHT yKa3aHHOMY MHOXECTBYy, a

nocJeN0BaTebHOCTy 3HaueHuil ¢yukmuu {f(x.)}={n} sBngercs Gec-
KOHEUHO OOJBbIIOH.

Paccmorpum (yHxuuio f(x), orpaHHYeHHYIO Ha JaHHOM MHOXKECT-
Be {x} cBepxy (cHHU3Y).
~ Omnpenenenue. Yucao M (uucio m) HaseieaeTci TOUYHO U
gepxHnell (Tounoid Huowuned) epansvro yukyuu f(x) Ha
MHOJMCecT8e {x}, ecau gbinoAHexv. 08a Tpebosanus: 1) 0asn kaxndoeo
3Hadenus x u3 MmHoscectsa {x} cnpasedauso Hepasencrso f(x) <M
(f(x)y>m); 2) dan awboeo wucaa e>0 cyujecTsyer Takoe sHA4eHUE X
us mHoxecrsa {x}, 4T0 Oas COOTBETCTBYIOULE20 3HAUEHUS (PYHKYUU
f(x) cnpasedaruso nepasencTso

f(x)>M—e  (f(x) <m-+e).
3ameTuM, 4TO B JAHHOM ONpeAeseHHM YCJAOBHe 1) 03Hayaer, 4ro
yucao M (4HcJo m) sABJAAeTCS OJHOH M3 BeDXHHX (HHMXHHX) rpaHed
¢dynkuun f(x) Ha MHOXecTBe {x}, a yc/jOBHe 2) O3HAuaer, 4TO 3Ta
rpanb sIBJSeTCS HaMMeHbllel (Hanbosbiuel) H ymeHblleHa (yBeJH-
yeHa) OBITb HE MOKET.

Toynas Bepxusisi rpaHb M ¢@ynkuun f(x) Ha MHOXKecTBe {x} 0OBIU-
40 0603HauaeTCs CHMBOJOM :

M =sup{f (x)},= sup f (x).
) {*}

Anajoru4HO TOouHAasi HIKHSS rpaHb m GYyHKUHE f(Xx) Ha MHOXeCTBe
{x} o603HayaeTcs CHMBOJIOM.

m= ig}f {f(x)}= ?x‘;" f(x)-

B uacTHOCTH, TOYHAs BepXHAA IpaHb (YHKUMH [(X) Ha cermenre
[a, b] Moxer o6o3HauaTbCs JIOGHIM H3 CJAEAYIOIHX YeThipex CHMBO-
JIOB:
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Sup 0= Sup, {f(x)}= JSup, f(x)= JSup {f (=)}

Ananoruunsie YeTeipe CHMBOJIA HOJid TOYHOH HHXXHeH TpaHH HMET
BHA

. é‘,ﬁi J @)= aggb {F}=_ ér[lj'b] fx)= xf;?;/ﬁ]f (x)}-

CnpaBeAJuBH CJEAYIOLHE YTBEPKACHHUS:

1) ecau ¢ynxyus f(x) ozpanuuena wna muowecree {x} _ceepxy
[crusy], 10 y Hee cywecTsyer nHa 3TOM MHOXMCECTBe TOUHAA BEPXHAR
2panb [TOYHAA HUMCHASR 2PAKDL];

2) ecau ynxyus f(x) oepanuuena na muodxcecrse {x} (c o6eux
CTOPOH), TO Y Hee CYUeCT8YIOT Ha ITOM MHONECTSe KAK TOYHAR 8epX-
HAA, TAK U TOYHAA RUNCHASL ePaKU.

OTH YTBEPXK/JEGHHS SABJAIOTCSH INPSAMBIM CJeACTBHEM TeopeMul 2.1
ra. 2, u60 orpaHHYeHHOCTb GYHKUMH f(x) Ha MHOXecTBe {X} CBepxy
[cHu3y] o3HauaeT, YyTO MHOXKECTBO BCeX 3HA4YeHHH 3TOH (yHKIHH
OrpaHH4YeHo CBepXy [cHH3Y].

Bosnukaer BOIpPOC O TOM, fBJSIETCS JIM TOYHAs BepXHSAA [TOouHAsH
HUXHAS| rpaHb OrpaHuYeHHOH Ha MHOXecTBe {x} OyHkumu [(x)
AOCTHXHMOH, T. e CYHeCTByeT JIH CPelH TOYeK MHOXKecTBa {x}
Takasi TO4Ka Xy, 3HaUeHHe cpyHKmm B KOTOpO#l f(xp) paBHO TOUHON
BepXHeH [COOTBETCTBEHHO TOYHOI HMKHeH] rpanm f(x) Ha MHOXKecT-
Be {x}.

Crneayiomuii npuMep NOKa3bBAeT, YTO TOYHHIE TPaHU OrPaHHUEH-
HOH Ha MAHHOM MHO3KeCTBe (DYHKIHH, BoOOlie TOBOPS, He ABIIOTCA
JAOCTHXHMBIMH.

Pacemorpum Ha cermente [0, 1] dynkuuio f(x) c.nezxyxomero BUAA
(puc. 4.25):

i(x)={ ¥* mpr 0<x< 1,
1/2 npu x =0 n x = 1.

dta ¢yHKUMs orpaHHYeHa Ha cerMeHTe [0, 1] H uMeeT Ha HeMm
TOYHYI0 BE€pPXHIOI0 I'paib M=1 u TouHywo HuXKHIOIO rpanb m=0. Ox-
HAaKO 3TH TPAHH HEeJOCTHXKUMBI: cpefu Touek cermenrta [0, 1] me cy-
WECTBYeT TOUEK, 3HaueHns] QYHKUHH B KOTOPBIX ObIW Gbl PaBHH HYJIO
WIH eIHHHIe.

3ameruM, yTo paccMarpuBaeMas ¢QYHKUHS f(Xx) He sBAAeTCA He-
npepuiBHO Ha cermeHTte [0, 1] (oHa uMeer pa3phiBM B ToukKax x=0
u x=1). OxasrBaercsl, 3T0 0OCTOATENbCTBO HE SIBJAAETCH CAydalHHBIM,
160 CIpaBeANUBO CJeAylolllee YyTBEPKACHE.

Teopema 4.15 (BTOpasa Teopema Belftepmrpacca).
Ecau ¢ynxyus f(x) nenpepoisna Ha ceemente [a, b], To ona docru-
2aeT HQ 3TOM CeeMeHTe CBOUX TOYHbLX BepxHell W .HUdXCHeldl epaned,
T. e. cpedu rTodex ceemenra [a, b) Haldyrcs raxue TOUKU X U X,
410 3Hauenue f(x;) pasno TO4HOU sepxueill epanu f(x) Ha ceemenre
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[a. b], a 3uauenue f(x3) pasuo Tounol nuskred epanu f(x) wa cee-
Mente [a, B].

JokaszareabcTBo. B cuny nepsoii Teopemnl Befiepmrpacca
4.14 ¢yuruny f(x) orpaHuyeHa Ha cermente [a, b], a mostomy y Hee
CYILECTBYeT He 3TOM CerMeHTe TOYHasl BepxHfAs rpaHb M ¥ TOuHad
HHXHAS TPaHb M.

OcTaHOBUMCH Ha J[0KasaTe/]bCTBe JOCTHXKHMOCTH TOYHOH BepxHeH
rpain M, H6O MQCTHXKUMOCTb TOUHOH HUIKHEH IDaHH m LOKa3biBaeTcs
AHaJIOTHYHO.

IIpeanosoxuM, 4TO TOYHAsT BepXHss rpaHb M He sBaAsfeTcs JOCTH-
JXKHMOH, T. €. IPeANOJIOXKHM, UYTO BO BCeX TOYKAx cerMera [a, b]
$yHKuHNa [(x) npHHHMaeTr 3HaueHus, ctporo MmenbuiHe M. Torga Mu
MOKEM paccMoTpeTh (YHKIHIO

1
F(x)=————.
M—f(x)
3uamendrens M—f(x) npercraBisier co60it (GyHKUHIO, HENPEPHIB-
HYI0 H CTPOro IIOJIOXHTEJNbHYI0 Ha cermente [a, b]. Iloatomy no reo-
peme 4.1 (mns caydass yactHOrQ) ¢yukuus F(x) Oyder sBIATbCS He-
npepuIBHOH Ha cermeHTe [a, b]. 3Hauut, mo mepBoil Teopeme Befiep-
mrpacca 4.14 ¢ynkuus F(x) orpanuyeHa Ha cermesre [a, b], T. e.
o 1 .
HaljeTcs moJIoXuTeNbHoe uuciao A Takoe, 4ro F (x)=W<
— X
<A pns Bcex x u3 cermenra [a, b]. Tak kKak ¢yHkuua M—f(x)
CTPOro MOJIOXKHMTeNbHAa Ha [a, b], To mocjenHee HepaBeHCTBO KBH-

1
BAJIEHTHO HEPABEHCTBY f(x)\<M—7 IJIsi BCeX X U3 CerMeHTa

[a, b], a 310 mporuBOpeunT TOMY, 4YTO YHCIO M SABJSIETCS TOUYHOH
BepXHel IrpaHbIO, T. e. HAUMEeHbIIel H3 BCeX BePXHHUX rpaHell QpyHKIUH
f(x) ua cermente [a, b].

ITonyyenHoe HpOTHBOpeYHEe MAOKa3biBaeT, YTO Halle NpPeNNoJoKe-
HUe O HEJOCTHXKMMOCTH TOYHOH BepXHeH rpaHM sABJSIETCH HEBEPHLIM.
Teopema poxaszana,

3ameuaHnue 2. Ilocne Toro Kak AoKazaHa JOCTHXHMOCTH He-
1pepLIBHONH Ha cermeHte [a, b] QyHKIHeH CBOMX TOYHBIX BepXHEH H
HUXKHe#l rpaHell, Mbpl MOXeM HasBaTh TOYHYIO BEpXHIOI® TrpaHs M
MaKCHMaJbHBM 3HaudueHHEM, a TOYHYIO HUXKHIOK TpPaHb m
MHHHMAaJbHHM 3HaueHueMm ¢yHruun f(x) Ha cermenre
[a, b]. Teopemy 4.15 MOXHO nepedOpMyJIHPOBaTH B BHAE: HENpepbsls-
Has Ha ceemente [a, b] pynxkyua [(x) umeer Ha ITOM ceemeHTe MaK-
CUMANbHOE U MUHUMAALHOE 3HAYEHUA. A

MaxkcumanbHoe 3HaueHHe ¢yHKRUMHE f(X) Ha cermeHnte [a, b]
0603HayaeTcss OJAHHM H3 CAEAYIONIHX CHMBOJIOB: :

max f(x) = max {f(x)} = max f(x) = max {f()}.
a<s<xsh a<x<hb x€fab] x¢ef{a,b]
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AHajlorHyHHE CHMBOJIBL JJIsi MHHHMAaJbHOTO 3HavyeHus f[(x) Ha
cermenre [a, b] umeior Buxg

min f(x) = min {f(x)} = min f(x) = min {f(x)}.
agx<b agx<h x€la,b} x€fa,b]

Sameyanue 3. 3aMeTHM, YTO H QYHKUHH, He SABJIAIOLIHECH
HEeNPEepPHIBHBIMH Ha JaHHOM CerMeHTE, MOTYT HOCTHTaTh Ha 9TOM Cer-
MEHTe CBOUX TOYHOH BepxHel M TOYHOH HHXKHeH rpaneii. [Ipumepom
MOXKeT CaAyxkutb (pyHkuus Hupuxiae D(x), paBHas HyJI0 RIS BCEX
UppaNHOHAJIbHBIX ¥ H paBHasf ejHHHIE JAJAd BCeX pPAlHOHAJbHBIX X.
Ota (yHKUHA pa3pbiBHa B KaxAOH Touke cermenta [0, 1], wHo, oue-
BHJHO, JNOCTHrdeT Ha 3TOM CErMeHTe CBOEH TOYHOH BepxHeH rpaHHy,
paBHOH eRMHHIE, W CBOEeH# TOUHOH HHKHEH I'PaHH, PaBHOH HYJIO.

3ameuanue 4. YrBepxkjeHHe TeopeMnl 4.15 oKaxercst Hesep-
HBIM, ecad B ee (QOPMYJHDOBKE TEPMHUH «CEIMEHT» 3aMEHHUTb TepMH-
HOM «HHTEDBaJ» WJIH <IOJYCErMEHT>,

Tax, ¢ysxuus [(x)=x s#BasieTcsi HeNpepLIBHOA Ha HHTepBase
(0, 1) nan na moaycermenre [0,1), ofHaKo TOUHAast BepxXHAA TIpaHb
sToil (YHKUMM Ha yKasaHHOM HHTepBaJje HJIM nojycermMeHre M=1
XOTSl H CYLIeCTBYET, HO He JOCTHTaeTCH.

K aromy canenyer mo6aBuTh, 4TO y (yHKIMH, fABJAsIOLIEHcA Hempe-
PHIBHOH Ha HHTepBaJie HJHM IIOJyCerMeHTe, TOYHbIE TPaHU MOTLYT Aaxe
HEe CYIeCTBOBaTh, H60O Takas (QYHKIHS MOKET He ABJSTBCH OrpPaHH-
YeHHOH HA yYKa3aHHOM HHTEepBaJje HJIH MojycerMeHTe (CM. 3ameua-
Hue 1).

3. Ilonstne paBHoMepHo#l HenpepbiBHOCTH ¢yHKuMH. IIpeamouio-
XKuM, uTo QyHKUMs y=f(X) 3aJaHa Ha TAaKOM MHOKecTBe {X}, Kax-
Ias ToOuKa KOTOPOro siBjifeTcs npefelbHOM TOUYKOH 3TOr0 MHOXECTBa.
IIprMepoM TaKOro MHOXKeCTBAa MOTIYT CJYXKHTb CErMEHT, HHTepBaJ,
noJIycerMeHT, NoJynpsamasi, OeCKOHeuHasi NpsiMasi, MHOXECTBO Bcex
pauMOHAJbHBIX TOYEK, NPHHAJJIEXAIHNX JIOOOMYy H3 MepEeuHCIEeHHBIX
MHOXKECTB. v

Onpenenenue. DPyukyus y=f(x) nHaseieaercs paeromep-
HOo Henpepous8Hol wna muoxecrse {x}, ecau Ois A106020 noso-
HUTENbHO20 YUCAQ €& HAUOeTCa oTeéewaroujee emy NOAOKCUTEAbHOe 4dlic-
210 8 Takoe, 4to Oasn A06bix 08Yx To4ex x' u x” mHomectsa {x}, ydos-
aergoparowux ycaosuro |x'—x"| <8, cnpasedauso HepasencTso

() —F(x") | <e. (4.29)

3ameuanue 1. Cpasy xe NOJYEDPKHEM, 4UTO e€CNH (YHKIHS
f(x¥) paBHOMepHO HeIpepPLIBHA HA MHOXeCTBe {X}, T0O OHA HeNpephLIBHa
B KaxkJo#l Touke x MHOxkecTBa {x}. B camoM pgene, B3aB B chopmy-
JHPOBAHHOM ONpeJeJEeHHH B KauecTBe x” NAaHHYI0 (DHKCHPOBAHHYIO
TOYKY Xo MHOXKecTBa {x}, a B KauectBe X’ — JI06YI0 TOUKY 3TOro
MHOXKeCTBa, MHl IpPHAEM K ONIPEJEJEeHHIO HENPepLIBHOCTH (YHKIHH
[(x) B Touke xo mo Ko, '

3amMeuyanue 2. OcHOBHHIM B CHOPMYJHPOBAHHOM oOmNpejee-
HHHM pPaBHOMEDHOH HeNpepHBHOCTH ABJsAeTcs TpeGOBanHe, TrapaHTH-
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pylolliee cyuiecTBOBaHue no Jgwobomy &>0 Takoro yHHBEPCAJBLHOrO
8>0, KoTopoe ofecneynBaeT CHOpaBeJJHBOCTb HepaBeHcTBa (4.29)
cpasy AJs Bcex ToueK x’ H x” MHOXKecTBa {x}, y/JOBJETBOPSIOIWHX
ycaoBuo | x'-——x"| <8. - :

Ecan norpe6oBaTh HenpepHBHOCTH (GYHKLHH f(X) B KaxJAOH TOY-
Ke xp MHOXecTsa {x}, To Ajna mwoboro >0 u M060H TOUKH X, MHO-
KecTBa {x} MOXKHO TapaHTHPOBAaTh CYLIECTBOBaHHE «CBOEro» IIOJIOXKH-
TeJbHOro 4ucia §=438(e, Xo), 3aBHUCAILEIO HE TOJbKO OT & HO H OT
Xo H 00eCIeuHBAIONIEr0 CIPaBEeLJIHBOCTb HepaBeHCTBa. |f(x) —f(xo) [ <
<e JBAS BCeX X U3 MHOXKecTBa {x}, yIOBJIETBOPSAIOMWIMX YCJOBHIO
[x—xo| <6(e, x0). Ilpu 3TOM, BOOOGINE rOBOPS, MOXKET He CYUIECTBO-
BaTh MNOJOMXHTEJbHOH  TOUHOH HHXKHeH TpaHH YKa3aHHBIX
d(e, xp) mO BceM TOYKaM X, MHOXeCTBa {x}, T. e. paBHOMepHas He-
IpepheBHOCT (YHKIHH Ha MHOXecTBe {x} He BHITeKaer, Boobule ro-
BOPS, H3 HENPEepbIBHOCTH 5TOH (GYHKUHH B KaXAOH TOYKE Xo MHO-
xkectBa {x}.

3ameuanne 3. M3 mansoro HaMmMm onpejeseHHs] paBHOMEDHOM
HENPEPbIBHOCTH HENOCPEJCTBEHHO BHITEKAeT, uTo ecau QyHKuus f(x)
paBHOMEDHO HeIpepEBHA Ha MHOXecTBe {x}, TO 3Ta (YHKUHS pPaBHO-
MEpHO HelpephBHA H Ha JI0O60M NOAMHOMKECTBE MHOXKecTBa {x}.

PaccmoTrpum npuMepn GyHKUHHA, Kak oOnafaloliux, Tak W He 00-
Jafalomux Ha [JaHHOM MHOXKeCTBe {X} CBONHCTBOM DaBHOMEpHOH He-
NPEPHIBHOCTH. ~

1
1. Y6eaumcsa B TOM, 4TO (pyHKuust f(x)=—  paBHOMEpHO He-
X

npepbiBHA Ha Noaynpsmoil x>1. B camom gene, miast mo0ObX JBYX
ToueK X’ ¥ x” H3 YKa3aHHOH MOJYNPSIMOH CIpaBelJHBO HepaBeH-
CTBO

&) —F ) =|2—-L

X X

x" - x

[TosTomy, B3sIB AJs J1060r0 £>0 IOJOXKHTENbHOE YHUCJAO § paB~
HEIM g, MBI IIOJIy9HM, 4TO AJsS JM0ObIX ABYX ToYeK x' M x” mosynps-
moit [l, +o0), yZOBIETBOPSIOMIMX yCJOBHIO |x”—x'|<8, cmpaseg-
JauBo HepaBeHctBo |f(x)—f(x") | <8==¢.

2. Oyukuug f(x)=sin-— He ABJSETC PABHOMEPHO HeNpepHIB--

X
soi Ha unTepBasie (0, 1)* Urobu ybexuTbcsi B 3TOM, AOCTaTOYHO
J0KasaTh, 4T0 AJisd HeKoToporo e>0u pxasg n1060ro Kak

yrogHo MaJgaoro 6>0 zahjercs xora OH oAHa mapa Tovexk x W
x” uarepsana (0, 1) Takux, uro

[’ —x"] <8, HO |f(x')—f(x")|>e.

* Xorss 9ra (GYHKUMSA H SBJIAETCA HENPEPHIBHOA B KaXJIOH TOYKE HHTEPBaJa
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PaccMorpum JiBe IIOCJIEZOBATENIBHOCTH TOYEK, IpHHAAJIEXAIUX
unrepBany (0, 1), {x'»} u {x”,} ¢ snemenramu

’ 1 " 1
X = Hx =———— n=1,2,....

4
— 2
2+ T

OGe '3Tu mocsief0BaTENbHOCTH, @ 3HAYUT, H HX PA3HOCTb ABJIAIOTCS
GeckoHeyHO MaibiMH. IlosToMy s M06OT0  Kak YrOZHO MaJoro
8>0 nafizercsi HOMep n TakKOH, 4TO Ix [ < 6. Bmecte c TeEM

Jas qro6oro HoMepa n

[fx)—F (x) | = !sin an—sin <% + 2nn) I = 1.

TlostoMy i e= -;— >0 u ana xak yrogHo MaJgoro §>0 nai-

JAercs mapa Touek x’ u x” us uurepsana (0, 1) Takux, 4tO |X,—
—xn"| <8, B To BpeMst Kak |f(x.")—f(x.")|>e, 3T0 M o3Hauaer, 4TO
paccMarpuBaeMasi (GYHKUHS He SIBJASIETCS PaBHOMEDHO HeNpephIBHOH
Ha uHTepsaJje (0, 1). :

3ameruM, 4TO ecau OBl MBI PAcCMOTPENH Ty Xe caMyio (YHKIHIO

f(x)=sin-—1— He Ha uHTepBage (0, 1), a Ha wuHrepBaae (y, 1), rue
X

y — Jmo6oe yucao u3 uHTepBana 0<y<l, To MpuBeNeHHbHIE BLIIIE pac-
CYXJCHHUSI yXe He uMeJH OB Mecta. DTOT (pakT He sBJsAeTCA ciaydai-
HbIM, HOO HHXKe MBI IIOKaXeM, UTO yKaszaHHast (yHKUUA sBAAETCH
PaBHOMEPHO HeNpephHBHOH Ha HHTepBale (y, 1) mpum 0<y<l.

3. NokaxeM, yto GyHKUHS f(x)=x% He sIBJSETCS PaBHOMEPHO He-
npeprBHoffI Ha nonynpaMoﬁ x>1. 3amerumM, uTOo AN JIOOGBIX ABYX TO-
yex ¥’ U x” moaynpsMo# x> 1 cnpaBelJJMBO HepaBEHCTBO

[T —F (") [ = (¥)?—(x")?] =
=|x’+x”|~|x’-—-x”|>x’-|x’—x”|.

Y6enuMmca Tenepb B TOM, 4TO He TOJbKO JJIsI HEKOTOPOTLO
£>0, a gaxe aist A0 60ro >0 u Aasg J1060ro Kak yrogHo MaJio-
ro 6>0 Hafigercs mapa Touek x’ H x” H3 noaymnpsmoi x>1 Takux,
47O

(4.30)

|x—x”| <8, HO |f(x')—f(x")]|>e.

(310 u 6Gyger O3HAuYaThb OTCYTCTBHE CBOHCTBA PaBHOMEPHOH Hempe-
pHIBHOCTH y ¢YHKUHH f(x)=x2 Ha paccmMarpuBaeMo#l MNOJyNPSMOM.)
®duxrcupoBaB npousBoJbHbHe >0 H 6§>0, Bo3pbMeM B KauecTBe X’

2e
HpOH}SBOJIbHOG YHCJO, IIPpEBOCXOAAlLEee €NHWHHIY H TakKoe, YTo x’> —6—-',

8 .
H TOJIOXKUM x”=x’+7. Has tTakux x” u x” OyAer cnpaBelJIHBO
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HepaBeHcTBO  |x' —x"| =—Z—< 6. C pyro#l CcTOpPOHE, B CHJIY
(4.30) AIs 5THX Xe X H x” 6yner CrpaBelJHBO HEPaBEHCTBO
, " [ 2e
&)= &) | = -~ =e.

3aMeTHM, YTO e€caH Obl MBI DAacCMOTPENIH Ty XKe caMylo (YHKUHIO
f(x) =x% He Ha noaynpsmoil x>1, a ma mobGom cermenre |1, b}, rae
b — a1060e QHCIO0, TO npoae,ueHHbIe HAMH pacCyXIeHHsl yXe He HMe-
Jau Ob Mecra.

ToT (GAKT CTAHOBHTCH NOHATHHM B CHIY CIeAyoIel (yHramed-
TaJIbHOH TEOpPEMHL.

OcHoBHasag Teopema 4.16. Ecau ¢yuxyus f(x) Henpe-
poisna Ha ceemente [a, b], TO oHa u pasHOMEpHO HenpepolsHa  Ha
aTOM CezmenTe.

HokaszarteabcTBo. Ilpeanonoxum, uto QyHKuus f(x) He-
npepriBHa Ha cermente [a, b], HO He ABJISAETCS PABHOMEPHO Hempe-
PHIBHOH Ha 3TOM CerMeHTe.

Torpa Ansi HEKOTOPOro e>0 W 78 JIO60TO KAK YrOAHO MAJIoro.
¢>0 Halinytca aBe ToukM x’ M x” cerMmeHTa [a, b] Takue, uTO

[¥"—x"] <8, mo [[(x)—f(x")|>e.
BriGepeM GecKOHEUHO Malyl0 MOCJAEJOBATEABHOCTh MOJOKHUTENbHBIX
gyucen 8,=-— (n=1,2,..). MoXHO yTBepXJaTh, uTO AJf YKa-
n

3aHHOro &¢>0 u gjas Jawboro HOMepa n HaHAYTCH ABe TOYKH X,  H
” cermenra [a, b] Takwme, 4TO

%, =] < —, Ho If () —f (x| > (4.31)

Tak Xak NocleROBATENbHOCThL {X.'} COCTOHT M3 TOWEK CermeHTra [a,
b], To ‘ona orpaHnieHa u no Teopeme Boabnmano—Beiiepmrpacca
(cM. caencrsue 3 u3 Teopembl 3.16 ra. 3) H3 Hee MOXHO BBLAC/HTb
CXOAALLYIOCA TOANOCAEJOBATENbHOCTD {xkn} n=1, 2,... Ilpenexn

t VKa3aHHOH NOANOCAEAOBATENbHOCTH (B CHAY CASACTBUMA 2 H3 Teo-
pembl 3.13 ri. 3) Gymer Takxe OpHHagdexartb cerMmeHry [a, b].
B cuay neBoro HepaBenctBa (4.31) cooTBercTBYIOLias IORNOCJAEIO-
BaTeNbHOCTH {x;n} 6yZeT CXOHUTHCH K TOH XKe caMO¥ Touke E.

[Mockoabky GyHKUHS f(x) HeupephlBHA B KaXAOH TOUKE CerMeHTa
[a, b], ona HenpepniBHa H B Touke E£*. Ho Toraa, B cuiy ompeneie-
HHA HempepuiBHOCTH NO ['efiHe, o0e MOANOCTENOBATENbHOCTH COOTBET-
CTBYIOUIMX 3HaueHHH (QYHKUHH {f(x )} u {f (x, )} 00s3aHBl  CXO-

auTthes K f(E), T. e. pasHOCTBb yKasaHme nonnocnenoaaTeanocmﬂ

* B cayyae, ecid § cOBmajgaeT C OJHMM H3 KOHLIOB cermenta [a, b], mon me-
NPEpPHIBHOCTBIO CJIEAYeT NMOHHMATh OXHOCTOPOHHIOK HENPEPHIBHOCTS.
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{f(x,;n)~f(x;n)} o6s3aHa ObITb GecKOHeyHO MaJjoH. IDTO MPOTHBO-

peuuT mpaBoMy HepaBeHCTBY (4.31), cmpaBegjuBoMy [Jif BCeX HOMe-
POB n H NOTOMY AJIsI BCeX HOMEPOB Kn.

[Tonyyennoe mnpoTHBopeuHe A0Ka3bIBAeT, 4TO Halle INPeANOJIOXKe-
HHE O TOM, YTO HelpepbiBHAs HA cerMeHTe [a, b] QyHKUuS He ABJSA-
©TC PaBHOMEDHO HENpPEepLIBHOH Ha 3TOM CerMeHTe, siBJiIeTCs HEBEp-
HeiM. Teopema AoKa3aHza.

BosBpaTtuMmcst Temepp K pacCMOTPEHHOMY BHIIE HpHMEDPy 2 H THO-

KaxeM, 4To PyrKyus f(x)zsinL ABAAETCS PABHOMEPHO Henpe-
poisroi na unrepsare (y, 1) npu fuo6om v u3 unrepsasa 0<y<l.
‘B camom gmese, npu sn1060M TakOoM y (QYHKIHUS f(x)=sin% Hemnpe-
phiBHA Ha cermenTe [y, 1]. 3Hauur, no Teopeme 4.16 dynkuus f (x)=
= sin N PaBHOMEPHO HENPEpHIBH - Ha cerMeHTe [y, 1]. B cuiy 3ame-

YaHusg 3 K ONpENeJIEHHI0O pPaBHOMEPHOH HENpepHIBHOCTH (yHKUUS
.o 1 o
J (x)=sin— . rTem Oojee siBJifieTCS pPaBHOMEPHO HEHODPEPHIBHON Ha
X

IEHTepBane (y, 1), npencraeasiomeM co00i NMOAMHOXKECTBO CErMeHTa
v, 1].
Teopemy 4.16 yno6uo nepedopMy/nHpOBaTh B TepMHHaxX KoJe b a-
‘Husl GYHKLUHH Ha JaHHOM CerMeHTe.

Ilycte ¢yHkuust f(x) orpaHuyeHa Ha JaHHOM cerMeHre [c, d].
Haszosem korebanuen pynryuL f(x) Ha cezmente |[c, d] pas-
HOCTb w=DM-—m meoncly TOYHOU BepXHel U TOUHOL HUNCHel ePAHAMU
pynrkyuu f(x) na stom ceamenre.

Haist HenpepbBHOH Ha cermente [c, d] ¢ynkuun f(x) Kosaebauue
PaBHO DPA3HOCTH MEXJY MaKCHUMaJbHBIM H MHHHMAJbHBIM 3HaueHHA-
MH 3TOH (PYHKIHMH Ha YKa3saHHOM CErMeHTe.

M3 teopemnl 4.16 HenmoCpeACTBEHHO BHITEKAeT crenyomee yTBepm-‘
JleHue.

Caenpcrsue u3 tTeopemu 4.16. Ecau ¢ynxyusn f(x) He-
npepoisha Ha ceemenTe [a, b, T0 0 4106020 NOAOHCUTENBHO2O HUC-
AQ & HaiideTcs orseqaroujee emy NONOKCUTEAbHOE HUCAO 8 Taxkoe, 4To
koaebanue ¢ynxyuu f(x) Ha awbom codepacawiemcs 8 ceemente
[a, b] ceemente Oaunst, menswed 8, 6yder menvule uucra e.

3ameuanue 4. AHaqu3upPyd NOKA3aTeNbcTBa TeopeM 4.14 u
4.15 Betiepmitpacca n Teopemel 4.16, HeTPpyIHO 3aMeTHTb, ‘UTO B 3THX
TpexX TeopeMax BMeCTO cerMeHTa [a, b] MOXKHO B3ATb IPOH3BOJIBHOE
MHOXKeCTBO {x}, AJs KOTOPOrO BBHINOJHEHH ABa TpeboBaHusA: 1) aro
MHoscecTéo {x} seasercs ozpanudeHneim; 2) 3Tto mHoxectso {x} co-
depocur A06Y10 8010 NPedesbrYyD TOUKY (TaKoe MHOXKECTBO JOTOBO-
pPHMCS HAa3blBaThb 33 M KHY T bl M). 4

Muoxectso {x}, yZoBjerBopsilollee yKa3aHHBIM JABYM TpeGoBa-
HUAM, AOTOBOPHMCSI HAa3bBaTh KOMMDAKTHBIM MHOXECTBOM
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Win KoMnakTtoM. Takum o6pasoM, yKasaHHHE TPH TEOPEME
(. e. nBe TeopeMnbl BeitepmTpacca u Teopema 4.16) cnpaBenJHBHL He
TOJIBKO JJIs (DYHKIIHH, HENPEePHIBHOH Ha CerMeHTe, HO H AJsl (YHKIHH,
HeNpepHBHOH Ha JI060M KOMIAKTe,

B § 7 vacrosme# raaBH 6yayT cHopMyAHPOBaHE GoJee TOUHBIE OII-
pelesNeHHs] 3aMKHYTOTO M KOMIAKTHOI'O MHOXKeCTB. Bmpouem, anas
cyydasi YHCJIOBHIX MHOXKECTB 3TH (oJiee TOUHBIE ONpPEACJEHHS OKa3hl-
BAlOTCsl SKBUBAJIEHTHHIMHM NDHBENEHHLIM HAaMH Bbille ONpPENEJIECHUSAM,

4. lloHsiTHe MONYJSs . HENPEPBIBHOCTH (DYHKIMH. I'IpelmonomnM
uro ¢yHKnua f(x) ompejeneHa M HempeprlBHA HA HEKOTOPOM MHO-
KecTBe {x}, Kaxmas TOYKAa KOTOPOTO SABJISIETCS MPeAeJbHON TOUYKOM
TOT0 MHOXKECTBA.

Onpenenenune. [Jaa xandozo 8>0 nasosem modyaren
HenpepolerhocTu Qyukyuu f(x) na muoxecTse {x} TOUHYIO
6epXHION epans modyas passocTu |f(x")—f(x”)| no ecem Touxam
X, u x", npunadaescawum mnoxcecTsy {x} u yoosaseTsoparOUUM
Hepasencrsy |x'—x" | <8.

Hsis 0603HaueHHss yKasaHHOH TOYHOH BepxHe#dl rpaHu OOGBIYHO
ynoTpebasioT CJAeAYONHA CHMBOJ:

sup{|f () —f(x") | : |¥'—x"| <d; X, x"={x}}.

Cam e MORY/Jbh HeNpEepHIBHOCTH (QYHKUMH f(X) HA MHOXKeCTBE
{x} npunaTo 0603HayaTh CUMBOJOM o (f, ).

Taxkum oGpasoM, 1o ompeneJeHUI0

o(f, 8) =sup{|f () —f(x") | : |[x'—x"|<8; ¥, x"={x}}.
(4.32)

3ameuanue. [lpu onpeineneHun MOAYJS HENPEPHIBHOCTH
o(f, 8) B mpaBoit wactn (4.32) Bmecto |f(x')—f(x”)| MmoxHO
Obl10 OBl NHCATb PA3HOCTD [f(x’)—f(x”)] 6e3 3Haka MOAyJs. DTO
{ BBITEKaeT M3 TOrO, YTO TOYKH X’ U x” MOXKHO NMOMEHSTh MeCTaMH
(nmpu stom pasHocTh [f(x')—f(x")] H3MeHHT 3HAK HAa IPOTHBOMNO-
JIOXKHHI, B TO BpeMsi KakK BeJuyuHa |x'—x”| He H3MeHHTCS).

Otmernm JIBa CBOHCTBA MOJIYJs1 HenpepeBHOCTH o(f, §).

! 1°. Modyas menpepoigroctu o(f, 8) 6ceeda reoTpuyaresen:
o(f, 8)>0.

ATO CBOHCTBO HEMOCPEACTBEHHO BHITEKAET M3 OINpeAeseHHs MO-
AyJist HerpepheiBHOCTH (4.32).

2°. Modyav HenpepoisHocTu (f, 8) npedcrasaser coboi He-
yboisarowyro pyrkyuro § scrody Ha noasynpamoii 6>>0.

B camoMm pese, npu yMeHbIUIEHHH & MHOXECTBO, II0 KOTOPOMY
Geperca cynpeMyM (4.32), cyxkaercs, a CynpeMyM Ha 4YacTH MHO-
KeCTBa He IPEBOCXOAUT CYNpPEMyMa Ha BCEM MHOMKeCTBe.

BrelupcoiuM MOAYJIH HENPEpPLIBHOCTH HEKOTOPHIX (yHKIMA.

1. BuuMcauM MOJAYJb HelpephiBHOCTH (QyHKuuH [(x)=x% Ha
cerMeHTe [0 1].

; Iycts " u x” — m00be aBe Touku cermenrta [0, 1] takue, yTO
i x”"=x'—6, rae 0<§<1. Torna, O4YeBHAHO,
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[ () —F (") ] =[(x)?—(x")?*] =[ (x')>— (x"—8) *] <26—6".

W3 mocaenHero HepaBeHCTBA, YUHTHIBAsS 3aMedaHHe K onpejeNeH I
MOJyJsi HEHPEePLIBHOCTH, ME HOJYYHM, 9TO

o(f, 8)=sup {[f(x)—F(x")]: |¥'—x"} <8 ¥, x"<[0, 1]}<26—8

C npyro#t croponn, B3fB x'=1, x"=1—86, tak uro |x'—x"|=46,
MblI HOJYYHM, YTO :

[F () —F(x")] =1—(1—5)2=25—02.

3uayut, o(f, 8) = (x2, §) =26—06% (ecau 6<1).
2. BLIYHCAUM Jajgee MOAYJ/b HENPEPHBHOCTH QYyHKUMH [ (¥)==

—sin—- na uarepsane (0, 1).
X R

Taxk kax
() —F ()] =] sin —1,———sin—l”—l < lsini,‘+|
X X X

10 0(f, 8) <2.
C npyroii CTopoHH, B3sB JBe OECKOHEYHO MaJble Iocjae-
noBatelbHOCTH {%¥,'} u {x.,”} TOuex wuntepBana (0, 1) BHIa
1

’ 1 "

X, = ————— X, =—————, TAen=1,2, .., MB JJs Ji060-

—’;—+2nn —-§—+2nn

<2

ro >0 cMoXKeM yKasatb HOMep nTakoll, uto  0<x,'<8 u 0<x,"<
<6, TaK 4r0 |X'—x."| <0, npuueM

[F (x))—F (¢)] =sin =~ —sin L~ = 2.

X

»
xn n
Orciona caenyer, uro o (f, 6)=(ov(sin —i-, 6) = 2.
3. BuumcnuM, HakKOHeN, MOAYJb HENPEePLIBHOCTH (YHKIHA
f(x)::—l—- Ha uHTepBaje (0, 1). Y6eaumcs B TOM, UYTO 3TOT
X

MOJYJib HENPEPHIBHOCTH PaBeH -+ oo.

@QHKCHPOBAB NPOU3BOJBHOE 0>>0, pacCMOTPUM TOJLKO TaKue
TOUuKH x’ ¥ x”, KOTOpHE YROBJETBOPAIOT cooTHOmeHHaM O0<x’<§,
x" =8, Tag uro |x'—x"|<®. OueBuzHo, uto *

m(—l—, 6> > sup {—l—,——-l—:0<x’<6}= + oo.
x x 8

B 3akaioueHye AOKaXKeM TeOpeMy, VCTAHABJIMBAIOUIYIO CBS3b
MeXJy CBOWCTBOM DaBHOMEDHOH HenpepblBHOCTH ¢yHKIuH f(x) Ha

* Mpl y4uTHIBaeM, YTO NpPH CyMXEHMH MHOXeCTBAa 3HAueHMH X, M X"/, m0 KOTO-
pHM Gepercs CYNpeMyM, 3TOT CYNpPeMyM MOXKET TOJBKO yMEHbIUATHCS.
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MHOXKecTBe {x} H BEJIMYHHOH MOAYJS HENpephIBHOCTH 3TOH (YHK-
IIMM HAa YKa3aHHOM MHOXeCTBE. 4

Teopema 4.17. [Haa 1020 urober ¢ynxyus f(x) aAssarace
DABHOMEDHO HenpepsleHol Ha MHONecTee {x}, Heobxodumo u doc-
TaTO4HO, 4T06b6L MOOYse HenpepolsHocTu o (f, 8) arold yunxkyuu na
YKA3AHHOM MHOJKCECT8e YOO8AETBOPANL COOTHOULEHUIO

lim o (f, 8)=0. - (4.33)
8040

HokasareabcrtBo. 1) Heobxodumocrs. Ilycts ¢yHKIHS
f(x) paBHOMepHO HenpepbiBHa Ha MHoxecTBe {x}. Tpebyercs noka-
3aTh, YTO cIpaBelJHBO cooTHouleHHe (4.33), T. e. Tpebyercsi HOKa-
3aTh, uTo AJd Jwoboro >0 maigercs oreevamouee emy §,>0 Ta-
KOe, 4To AJA Bcex 9§, y,IIOBJIETBopﬂ}OHlI/IX ycaosuio 0<6<8,, cupa-
BeJTUBO HepaBeHCTBO o (f, 6)<e *.

ITo onpejeNeHHIo paBHomepHon HereprBHOCTH nas  J6oro
¢>0 mafigercs orBeuawluee emy 8.>0 Takoe, uTo AJas BcexX X’ H
x” u3 MHOXKecTBa {x}, yZOBJeTBOpSAIILMX ychaoBuio |x'—x”|<8.,

cnpaBenauBo HepaseHctBo | (x)—f(x")| < —Z—, Ho 310 u o03-

Hauaer, yro AJs Joboro § u3 uHTepBasa 0<8<d, cIpaBelaHBO
HEPaBeHCTBO

o(f, & =sup{|f (&) —f ()| | =X | <& &', ¥ S} < <o

2) Hocrarourocrs. IlycTb BhINONHEHO cooTHomeHHe (4.33), T.e
nas joboro €>0 cymecTByer orBeyatomee emy §.>0 Takoe, uTO
LJsi Bcex 8, yaoBJeTBOpsiolIMX ycaoBHI0O 0<8<0,, cHpaBelHBO
HepaBeHCTBO o (f, 6) <e.

s onpefeenns MOJIYJIsi HEIPEPEIBHOCTH ° CJAEAyeT, uTO JJIs
Bcex ¥’ W x” M3 MHOXKecTBA {X}, YHOBJGSTBOPHIOIIHX YCJIOBHIO
|¥—x"| <6<8., cnpaBeanuBo HepaBeHCTBO |f(x')—f(x")|<e,
9TO W O3Hauyaer, 4To (yHKUug f(Xx) paBHOMEPHO HempephiBHA Ha
mHoxkecTBe {x}. Teopema nokasaHa.

Brie Mbl BEIYHCJIHIH MOAYJIH HENPEPHIBHOCTEH TPex (yHKIM:
dyukuuu x2 Ha cermente [0, 1] ¥ (yHKuHi sm—;— B — Ha '
uHTepBase (0, 1).

.1 \ 1
Takkak o (x2,0) =20—62, ® (sm——, 6) =2, ® (—, 6) = + oo,

X X
TO H3 TeopeMH 4.17 cpasy ke BHTeKaeT, YTO (QYHKUHA X2
paBHOMEpHO HenpepuiBHA Ha cermeHTe [0, 1], a dyHKIHH sin -
X
" —l- He fBJSIOTCS PAaBHOMEDHO HENpepHIBHEIMH Ha HHTepBale

o, 1)

* MH yuHTHBaeM npu stoM, uto o(f, 8) >0,
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§ 7. NOHATHE KOMNAKTHOCTH MHO)XECTBA

1. OTKpbITHie M 3aMKHYThle MHOXecTBAa. PaccMOTpDHM NpoH3-
BOJIbHOE MHOKECTBO Bel[eCTBEHHBIX UHces {x}.

Onpenenenne 1. Touka x wmuosecrsa {x} Ha3bisaercs
BHYTPEHHEN TOYKOL 3T020 MHONECTBA, €CAl CYU,ecT8yer NnoAo-
HCUTENbHOE HUCAO § TaKoe, 4TO §-0OKPecTHOCTbs TOYKU X TAKNCe npi-
HAOAEHCUT MHOJCECTEY {X).

Onpenenenne 2. Muoxecrso {x} Ha3eieaerca OTKp b~
T ol M, ecAu A106as TOUKQ 3ITOZ0 MHOMCECTBA ABARETCH BHYTPEHHEl:
€20 TO4KOU.

[IpumepaMyu OTKPHITHIX MHOMECTB MOTYT CJAYXHTb HHTEPBaJ,
OTKpHTass mnoJaympsiMasi, OeckQHeuHass npsimast, oObeAMHEHHEC He-
CKOJIbKHX HellepeceKalolHXCcs HHTEepPBaJioB.

Onpenenenue 3. MroocecTeo {x} Ha3vi80€TCSA 3AMKHY -
TolM, ecAu OONOAHEeHue 3T020 mHoxXcecT8a (T. e. PA3HOCTbL (—oo,
+o00) \{x}) s845€TCS OTKPOLITOLM MHONCECTEOM. ‘

B sameuanuu 4 B koHue n. 3 §6 Obuio maHo apyroe onpefe-.

‘JieHHe 3aMKHYTOro MHoxecTBa. HamomHuM ero ¢GOopMYJIHPOBKY.

Ounpenenenune 3*. Munooecrso {x} na3visaercsa 3 a MK H y-
Tol M, €CAL I9TO MHOXMECT80 cOBepicur 8ce 80U npedesvrole
TOUKU. »

Y6enumcs B TOM, UTO AJA CJAydyas NPOH3BOJBHBIX UYHCJOBBIX
MHOKECTB olipefleieHus 3 U 3% 3KBHBAJIEHTHHI.

. 1) Ilycrs cHauana MHOXKeCTBO {x} sIBjseTCs JAONOJHEHHEM OT-
KpBITOro MHOXKecTBa. JloKameM, 4TO B TakoM cJaydae Jjwobas mnpe-
JAeNbHasi TOYKA x 3TOr0 MHOXKecTBa {x} 006s3aTejbHO €My IPHHAJ-
JIEKHUT.

B camom nese, npeaNoJIOXKMB, UTO NpeAe/bHasi TOYKa X He NpH-
HaAJEeXHT MHOXKeCTBY {x}, Mbl Obl HOJYUH/H, YTO X NPHHAAJEKUT
-IOTIOJIHEHHI0 MHOXKeCTBa {x}, KOTOpOe SBJAETCS OTKPBITHLIM. MHO-
xkectBoM. Ho Toraa x npuHamnexana Obl 3TOMY OTKDPHITOMY MHO-
JKEeCTBY BMeCTe ¢ HeKOTOPOH CBOeH §-OKPecTHOCTbIO, T. €. HEKOTO-
pasi 0-OKDECTHOCTb TOUKH X He cojepxana 0bl TOYEK MHOMKECTB&
{x}, a 370 mpoTHBOpEeUYHJO OBl TOMY, YTO X fABJSETCH INpPeAeJbHOR
TOUYKOH MHOMKeCTBA {x}.

2) Ilycts mo6asi mpefiesibHAs TOYKA MHOXKECTBA {X} NpuHajje-
XKHUT 3TOMy MHOXKecTBY. JlOKaXKeM, 4TO MHOXKECTBO {x} sBJsieTcst JO-
[IOJIHEHHeM OTKpPHITOro MHOMecTBa. Ilycts ¥ — mo6as Touka jo-
noauenusi MHoxectBa {x}. TpebGyercss mokasatb, YTO 3TO JAONOJHE-
HHe COJEPXKHT H HEKOTOPYIO §-OKPECTHOCTh TOYKH X.

Eciu 6H 3TO OBIO He TaK, TO Jio6as §-OKPEeCTHOCTb TOYUKH X
comepxana 6pl TOYKH MHOXKeCTBA {x}, T. e. TOYKa X SBJIANAChL Obi
npefesbHON TOYKOH MHOXKeCTBa {x} u no ycnoBui emy npunamie-
’Kajia, a 9TO NPOTHBOPEYHJO OBl TOMY, YTO X — TOYKA AOMOJIHEHHS
MHOXKecTBa {x}. '

2. O TIOKPBITHAX MHOXKECTBA CHCTEMON OTKPLITBIX MHOXECTB.
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Onpepenenuel. Bydem eosoputs, uro cucrema {Z,} or-
KpolToLx MHOMeCT8 T, 06 pa3yeT NOKpuiTUE MHOXNECTEA
{x}, ecau arob6as Touxa x muoxcecrea {x} npunadaexmur xors ObL
O00HOMY U3 MHOXMCECT8 cucTemol {Tq}.

JlokaxeM xBe 3ameuaTesibHble JIEMMH O INOKDHTHAX MHOXeECT-
Ba CHCTeMOH OTKDBITHIX MHOXECTB.

Jlemma Tefine—bBopens gpass cermeHta. H3 awo-
6oii cucremor {I,} oTKpLITHLX MHOMCECTE Z,, 06pa3yroujell noKpus-
Tue ceemenra [a, b], moxHO Bbi0eAuTo KOHEUHY nOOCUCTEMY,
TaKsce 06pa3yrowyio NOKPLITUE 3TO20 CEZMEHTA.

HokaszarteanbctBo. [Iycrs GeckoneuHast cucreMa {Zq}
OTKPHITHX MHOXECTB X, 00pa3yer HOKpuITHe cermenra [a, bl*.

Honycrum, uto cerment /=[a, b] Heab3ss NOKPHITH KOHEUHBIM
Ha6opOM OTKDPHITHIX MHOXECTB H3 cHcTeMbl {Z,}). Toraa, pasmenus
3TOT cerMent / momogam, MH NOJYYHM, YTO XOTS OBl OfHY H3 IO-
JIOBUH cermeHrta / HeJb3d NMOKPHLITh KOHEUHBIM HaOOpPOM OTKPBITHIX
MHOXeCTB H3 CHCTeMH {Z,}. O603HaYuM 3Ty NOJOBHHY. yepe3 I;.

ITopeaus I; monosam, Mbl NOJYYHM, STO XOTS OBl OJHY H3 IOJO-

BUH I; (00603HayuM ee 4epe3 [;) Hesb3si NOKPHITh KOHEUHBIM Habo-
POM MHOXKECTB M3 CHCTeMH {Z,}.
" Tlponoaxas nanee 3TH PacCyXJAeHHS, MBl NOJYYHM CHCTEMY
BJIOJKEHHBIX CerMeHTOB {/,}, KaXAulli H3 KOTOPHIX HEJb3sl MOKDPHIThH
KOHEYHHIM Hab0pOM MHOMXECTB H3 CHCTeMH {2,}. JJHHA n-ro cer-
MeHTa [, cocrasiaser 1/2" yacTb JJIHHBL OCHOBHOTO CErMeHTa
/=[a, b] U cTPEMHTCS K HYJIO NPH N~»+00.

B cuny caexctBus mu3 Tteopemni3.15 (cM. m. 2 § 2 ra. 3) cy-
HIECTBYeT €AMHCTBeHHasi TOuKa ¢, NpUHAAJeXKallas BCEM CErMeH-
Tam {/}. Tak Kak 3Ta TOYKa ¢ NPHHAJJEIKHT OCHOBHOMY CerMeH-
1y I=[a, b], To B cucreme {Z,} HafigeTcs OTKPHTOE MHOXKECTBO
Z., KOTOPOMY NPHHAAJEXKHT TOYKA ¢. B CHy TOro, 4T0 MHOXECTBO
Z, ABAAETCA OTKPHITHIM, Hafgerca >0 Takoe, 4TO §-OKpeCTHOCTh
TOUKH ¢, T. €. HHTepBan (¢—~8, ¢+ 0) TakKe NpUHANJIEKHT MHO-
XKECTBY 2. :

B cuny Toro, uTo Bce cerMeHTH [, COAEPKAT TOUKY ¢ H AJIHMHBI
5THX HHTEPBAJIOB CTPEMSTCS K HYJIO MPH n—»00, MOKHO YTBEPXK-
IaTb, 9TO HaHJETCA HOMEp 7y TaKOH, YTO HPHU 73>ry BCE CErMEHTH
I, comepxarca B uurepBane (c—~8, c+96).

Ho 3to osmauaer, 4ro Bce cermeHTH [, IPH n>>ny MOTYT GHITH
NOKPHITHl OJAHHM MHOXKeCTBOM I, CHCTEeMH {2,}. Tem caMbIM MH
NOJYYHJH NPOTHBOPEYHE C YTBEPKACHHEM O TOM, YTO HH OJHH
CerMeHT [, He/lb3sl NMOKPHITh KOHEUHHIM HaGOpPOM  MHOMECTB H3
cucreMbl {2.}. [Toanyyennoe mpoTHBOpeyHe 3aBeplaeT A0Ka3aTelb-
CTBO JIEMMBI.

Hoxkaxem tenepb 6oJiee ofuiee yTBepXKAECHHE.

* Eciu 6m cHcreMa {Zq), oOpasyiolias MOKpHTHE cerMeHTta [a, b], He aBJs-

Jach 6eckoHeuHOMH, TO JemMa OHJa Gb JOKa3aHa,
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Jlemma T'efine—~DBopeas nass 3aMKHYTOrLo OTpDa-
HHYEHHOTro MHOXecTBa. H3 aoboi cuctemer {S.} oTKpbL-
TblX MHOXMCECT8 X, 00pA3youieti NOKpouiTUE 3AMKHYTO20 02PaHu-
4eHH020 MmHOscecTéa {x}, MOXCHO 8bl0eAuUTt KOHeuHYyro nodcucremy,
Taxsce o6pasyouyro noKpuiTUe MHONCecTea {x}.

IHoxasarteabcTBO. I[lycTh {x} — 3aMKHyTOe OrpaHHYEHHOE
MHOXECTBO, {Z,} — CHCTeMa OTKPHITHIX MHOMeCTB, obpasyioilas
NOKPHITHE MHOXKeCTBa {x}.

Tax Kak MHOXKECTBO {x} OrpaHHueHO, TO HAHAETCd CETMEHT
[a, b], copepxamuit 370 MHOXecTtBO. O603HayuM uepe3 g OT-
KPHITOE MHOXKECTBO, sBJsIOlleecs MONOJHEHHEM K 3aMKHYTOMY
MHOXECTBY {X} W 3aMeTHM, uro OGbEeIHHEHHe CHCTeMH {Z.} ¢ OT-
KPHITHIM MHOXECTBOM X, ofpasyer nokpuitHe cermesra [a, bj.
B cuny nemmu I'efine—Dbopeas ajas cermMeHTa M3 3TOrMO0 NOKPLITHS
MOKHO BLIZEJNHTh KOHEYHYIO MOJCHCTEMY, TaKxKe o6pasylouyio
TIIOKPHITHE cermMeHTa |[a, b].

Ecin MHOXKecTBo I, BXOJHT B 3Ty KOHEUHYIO NOACHCTEMY, TO,
VIAJUB €ro U3 Hee, MBl IOJYYHM KOHEYHyIO NOACHCTEMY CHCTEMH
{24}, 06pasyollyio NOKPHITHE MHOXKECTBA {x}*.

Ecau e MHOXKECTBO X He BXOAHT B KOHEYHYIO IIOJACHCTEMY,
o6pasylomyio IOKpHTHEe cerMeHTa [a, b], TO 3Ta KOHeyHas TMOA-
CHCTEMA COCTOMT MCKJIOUHTEJbHO M3 MHOMKECTB I, CHCTEMB {Za}
1 obpasyeT NOKpHITHE MHOXecTBa {x}, cojepiKallerocss B CErMeH-
te [a, b]. Jlemma pokasana.

3. INousiTne KOMNakTHOCTH MHOXKecTBa. Ilycts {x} — mpomus-
BOJIbHOE MHOXKECTBO BEIECTBEHHBIX UHCEJ.

Onpegenenue l. Mrowecrso {x} HaseieaeTca KOMnNaKT-
Hoim MHOodMecTeom (ual KomnaxToOM), ecau u3 at06od
cucremor {3} OTKPbITOLX MHOINMCECTS, O6pasyroujeli noxpuiTue MHO-
scecTsa {x} MOJNCHO BbIEAUTb KOHEUHY0 NOOCUCTEMY, Tarxce 06pa-
3YIOWY0 NOKpeiTUE MHOMCeCT8R {X). :

B sameuanun 4 B xoHUe 1. 3 § 6 6pIO JaHO Apyroe ompeje-
JleHHue KOMIAKTHOrO MHOXecTBa. HamomuuM ero (GopMyJHpPOBKY.

Onpenenenue 1* Mnoxecrso {x} HaszviBaeTcs KOMNaxT-
HOIM, eCAL OHO ABAAETCA 3AMKHYTHIM U OZPAHUYEHHbIM **,

JloKaxkeM, 4TO OAf NPOUSBONLHBIX HUCAOBBLX MHONCECT8 onpe-
Oesenusn 1 u 1* axsusasrenTrol.

1) ITyctb cHauaNla MHOXKeCTBO {x} SIBJIsIeTCSl 3aMKHYTHIM H Orpa-
HuyenHBIM. Torga ToT ¢axT, 4To H3 J1060H# CHCTEMBI OTKDHITHX
MHOXeCTB {2}, oOpasyiomefi NOKPHTHE {X}, MOXKHO BBLIEJHTb KO-
HEUYHYI0 NOJACHCTEMY, TaKxe 0O0pasyiolmyi NOKpHTHe {x}, cpasy
BHITeKaeT u3 JeMMH ['efire—Dopeas (cM. m. 2).

* Mpl yuHTHIBAEM, YTO MHOXECTBO Xp, SBAAACL JONOJHEHHEM K MHOXECTBY
{x}, He comepKUT HH OJHOH TOUKH MHOXKecTBa {x}. ;
** OTHOCHTEJLHO TePMHHA «KOMIAKTHOCTb» ¢M. 1, 2 § 3 rat. 127 -
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2) Ilyctp muHOXecTBO {x} TaKOBO, UTO H3 JIOGOH CHCTEMBI OT-
KPHITBHIX MHOXeCTB {¥.}, o6pasyiollefl NOKpHITHE {X}, MOXKHO BbHIAe-
JHUTb KOHEYHyI0 NOACHCTEMy, Takke 06pasylollyl0 NOKpbITHE {X}.

JloKaxeM, YTO MHOMKECTBO {x} sIBJsI€TCS 3aMKHYTHIM H OrpaHH-
YEeHHBIM.

Crauana JI0KaXeM 3aMKHYTOCTb MHOXeCTBa {x}.

HocraTouHo pOKa3aTh, uro AGNOJHeHHe D MHOXecTBa {x} sB-
JISIETCSl OTKPHITHIM MHOXKECTBOM.

QukcHpyeM [POH3BOJBHYIO TOUKY y pomosHerus D. TpeGyercs
J0Ka3aTh, YTO CYLIeCTBYET HEKOTOpasi 8-OKPeCTHOCTb TOUKH Y, TaK-
JKe TpHHAAJexKalas KOMoNHeHuw D.

Ilycte x — mioGasi Touka MHokectBa {x}. Tak Kak x=%y, TO
yncao O (x)= l—x;—y—'— SIBJIACTCS  MOJIOXKHTENbHEIM,  I[IpHYEM

0(x) — OKPecTHOCTH TOYEK X H Y
Ze=(x—08(x), x+06(x)), ¥x=(y—0(x), y+6(x))

He IepeceKamnTcs.

TTockoAbKY cHCTEMa OTKPBHITBIX MHOXKECTB {X:}, OTBeyalIIHX
BCEBO3MOKHBIM TOYKaM X MHOXKecTBa {x} o6pasyer HOKPHITHE MHO-
KecTBa {x}, TO M3 3TOH CHCTEMBI MOXHO BBLIENHTb KOHEUHYIO NMOA-

cucreMy By, Xy, ... ,Zy, Takke 00pa3yOUIyI0 NOKPHITHE MHO-
KectBa {x}.
O603nayum yepes Wy, Wy, .. .,‘I’xn COOTBETCTBYIOLIYIO KO-

HEYHYIO NOACHCTEMY O-OKPECTHOCTEl TOUKH . Haumenbmas
U3 3THX O§-OKpecTHocTeil GyZeT COXepKaThCsi BO BCEX MHOMKECTBAX
TR FRETEN 7 H NnoToMy He Oyfer MMeTb OOLIMX TOYEK HHU C
OJHHM M3 MHOXECTB g, Zigy« -« ,5z,- [0 TOTAA, NOCKOJBKY INOA-
cucteMa 2y, Zg,. .., 2y, 00pasyer TOKPHITHE MHOXKECTBA {x},
yKaszaHHa# HaMMeHbliasi §-OKPECTHOCTb TOUYKH y He Oyner coaep-
KaTb TOYeK MHOXKecTBa {x}, T. e. OyAeT LEJIHKOM IIpHHAAJIEXATh
jonosanennio D muoxecrBa {x}.

TeM caMblM AOKa3aHo, YTO MHOXKecTBO D siBisieTcs OTKPHITHIM
'H IOTOMY MHOXKECTBO {x} sIBJIseTCA 3aMKHYTBIM.

JlokaxeM Tenepb, YTO MHOXKECTBO {Xx} sBJAseTCA OTpaHHYEH-
HeiM. Ecan 66l 3TO OBLIO He TaK, TO Halllach Obl MOCJeROBaTel]b-
HOCTb {X.} He COBNMajawIuHX APYyr ¢ ZPYroM TOYEK MHOXKECTBA
{x}, yaoBaeTBOpAIOWIAS YCIOBHIO

|| >n  (n=1, 2,..).

Tak Kak 3Ta INOCJHEeNOBATEIbHOCTh He HMeeT KOHEeYHB X Ipe-
ZleJbHBIX TOYEK, TO KamJas TOUKa X, HMEEeT §-OKPeCTHOCTb g ,
cBOGOJIHYI0 OT APYTHX TOYEK NOCJIELOBATENBHOCTH {Xn}.

OueBHAHO, YTO H3 GECKOHEYHOH CHCTEMBl OTKDHITHIX MHOXKECTB
{2} 06pasyloLIHX NOKPHITHe MHOXECTBA TOYEK - {X.}, HEJb3sk
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BHIGpATh KOHEUHOH MHOACHCTEMBI, 06pasyloumled NOKPHITHE .BCEX TO-
uek {x.}.

Tak Kak MHOXeCTBO {x,} ABJseTcd NOAMHOXKecTBOM {x}, TO
TeMm 60Jiee HeJib3si M3 BCAKOH CHCTEMB! OTKPHITBIX MHOXKECTB, o6pa-
3YIOHIHX MOKPBITHE {X}, BBIIEJIHTH KOHEYHYI0 IIOACHCTEMY, TaKXe
o6pasyrowmyio nokpeTHe {x}. [lo 3T0 mpoTHBOpeuuT HallleMy Ipex-
TNOJIOKEHHI0O 0 MHOXecTBe {x}. HomyueHnoe mpoTHBOpeuHe N0Ka3bI-
BaeT OrpaHUUYEHHOCTb MHOXKecCTBa {x}.

3aMeTUM B 3aKJIOU€HHE, YTO Bce BBeJCHHBIE B 3TOM naparpade
noHsATus B Gosee o0lUed CHTyallUH HM3y4aloTCs B JONOJHEHHH 2 K
ra. 12.




FiaBa 5

AUPPEPEHIUAJDBHOE HCYUCJIEHHE

B Hacroseil rsiase OyAyT BBeAeHH (yHAaMeHTaJbHble NOHATHS
NpOU3BOAHOA M AuddepeHnnasa GpyHknuH. Mbl yCcTaHOBUM OCHOBHBIE
npaBuia JupQepeHnpOBAHUS H BBIYHCAMM HPOH3BOJHBIE BCEX NPOC-
TEHIIHX 3JeMEHTapHHX (QYHKUHH, yXKe NpUBeAeHHBEe HAMH B M. 1 w
M3BECTHble H3 IIKOJBHOrO Kypca. B konme riasel OyAyT paccMoTpe-
HBl [POM3BOAHbIE H JU(@epeHIHal bl BLHICIIHX MODPSAJKOB H BOIPOC O
AnddepeHnupoBaHUN (QYHKIHH, 3aJaHHOH NapaMeTpUUecKH.

§ 1. NIOHATHUE NMPOU3BOAHOH

1. Hpupaumenne dynkuuu. Pa3zHocTHas (opma ycjaoBuS HempepbiB-
HoctH. PaccMoTpuM ¢yHKUHIO y=[(x), 3amaHHyI0 Ha HHTepBane (a,
b)*. Ilyctb x — miobasi GHUKCHpOBaHHAs TOYKa HHTepBata (a, b), a
Ax — TIpouM3BOJILHOE UYHCJO, HACTOJBKO Majioe, 4TO 3HAuUeHHe X+Ax
TakkKe HaXOJAUTCH Ha HHTepBaje (a, b). 310 uyucao Ax OOGHIYHO Ha-
3BIBAIOT NpHUpalleHHEeM apryMeHTa.

IIpupauwenuemn ¢pyunkyuu y=f(x) 8 Touke x, orsewaroujumn
npupawenuo apeymenta Ax, 6ydem HA3b6I8ATb YUCAO

Ay=F(x+Ax)—f(x). (5.1)

Tak, ana ¢yHKIMH y=sinx IpHpallieHHe B TOYKe X, OTBeyalliee
IpHPAIEHHIO apryMeHTa Ax, UMeeT BHJ,
Ay=sin(x+ Ax)—sinx=2cos <x+%) sin—ézi, (5.2)

CrpaBeasuBo cJenyiolllee yrsepauodenue:

Jas 1020 uTOGBL (pynKyUL Y=[(x) ABAANACH HENPEPBIBHOL 8 TOY-
Ke x, Heobxo0umo u AocTaTouHo, 4T0bbL npupawenue Ay aroil gyuik-
yuu 8 TOHKe X, OT8edaoujee NPUPAUEHUID apeyMeHTa AX, A8AAA0CH
Oeckoneuno maroim npu Ax—-0.

B camom gese, mo onpejeneHH0 ¢yHkuua y=f(x) HempephBHa
B TOUKE X, €CJH CYLIECTBYeT npejed

lim f (x4 Ax)=f(x). (5.3)
Ax—->0
B cuny n. 4 § 4 ra. 3 cymecTBoBaHHe NpeIeNbHOTO 3HaueHus (5.3)

* B KayecTBe MHOXECTBA 3aJaHHs (YHKUMH BMECTO HHTeppana (a, b) MoXHa
B3sTh JoGoe mIOTHOE B cebe MHOXKecTBO {x} (cM. ri1. 2, § 5, m. 3). .
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9KBHBAJIEHTHO TOMY, YTO (pyHKImﬂ [f{(x+Ax)—f(x)] aprymenta Ax
ABJseTcs 6ecKoHeyHO Majnod npu Ax—-0.

JlokasaHHOe yTBepXJeHHe NO3BONAET BHIPA3UTh YCJOBHE HeMpe-
peiBHOCTH O(YHKHHH y=f(x) B TOuKe x B caexyoouled GopMe: qbymc-
yus y=f(x) Henpepvisna 8 To4Ke X, ecau npupauwjesue Ay. 3Tol
Gynxyuu 8 Touke X, orsedarouiee NPUPAULEHUIO apeymenta Ax, saeaa-
ercs beckoneuno marvim npu Ax—0, 1. e. ecau

lim Ay =1im [f(x+ Ax)—f (x)] =0. (5.4)
Ax—>0 Ax-0 .

Ycnosue (5.4) mbl 6yneM HasbBaThb pas3HOCTHOH dopmoi
YCJIOBHS HEeNpepBHBHOCTH OyHKIHH y=[(x) B Touke x. ITO
ycaoBHe MBI OyleM HEOAHOKPATHO HCHOJb30BAaTh B AaJbHEHIIEM.

C nomouibio ycnoBusi (5.4) eme pas y6eaumcss B TOM, uTo (QyHK-
uusi y=sin x HenpepuiBHa B JIOOOH TOYKe x O€CKOHEYHOH IpAMO.

B camom gese, n3 popmyant (5.2), wus yca0BHs ICOS (x+ £)|\<

<1 u H3 paBeHCTBa llmo sm-%— = ( HeNocpeICTBEHHO BBITEKAeT,
Ax~>

yro lim Ay=0.

©Ax-»0

2. Onpene.neﬂue npousBogHoii. Ilycth, Kak ¥ B n. 1, QyHKUHA
y=f(x) onpeneneHa Ha uHTepBaje (a, b), ¥ — ¢HUKCUpOBAHHAA TOY-
Ka 3TOro HHTepBasa, Ax — Ji060e npupalieHHe apryMeHTa, HacTOJb-
KO MaJjioe, 4T0 4HCJA0 x-+Ax TakKe NpHHALJEXKHT HHTepBaxy (a, b).

Cunras, 40 Ax+0, paccMOTpHM B JaHHOK (HUKCHPOBAHHOH
“TOYKE X OTHOLICHWe TpHpalieHuss Ay OYHKUHH y=f(x) B 3TOH TOUKe
& COOTBETCTBYIOLEMY NpPHpPALICHHIO apryMmenta Ax:

— f(x+Ax) —f(x) . . (5_5)
Ax Ax ’

OrHoulenne (5.5) OyaeM HaspiBaTh Pa3HOCTHH M OTHOUIeE-
"HueM (B JaHHOH Touyke x). Tak Kak x (HKCHDOBAHO, pAa3HOCTHOE
orHowenue (5.5) npexpcraBasier coGoi PyHKUHO apryMmenta Ax. dta
DYHKIHS onpejesieHa s BceX 3HAyeHHH aprymeHnra Ax, NMpuHajje-
JKallMX HEKOTOPOH NOCTATOYHO MaJsiofi §6-0KpecTHOCTH To4kn Ax=0,
3a MCKJueHHeM caMoli Toukd Ax=0, T. e. onpejesieHa BCIOAY B JLOC-
TaTOYHO MaJIOH IPOKOJIOTOH &-OKpecTHOCTH TOoukH Ax=0. IT10 Haer
HaM NPaBO PaccMaTPHBATH BOTPOC O CYNIECTBOBAHMM Tpejena yKa-
3aHHO# pynKuuH nmpH Ax—-0.

Onpenenenne 1. IIpouseodnoi ¢ynm;uu y=f(x) 8
dannoll uxkcuposantoli Touke x HazeleaeTcs npedes npu Ax—0 pas-
HocTHO20 oTrouienus (5.5) (npu ycaosuu, 4o 3T0T npedes cyuiect-
8yer).

Ilpoussoanyo ¢yukuun y=f(x) B nanﬂou (huKCHPOBaHHOMN TOUKe
x 6yaeM o6o3HauaTb cUMBOJOM ['(Xx) HaM y'(x) MAM KPATKHM CHMBO-
Jom Y.
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Hrak, no ClIpeeJIEHHIO

P (1) = lim 2% — [im L4289 —F()
Ax-0 Ax . Axs0 . Ax

Ecian QyHKuus HMeeT NPOH3BOAHYIO AJd BCeX TOUCK X HHTepBaja
(a, b), To 3Ta npom3BoAHAasa OYyIeT NpeACTaBJAATb COOOH HEKOTOPYIO
¢YHKLIHIO apryMeHTa X, Olpejle/ieHHYI0 Ha HHTepBane (a, b). v

IlpuBeseM nBa TPHUBHAJBHBIX HpHMepa BHIYHCJEHHS NPOH3BOAHBIXe

1°. f(x) =C=const. CoBeplieHHO OYeBHIHO, YTO NPOU3BOAHAN
f/(x) sToft QyHKUMHM TOKZECTBEHHO paBHA HYJ0, MO0 NpHpalleHHe
310l GyHKUMH Ay=[(x+Ax)—[(x) pasHo nyaro Oasn scex x u scex
Ax.

2°, f(x)=x. Oua s1oft QyHKUUH pa3HOCTHOEe OTHOIeHHe (5.5)
paBHO

= T T =],
Ax Ax Ax

Orciona caenyer, 4To W MPOH3BOAHAS YKA3aHHOH (DYHKUMH paBHA eIH-
HHIle B JI060# TOuKe x¥ 6€CKOHEYHOi# NpAMOH.

B noano# aHasJlorHu ¢ NOHATHSIMH IIPaBOrO M JIeBOrO IIpeesoB
GYyHKUMH B JaHHOH TOYKE BBOJATCS NOHSATHS NPpaBOH WM JeBO#
NPOHM3BOJHEIX (YHKUHH y=[(x) B NaHHOH (PHKCHPOBAHHOH TOUKE X.

Onpenenenue 2. Ipasoi [re60i] npoussodnoi pyrkyuu
y=[(x) 8 Oannoli ukxcuposannoil TouKe X HA36LIBAETCS NPasbll
[1esoiil] npedea paswocrHozo otnowenus (5.5) 8 Touke Ax=0 (npu
ycaosuu, 4T0 3TOT npedea cyulecrayer).

Iast o6o3naveHus: mpaBol [JieBoi] nNpoM3BOAHON (HYHKLUKH B TOUKE
x Hcnogs3ytor cuMoa [/ (x+0) [f/(x—0)].

H3 conocraBiieHus onpefenelnii | u 2 U U3 CBOHCTBA NPaBOro K
JIEBOTO IpelesoB (YHKIHH, YCTaHOBJEHHOTO B m. 2 § 4 ru. 3 *, BbiTe-
KaloT CJe[yIoUlHe YTBEPKAEHHs: :

1) ecau ¢pynxyusa f(x) umeer 6 rtouxe x npoussoduyio [’ (x), 10
aTa (QYHKYus umeer 8 TO4ke x KAK nPasy, TAK u NEBYIO npoussod-
note, npuuem f'(x+0)=f(x—0)=f(x);

2) ecau ¢ynryusa f(x) umeer 8 Touke X KAk npasyro, TAK u ae-
8Yt0 npousdsodnbie, npudem 3TU NpPoussoOHvie pasuel Apye Opyey, TO
pynxyus f(x) umeer 6 Touke x npouseodnywo [’ (x), npuuem -

' (%) =f"(x+0) =F (x—0).

B nononnenne K yTBepKAeHHIO 2) cjelyeT OTMETHTb, YTO €CIH Y
¢ysruuy f(x) cyliecTBYIOT npaBas H JieBas NPOH3BOAHbIE B TOUKE X,
HO 3TH NMPOH3BOAHBIE HEe PaBHH JAPYr APYTY, TO Y 3TOH (YHKUHH He:

* Ecan ¢ynkuus f(x) HMeeT B TOYyke x M TpaBHi, H JeBHi mpenean, o6a
PaBHHE OJHOMY M ToMmy Xe yucay b, To &yHKuMA f(x) HMeer B 3TOH TOUKE Mpened,
PaBHHH yHeay b. :
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CyilecTBYyeT NPOHM3BOAHOH B ToukKe x*. IlpuMepom Tako#t pyHKUIHH
‘MOJKET CAYKHUTb QYHKIHSA

_ _ x opu x> 0,
Fe)= 1% { —x npu x < 0.

Orta OysHkuusi uMeer B Touke x=0 NpaByi0 NPOM3BOAHYIO, PaBHYIO
lim A% — 1, u JneBywo npomsBoaHylo, paBuyw lim el A 1,
Ax—0 Ax Ax—»0  Ax
HO He uMeeT B TodyKe x=0 NpOU3BOAHOMH.

3. I'eomerpuueckuii CMBICA HPOM3BOAHOH. Paccmorpum rpaduk
‘QYHRKUHHE y=f(X), onpelesieHHON M HeNmpephIBHOH Ha HHTepBaJe (a,b).

OuKcHpyeM NPOH3BOJb-
HYIO TOYKY X HHTepBasa
(a, b) u paccmorpum npu-
pamenne Ax5=0 apryMmeH-
Ta X, HACTOJBKO Maloe,
49TO UYHCJAO X+Ax Takxke
NpHHALJEXKHAT HHTEpBaay
(a, b). NMlyctb M n P—
TOYKH Tpacduka QYHKUHH
y=f(x), abcuucch KOTO-
PHIX COOTBETCTBEHHO .paB-
HBl x ¥ X+ Ax (puc. b.1).
Koopauuatu touek M u P,
OYeBHJHO, 6YAYT UMETh BH]

M(x, | (x)),
P(x+Ax, f(x+Ax)).

Ilpsamylo, mnpoxoasmylo depes Toukh M n P rpaduka QyHKUHH
y=f(x), 6ynem HasbiBaTh ceKyne i. [Tockoabky Touky M Mbl mpes-
nosiaraeM (UKCHPOBAHHOH, TO YroJ HakJOHA KaxAoH cekymeit MP x
ocu Ox 6ymer dyukuueir aprymenta Ax (u6o 3HadyeHue Ax OJHO3HAU-
HO ompejesseT Touky P rpapuka ¢pynkuun y=f(x)). O6osHauuM yka-
3aHHBIA yroJ HakJoHa cekymed MP k ocu Ox cuMBOJOM @(Ax).

Onpenenenue. Ecau cyuwecréyer npedenvbHoe nosoxcenue ce-
xyweii MP npu crpemaenuu touxu P zpagura ¢pyukyuu x touke M
(usu, uro TO 9Ke camoe, npu cTpemaeHun Ax K Hyare), TO 3TO npe-
Oenvroe NONONCEHUE HA36I6AeTCS KACATEeAbHOU K 2papury pyHk-
yuu y=f(x) 8 danrnoid ¢urcuposannoli Touke M 3rozo zpaguxa,

U3 sroro ompejesieHHss CJEAyeT, UTO [Js CYLIECTBOBAHUA Kaca-
TeJbHOH K rpauky PyHkuuun y=f(x) B Touke M mocratoyHo, YTOOHI
CYIIECTBOBAJ INpeaes limocp(Ax)=q>0, npuueM YKAasaHHBIE Tpened

Ax—

o PaBeH YIJy HakJOHa KacaTeJbHol K ocu Ox.

* HMuaue MBl MOJYYHJIH GH [POTUBODEUHE C yTBEpKAEHHEM 1).
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JlokazkeMm cjeayiolllee yréepocdenue:

Ecau yuryus y=[(x) umeer ¢ Oannod huxcuposannol Touke x
RPOU3BOOHYI, TO CYWECTBYET KACATeAbHAR K epaguky GyRKkyuu
y=f(x) 8 rouxke M(x, [(x)), npuuem yero8ol kosgpuyuent srot Ka-
careasroll (T. e. TaHzeHc yeaa Haxiona ee K ocu Ox) pasen npous-
soonoil [ (x).

Onyctum U3 Touek M H P mepneHAUKYyJsipel Ha ocb abcuuce (cM.
puc. 5.1). IlpoBenem uepes TouKy M mpsMyIo, TapaJiebHyIO OCH abc-
npce, ¥ o6o3HaunM uepes N TOUKy IepeceueHHs 3TOH MpsMOH C mep-

IDEeHARKYJAAPOM, onylleHHEIM H3 P Ha och abcuucc. M3 TpeyronbrHka
MNP oyeBHIHO, UTO

_ Ay Fx+AN—f(x)
e (Ax) = Ax Ax :
Taxum obGpasoM, '
¢ (Ax) =arctg %i—. (5.6)

YGennMcst B TOM, YTO CYIIECTBYeT NpejeJ NpaBoil (a 3HAYHT, HJIEBOH )

gactd (5.6) npu Ax—0. B camMoM Jene, B CUJIy CYHIECTBOBAHHA TPO-
. . A
u3BoaHO# ['(x) cyumectByer mpexen lim TA_y_:f, (x). Orciona u H3
Ax—0 AX
HenpepuBHOCTH GYHKUHH arcigu IJs Bcex 3HayeHHH u CJeAyeT, 4TO
cyumecrByeT npefes nmpaeoii wactu (5.6), paBmu arctgf (x).

Hrak, Mbl JoKa3aJH, 4TO CyILeCTBYET mpenes
lim @ (Ax)=arctg f’ (x).
Ax->0

Ho 310 B osHauaer, 4TO cyLleCTByeT NpefeJbHOe MUJOXKEHHE CeKy-
mieff, T. e. CyLIeCTBYeT KacaTeapHasi K rpapuky (QYHKIHH B TOUYKe
M(x, f(x)), npuueM yrosn Hak/JOHa (o 5TOi KacaTeJbHOH kK ock Ox
paBen go=arctg [’ (x).

3HAyuT, yIIoBOH KO3d(hHIHEHT YKa3aHHOH KacateJabHOH tg o pa-
BeH [ (x).

CtopMmyIHPOBaHHOE yTBepKACHHE JOKA3aHO.

§ 2. IOHATHE JUPPEPEHIHPYEMOCTH ®YHKLHH

1. Onpenenenne auddepeHuupyemoctd pynkuuu. Ilycts, Kax u B
npeabiayumeM maparpade, pyHkuus y=f(x) ompeieseHa Ha HHTepBa-
Jge (a, b), x— moboe QUKCHPOBAHHOE UYHCJIO H3 3TOFO HMHTEpBaJa,
Ax — npoH3BOJIbHOE NpPHpAllleHHe apryMeHTa, HAacTOJbKO MaJjioe, 4YTo
3HaueHHe aprymeHTa x-+Ax Takke NDHHAJJEXKHT HHTepBanxy (a, b),
Ay=J(x+Ax)—f(x) — npupamenne QyHKUHH B TOYKE ¥, OTBeHaoLuee
TIPHPAUIEHHIO apryMeHTa Ax. .

Onpenenenue. Pynkyua y=[(x) nazeisaerca ouddepenyupye-
MOl 8 Touke x, ecau npupaujenue Ay 3Toi (PYHKYUU 8 TO4KE X, OTge-

7 3ax, 72
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yarouee npupawjeruro  apeymenra Ax, moscer 6oiTo npedcrasieno
8 sude
Ay=AAx+a(Ax)Ax, (5.7)

20e A — nexorcpoe 4ucao, He 3asucsaujee ot Ax, a a(Ax) — yuryus
apaymenta Ax, beckorneurno masas 8 Touke Ax=0.

B camoit Touke Ax=0 »3ta dyHkuua a(Ax), Boobie roBopsd, HE
onpejiesieHa, B €fl MOXKHO IPHIHCaTh B 3TOH Touke J1000e 3HAUCHHE.
Has panpuefinero yao6HO CUHTATh 3T0 3HaueHHe o(0) paBHBIM HYJIIO.
Ilpu Takoit foroBopeHHOCTH (YHKuUA a(Ax) OyAeT HempepbBHa B
TouKe Ax=0 H paBeHCTBO (H.7) MOXXHO pacHpOCTPaHUTb H HA 3Haye-
Hue Ax=0.

3ameuaHue. Bropoe caaraemoe B npasoit uactu (5.7) a(Ax)Ax
MOXKHO Inepenucath B Buje 0(Ax) *. B camom nesne, Tak xak obe QyHK-
oud o(Ax) ¥ Ax. aBAsIOTCST 0eCKOHEUYHO MaJbiMH B Todke Ax=0, TG
npousBefleHHe 3THX QYHKUMHA o(Ax)Ax npencrasisieT coboll GeckoHey-
HO Majaywo B Touke Ax=0 ¢yHxnuio 60Jiee BBICOKOrO TOpPSIKA, UeM
Ax (cM. n. 5 § 4 ra. 3). Takum o6pasom, npeiacTasiaenye (5.7) MOXKHO
HepenucaTh B BHJE

Ay=AAx+o0(Ax).

JlokaxeM caenymoouiee yTBEPKICHHUE.

Teopema 5.1. Jasn to20 urober pynxyus y=f(x) 6era dudgpe-
peryupyemoil 8 Touke x, Heobxo0umo u JOCTATOYHO, YTOObL OHQ UMEAR
8 3TOl TOUKe KOHeuryto npoussodnyio [’ (x).

HokasareabctBo. 1) Heobxodumocre. Ilycts OyHKIMSA y=
=f(x) nuddepenunpyemMa B TOUKe X, T. €. ee mpUpalieHHe Ay B 3TOH
TOUYKe, OTBedaloulee IPHPAILEHHIO apryMeHTa AX, NpeACTaBUMO B BUIE
(5.7). Cunras Ax oTAHYHBIM OT HyJs W nofenuB (5.7) Ha Ax, OJSYYHM

LY 4t (Ar). (5.8)
Ax .
IlpaBast (a nostomy u seBasi) uacth (5.8) umeer paBubiii A npenen B
Touke Ax=0%* Ocraercs samerurb, yto npezes npu Ax—0 JeBoi uac-
Td (5.8) (B cayuae, ecaH OH CYHIECTBYET) IO ONpPEJENICHHIO paBeH
OPOH3BOAHOH [’ (x).

Hrak, Mbl HOKasaau, uTO ecjad 1Jst GYHKUHH f(x) cnpaBeiJHBO
npenctasjende (5.7), To 3Ta QYHKUHS HMEET B TOYKE X IPOH3BOJHYIO
F(x), npuuem [/ (x) =A.

2) Hocrarourocrts. IlycTs cymiecTByeT KOHeuHas MPOH3BOAHAS
f’(x), T. e. cyumecTByeT KOHEUHbIH TIpeae

lim 2L — f (x). (5.9)

Ax-0 Ax

* HanmomnuM, uro cHMBOJ 0(Ax) o603Hauaetr GECKOHEYHO Malyi0 B TOUKE
Ax=0 ¢ynkuuio Gosee BHCOKOrO NOpsika, uem Ax.
*#* H6o lim A=A, lim a=0.
Ax-»0 Ax—0
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A
O6o3HaunM cHMBOJIOM «(Ax) pasHOCTB _A%_f' (*), T e mo-

JIOZKHUM

a(Ax) = %—-— (). (5.10)

U3 cymecteosanus npenena (5.9) setekaer, uro dyuknus a(Ax), on-
peneasieMasi cootHoumrenueM (5.10), umeer npenen npu Ax—>0, paBHH#H
HYJIIO. .

VYmHoxkaa coorHomleHune (5.10)  Ha AXx, MB OpHIEM K IpeACTaB-
JICHHIO

Ay=["(x) Ax+a(Ax)Ax,

coBnapawoleMy ¢ npexacrasiaeiem (5.7) npu A=f'(x).

TeM campiM HOKa3aHO, UTO M3 CYLIECTBOBAHHS KOHEYHOH NPOM3-
BOAHOH ['(x) BbiTekaer AHdepeHUHPYEMOCTb GYHKUHH y=f(X) B
TOYKe X, IpuueM B ycjaoBuu AuddepenuupyemoctH (5.7) uncao A
coBnanaer ¢ {'(x). Teopema jpoxasaHa.

JloxasaHnas TeopeMa IO3BOJsIET HaM B JaJsbHefilleM OTOXJeCT-
BJSTH NOHATHE AUQ(EpPeHUHPYEMOCTH PYHKUMUH B JaHHOH TOUYKe C MO-
HSITHEM CYIIeCTBOBAHHS y 3ToH (YHKUHH B JAaHHOI TOYKE KOHEYHOH
IIPOU3BOAHOH.

Onepanuio Hax0XAeHHs NPOH3BOAHON B JajbHeiluieM JOrOBOPHMCS
HasneBaTh JHPbepeHULUPDOBAHHEM.

2. JuddepenunpyeMects M HenmpepuLIBHOCTb. JIerko JAoKasniBaercs
cjelylollee YTBepXKAeHHE.

Teopewma 52 Ecau ¢yunxyus y=f(x) Jdupgepenyupyena 8
OQHHOU TOYKE X, TO OHA U HERPEPBIBHA 8 ITOL TOUKe.

HoxasartenasbcrBo. Tak Kak ¢yukuus f(x) audpdepenuupye-
Ma B TOYKe X, TO Juisg ee NpHpaLieHHss Ay B 3TO¥l TOUKe CHpaBelJHBO

npexncrasiaenue (5.7), u3 xoroporo caefayer, yto lim Ay=0, a 310
' Ax—0

U O3HayYaer HENMPepLIBHOCTb $YHKUMU y=[(x) B paunoi Touke (B cuay
PasHOCTHOH (OPMBI YCJIOBHSL HeNpepbiBHOCTH (5.4), BBeJeHHOH B
. 1 § 1). Teopema noxasaua.

3aMeTnM, yTO yTBepKAEHUE, o6paTHOE K Teopeme 5.2, HecmpaseX-
JIMBO, T. €. U3 HENPepPBIBHOCTH GYHKUNH y=[(X) B JaHHOH TouKe X,
BOOOHIe TOBOpPs, He BHITeKaeT AU(pdepeHiHpyeMocTb GYHKIHH f(x)
B 3TOH TOUKe.

IlpumepoM MoxkeT cayxuTh QyHKuus y=|x|, KOTOpas, OUEBHIHO,
HempepulBHA B Toyke x=0, HO (KaK MBI yKe BHJeJH B KOHue I. 2
§ 1) He uMeer B 3TOH TOUKe MPOU3BOLHOIL

OTmeTuM, 4TO CyIeCTBYIOT OYHKLHMH, HENPEPLIBHBIE B KAXKI0H TOY-
K& HEeKOTOpPOro HHTepBaJ/ja, HO He HMeIoIiMe NPOH3BOAHON HH B OJHOHA
Touke sToro uHTepmasa. ([lepBelii mpumep Taxkoll QyHKINM ObLT HO-

ctpoer Befiepirpaccom. Oaun U3 npuMepPOB TaKoM (QYHKIHUH CTPOHTCH
B JonoJiHedun K ri. 10.) '

Vi
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3. Mousitne nuddepenuuana ¢yukuun. PaccMmorpum OyHKIHIO
y=f(x), nuddepenuupyemyo B naHHo#i Touke x. [Ipupaumienne Ay Ta-
KON (DYHKUMH B TOYKE X MOMKET ObITb MpeACTaBjieHO B BuAe (5.7).

3aMeTuM, uto npupauleHne (5.7) npeiacraBasier coG0OH cyMMy IABYX
cylaraeMbX, IepBoe H3 KOTOPHX AAx JHHEHHO OTHOCHTEJb-
HO Ax, a BROpoe a(Ax)Ax sBiaserca B Touke Ax=0 6eCKOHeYyHO
MaJol GpyHKIHEeH 6oJee BHICOKOTO MOPALKAE YeM AX.

Ecnn uncao A, pashoe corsacHo teopeme 5.1 npousBopHoit ['(x),
OTJIHYHO OT HYyJs, TO yka3aHHoe mepBoe cJjaraemoe AAx=f (x)Ax
npencrapisier co6oi rTaBHYI0 YacThb npupailedus Ay auddepen-
nHapyemoit Pynkuuu y=f(x). dra riapHas 4YacTb NpUPALIEHHS SABJS-
eTcsl JHHEeHWHO# OAHOPOAHOH GyYyHKHLHUEH aprymenta
Ax* u HasbiBaeTcs Audpepenunanom GYHKUHH y=[(x).

B cayusae, ecin A=f"(x) =0, nuppepenunan GyHkuHn no omnpeie-
JICHHIO CUHTAeTCH PaBHBIM HY.JIO.

Urak, dudppepenyuarom ¢pynxyuu y=f(x) 8 oOannoi
PUKCUPOBAHHOL TOYKe X, OTBEHAIOUWUM NPUPAULEHUIO apeymenTa AX,
HA3b180eTCA 4UCA0, 0603Hayaemoe cumsorom dy u pasuoe

dy=7'(x)Ax. (5.11)
- B cayuae f'(x)540 s10 yHcao mpeicTaBisieT co60i MVIaBHYIO YacTh
npupauienuss Ay dyskuuu y=f(x), JuHefiHyI0 H OJXHOPOAHYIO OTHOCH-
TeJIbHO NpHPaLleHHus apryMeHTa AX.

Cpasy oce ormerum, uro Ougpgpepenyuar dy u npupawenue Ay
pynkyuu y=[(x) 8 dannoi Touke x, 06a oT8euaOUlLe OOHOMY U TOMY
e npupauenuro apeymenta Ax, soobuje eosops, He pasHel. Opye
opyey. ‘

~ OTO JIerKO YSICHUTb H3 PacCMOTpeHusi rpaduka QyHKuuH y=f(x)
'(puc. 5.2). Ilycts M u P — Toukn rpaduka QyHKUHH y=f(X), OTBeua-
IOllHe 3HAYEHHAM apryMeHTa, COOTBETCTBEHHO PAaBHBIM X H X+AX,
MS — xacartenbuas x rpaduky B Touke M, MN|Ox, NP||Oy, Q — Tou-

Ka IepecedyeHHs] KacaTeJbHOH
/ MS ¢ npsimoit PN. Torma mpu-

4 pauienne Ay OyHKUHH Y=f(X)
P B TOUKe X, OTBeuallee Npupa-

VS IIEeHHIO aprymeHta Ax, O4eBHH-

Ay HO, paBHO BeJHYHHE OTPe3Ka

) dy NP, B To BpemMs KaK Jaudde-

M pednuan dy stol OYHKUHH B
¥ TOYKe X, OTBEYAIOIHA TOMY XKe

4z ~_ caMoMy Ax, paBeH BeJlHUHHE

g _ x T+ix x orpeska NQ. (drto cpasy BuiTe-
waer u3 ¢opmysanl (5.11) u us

Puc. 5.2 TOro, 4YTO B TIIPAMOYrOJIbHOM

* HamoMuuM, 4TO NHHefHOA - GyHKUHEeH apryMent3 ! HasuBaeTcs QyHK-
1usa BHia y=Ai+B, rze A u B — HekoTophie mnocrosiHHHe. B caysae B=0 au-
HefiHas QYHKIHA Ha3HBAaeTCs OJHOPOAHOM.
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TpeyroiabHEKe MQN BeauunHa orpe3ka MN paBHa Ax, a TaHreHc yriaa
QMN pasen §'(x).) SlcHo, uyro BenMuHMHH oTpeskoB NP u NQ sBis-
10Tcsl, BOOGIEe roBOpsi, PasiHYHEIMH.

Becbma yno6HO BBeCTH B pacCMOTpeHHe NOHATHe AHpPepeH-
nuaga aprymednta x. Ilpu stoM cnepyer pasauyaTh ABa cjayyad:
1) cayuaii, KorAa yKasaHHHIH apryMeHT X IpeiCTaBisier coboii He3a-
BUCUMYIO Nepemernyro; 2) ciaydal, Korja apryMeHT X caM SIBJSeTCs
Juppepenyupyemoil dynxyuell suda x=q¢(f) HeKOTOpOH HOBOH mepe#
MEHHOH !, KOTOPYIO MBI MOXKEM CUHTATb He3aBHCHMOH.

HorosopuMcs . a5 ciayuas, KOTAa apryMeHT X fIBJIseTCS He3aBHCH-
MOH nepeMeHHOH, OTOXKAECTBJAATh AudpdepeHnnan 3Toro aprymeHnTta
C ero mpHpalleHHeM Ax ¥, T. €. cuHTaTh, UTO dXx=Ax.

B cuny 3to#t moroBopeHHocTH paBeHCTBO (5.11) mpHHHMaeT BHA

dy=F’ (x)dx. (5.12)

Taxkum o6pa3oM, AJs cayyasi, KOrja aprymeHT X sIBJseTCS] HE3aBHCH-
Mol mepeMenHoil, aaa aunbdepennnana dyskuun y=f(x) cnpasenau-
BO mpejcTaBieHne (5.12).

Huxe 8N. 3 § 3 M jgokaxeMm, uto npeacrasaenne (5.12) Hocur
YHHBepCaJbHbIi XapaKTep H CnpaBelJ/IHBO TaKXe H B cJydae, Koraa
apryMeHT x He SIBJISIETCS] He3aBUCHMOH NepeMeHHOH, a siBasieTcst AH(D-
¢depeHurpyeMoll pyHKuHeH BuAa x=@(f{) HEKOTOpOH HE3aBHCHUMOH Ie-
pemeHHo#t f. (B stom cayyae B ¢opmyse (5.12) BenunuuHy dx Henb3st
CUHTaTb paBHOM Ax, 060 B CHJY CKAa3aHHOIO BbIlle OHA paBHA dx=

=g¢'(t)dt.) ’

§ 3. AIH®PEPEHIIHPOBAHHE CJIO)KHOH ®YHKILUH H
OBPATHOR ®YHKUHH

1. duddepenuupoBanne ca0xkHOA (GYHKIHH. YCTAaHOBUM IIPaBUJIO,
NO3BOJIsIOIee HAHTH NPOM3BOAHYIO CJOXKHOH (GyHKHHH Yy=f[p(f)] B
TOYKE { NMPH YCJOBHH, YTO H3BECTHHI IPOM3BOJAHBIE COCTABJSIOMIUX €€
byukuuit x=¢(¢) u y=f(x) B Toukax t B x=¢({) COOTBETCTBEHHO.

Teopema 53. Ilycre ¢ynxyus x=¢(t) OJuppepenyupyemna 8
Touke t, a Qynkyus y=[(x) oupgepenyupyema 8 coorsercrayrouyell
r0uke x=q(t). Toeda caomnas pynxkyun y={fle(t)] oudgepenyupye-
MQ 8 YKABAHHOU TO4Ke I, npuuem 0as ee npou3soOHol 8 3Tol TouKe
cnpasedausa opmyra '

{flo) 1} = ()¢’ () =flo(D)]-9'(2). (5.13)

HokasateasctBo. I[IpugaguM aprymenty ¢yHKuuH x=o(f)
8 JaHHOH TOYKe ! IPOM3BOJbLHOE OTJHYHOE OT HYJsl npupaieHue Af.
OTOMYy mpHpAlUeHHI0 oOTBeuaer fpupamenue Ax=¢(¢+At)—o(f)

* DTa NOrOBOPEHHOCTb COrJAacyeTcsi C pPacCMOTPEHHEM HEe3aBHCHMOR nepeMeH-
Zou x kak ' OysruuH Buaa y=[(x)==x, Ana Koropodi dy=["(x)Ax=Ax, T. e
x=Ax. :
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¢Gyukuun x=@(f), NpuueM yKasaHHOe NpHpalleHue Ax MoxeT obpa-
IIaThCH B HYJIb.

Ilpupawenn:o Ax, B CBOIO Ouepeib, OTBeuYaeT MpHpalleHHe Ay=
=f(x+Ax)—f(x) ¢ysRuuE y=f(x) B COOTBETCTBYWOUIEH TOYKe
x=0¢(?). [lockombky Pyuxuus y=[(x) no ycaosuo AuddepeHuHpye-
Ma B yKa3aHHOH Touke x=g¢(f{), TO ee mpHpauieHHe Ay B 3TOH ToukKe
MOXKeT OblTh IPEACTaBJEHO B Bue *

Ay=f'(x)Ax+a(Ax)Ax, (5.14)

rae a(Ax) umeer npu Ax—0 npeznen, paBHHIH HYJIO.

[MonuepkueM, uto, Kak ykasauo B n. 1 § 2, npexacrasnenue (5.14)
ocTaeTcs CnpaBelJMBHIM H npH Ax=0.

Ilogenus (5.14) Ha At#:O 6y,ueM HMETb

—f’() +a(Ax) (5.15)

Hokaxewm, uTo npaBast (a 3HAuMT, U JIeBaH) yacTb (5.15) mmeer
npejen npu Af—0, npuueM 3TOT Npeles PaBeH BeJIMYHHe, CTOSLIEH B
npasoit yactu (5.13). Irum Oyner nokasaHa AudPepeHIHPYyeMOCTb
cl10XHOH pyHKRUMH H dopMysa (5.13) Ans ee NpPOU3BOJHOH.

W3 nuddepenuupyemMoctd QyHKIHH x=¢({) B Touxke { BBITEKaeT,
' X

YTO OTHOLIEHHe ~—~ HMeer mpeiet npu Af—0, paBHbIA ¢’ (t). Ocra:

eTcs 0Kas3aTh, YTo PyHKIuS o{Ax) uMmeer npenei npH At—0, paBHBHA
HYJIO, HO 3TO Cpasy BbITekaer u3 Toro, 4to a(Ax)—0 mpu Ax—0 u
yto Ax—0 npn Af{—0 Ha OCHOBaHHHM pPa3HOCTHOH (POPMBI YCJOBHSA He-
UpephBHOCTH AuddepenHuupyeMoit B Todke ¢ GYHKUHH Xx=¢(¢) **.
Hrak, Bcst npaBas uacts (5.15) umeer npenen npu Af—~0, u 3TOT npe-
A€Jl paBeH BeJMYHHE, cTosiilell B npaBoit yacTu (5. 13).

Teopema noxkasaHa.

Sameuyanue 1. Teopema 53 u cojepxanieecsi B ee dopmyan-
POBKe INIPABHJIO BBIYHCJEHMs] NPOHM3BOAHOHA CJOXKHON (PYHKUMH IOCe-
JOBAaTeJBHO MEPEHOCHTCA Ha CJO0XKHYIO QYHKIHIO, SIBAAIONIYIOCH Cylep-
nozuiueir Tpex u Goqabuiero yucaa QyHkuui. Tak, pias CJI0XKHOH QYHK-
UHH, siBJAsolefics cynepnosuuued tpex ¢ynruui y=F[f(9(f))], npa-
BHJIO JH¢(epeHIHPOBaHUS HMeeT BH],

FlHe N =FT (o))" (e(2))9'(1), (5.16)

npuueM ¢opmyna (5.16) cmpaBeidjuBa IpPH YCJAOBHH, 4YTO (QYHKIUA
x=@(¢) nudpdepennupyema B faHHON Touke f, GyHruus u=f(x) aud-
- (bepeHLrpyeMa B COOTBeTCTBYyIOUIeH Touke x=¢({), a dyHruua y=
=F(u) pupdepeHuupyeMa B COOTBETCTBYIOUIeH Touke u=f(x)=

=l (1]

* Cm. m. 1 § 2 onpenenenne nuddepeHHpyeMocTH U -teopemy 5.1
** B cuay TEOPeMEl 5.2 pudpdepenuupyeMas B Touke ! QyHxkuus x=o({f} aBaA-
eTcs HeNnpepHBHON B ITOR TOuKe,
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Savmevanue 2. [Ipu goxkasaresbcTBe TeopeMbl 5.3 MBl paccMat-
puBajy CIOXKHYI0 QyHKHHIO BHaa y=[(x), raie x=¢(¢), T. e. 06o3Ha-
YHJIH CHMBOJIOM X IPOMEXYTOYHB i apryMedr. DTa CHMBOJIHKA,
KOHEUHO, MoXeT ObITb H3MeHeHa. Haule ynoOHee OniBaeT 0603HauaTh
CHMBOJIOM X OKOHYaTEeJbHBIA apryMeHT, T. €. PACCMaTPHBAThL CJIOXKHYIO
¢yukuuo suga y=flo(x)]. B atux o6osnauenusx npapuio nuddepeH-
UPOBAHUsE CJOKHOK GYHKUMH (5.13) mpuHUMaeT BUJ

e ()Y =Flo(x)]-¢"(x). (5.13%)

IlpuMepsl npHMeHeHMss TIipaBuJa AU(QPepeHIHPOBAHHUSA CJOXKHOK
¢yHKuuu OyLyT OPHBEAEHBl B CaeAyolleM naparpade.

2. JuddepeHunpoBaHue obpaTHOR PYHKIMH.

Teopewma 5.4. [Iycre pynxyua y=f(x) sospacraer (usru yboisa-
eT) u HenpepoleHa 8 HeKOTOpPOU oxkpecTHOCTU Touxkw Xx. Ilycrs, Kpome
T020, 3TQ (yHKYUs Oupdepernyupyena 8 YKA3aHHOU TOUKe X U ee npo-
usgoonas 8 srod rouxe [’ (x) orauuna or Hyaa. Toeda 8 Hexoropol
OKpPecTHOCTU cooTseTcTsyouell Touku y=f(x) onpedesena obparHas
.04 y=f(x) pyncyus x=f-1(y), npusem yxasaunas obparHas Pyux-
yus ougpepenyupyemna 8 coorsercrsyrousell Touke y=Jf(x) u daa ee
npoussodHnoil 8 aToll Touke y cnpasedausa Yopmyia

(@Y = (5.17)
f(®) _

JdokazatenbcTBO. Tak Kak QyHKuus y=f(x) CTPOro MOHO-
TOHHA W HelpephiBHA B HEKOTOPOI OKPECTHOCTH JaHHOH TOYKH X, TO
B cuay TeopeMsl 4.5 (cM. § 2 ra. 4) obpaTHas QyHKuMA x=f"1(y)
onpeje/eHa, CTPOro MOHOTOHHA W HeNPEPHIBHA B HEKOTOPOH OKpecT-
HOCTH COOTBETCTBYIOLIEH TOUKH y={(x).

IMpunagum apryMenty s71oii 06paTHOR QYHKUHEH B YKa3aHHOH TOY-
Ke NPOM3BOJIbHOE JOCTATOYHO MaJoe H OTJHYHOE OT HYJ s NpPH-
pamenre Ay. DToMy NpHpalleHHIO0 Ay oTBeyaer INpHpaileHHe AX=
=f~1(y+Ay)—f~'(y) o6paTHO! GYHKUHM B COOTBETCTBYIOLIEH TOUKE
'Yy=[(x), npuueM B CHIY CTPOTOHl MOHOTOHHOCTH OGPATHOH (QYHKUHH
yKasaHHOe npupaumeHne Ax OTAHYHO OT HY J4.

DTO maeT HAM NpaBO HANHCAThH CJEAYIOIee TOXKAECTBO *:

Ax 1
A—y = A . (5.18)
Ay

ITycts Temepr B TOxpectBe (5.18) npupainenue Ay CTPEMHTCS K
Hymo. Torga B cuily pasHOCTHOH HOPMBI YCJAOBHS HENpPEPLIBHOCTH 06-
paTHOH ¢yHKUMH x=]"!(y) B cooTBercTBYyIOmEH TOUKe y=1[(x) NpH-
palleHne 3ToH (QYHKUMH Ax Takxke CTpPeMHTCH K HYJIIO. YOenumcsi B
TOM, YTO B TaKOM CJayuyae CYUIeCTByeT mnpeaes npasoii yactu (5.18),

* YkasaHHOe TOXK/JECTBO MOXHO HamHcaTh JJsi JMIOGHX ABYX uncen Ay u Ax,
OTJIMYHBIX OT HyJs. .
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paBHBEIM BelHYHHe, CTOsimed B mpaBol uactu (5.17). dtum Oyxer no-
Ka3aHo, 4TO TOT XK€ CaMbli NMpefen uMeer H JieBas 4acth (5.18), T. e.
Oyner JoKa3aHO, yTo ob6paTHasi GYHKUHS HMeeT NMPOH3BOJAHYIO B COOT-
BeTCTBYIOIIEH TOUKe y=[(x) M LJsT 5TOH NMPOUIBOJAHOH CIpaBeLJHB
paBenctBo (5.17). '

Hrak, nns 3aBepiueHHs JOKa3aTejbCTBa TeOPEMBI ocTaercs yGe-
INTbCS B TOM, YTO npaBasi dacth (5.18) wumeer mpegen npu Ax—0
paBuniit 1/f/(x), rae x — nauHas TOYKA.

Tak kak x=["1(y), Ax=["(y+Ay)—['(y), 0 x+Ax=["'(y+Ay),
T. €. y+Ay=f(x+Ax) v Ay=F(x+Ax)—[(x).

Orcrona craenyer, uro npasas yacth (5.18) Moxker GHTL TMepenH-
caHa B BHJIe

1 — 1
Ay e+ A)—f(0)
Ax Ax

M3 nocsenHero paBeHCTBa B CHJIY OIpEeReJNeHUsl MPOU3BOAHOH [/ (x)

H npexnojoxeHus f['(x)=0 cpasy Ke BHITEKAaeT, YTO Hpefes NpH

Ax—0 nmpaBo#i yactu (5.18) cymecrByer u paBen 1/f/(x).

> TeopeMma oKa3aHa.

y IIpuMeppl  NpUMEHeHHHA  JAOKAa3aHHOH

TeopeMbl OYAYT AaHBL B CleAyIOLleM Mapa-

M rpage. »

¥ IloxazaHnasi TeopeMa HMMeeT IIpPOCTOH

0 - reomerpuueckuit cmpica. ITyere M — rou-
74/ - Ka rpadpuka QyHKuum y=f(x), oTBeyalo-

%y z mas JAaHHOMY 3HAYEHHIO apryMeHTra ' x
(puc. 5.3). Toraa, oueBHAHO, NPOH3BOAHASA
f'(¥) paBHa TaHreHcy yrjia HaKJIOHA o
KacaTeJIbHOH, NpoXoAsuled Yepe3 TOYKY
M, x ocu Ox, a mnpousBogHas 0BpaTHON
oyukuuu  {f~'(y)}Y B coorBercTByiOUIeH
TouKe y=f(x) paBHAa TaHTEHCY yrJa HakjJoHa B To# Xe camoil Kaca-
tesibHOM K ocH Oy. TTockoJbKYy Yrilbl HGKJIOHa o H B B CyMME COCTaB-
asgior w/2, To ¢opmyna (5.17) BHpaxaer OUYEBHAHBIH (Qakr:

t =—1 =
gp o npH a+p=mn/2.

3. UuBapnaHTHOCTL opmul mepsoro audpdepenumana. B n. 3 § 2
MH yOeQHJIHCh B TOM, YTO JJisi cJydyasi, KOria apryment x juddepen-
nupyemoil GyHKUHH y=f(x) npeacrasisier co00H HE3aBHCHUMY IO
nepeMeHHYy©, daa Audpdepennnana dy 3tofl PYHKUHH CnpaBei-
JIUBO TpeJCTaBJeHHe

Puc.. 5.3

dy=["(x)dx. ‘ (5.12)

Ceifuac Mpl gOKaxkeM, 4TO mpencrasienue (5.12) saBnsercs yHuHBep-
CaNbHHIM M CIPaBeMJHBO TaKxe H B cJydae, KOTAa apryMeHT X caM
asaserca Auddepenuupyemoin $yHkuueii Buaa x=¢({) HEKOTOpOH
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HE3aBHCHMOH nepeMeHHOH f. 310 cBoiicTBO AupdepeHuHana PyHKUUH
NPHHSTO HA3LIBATh HHBAPHAHTHOCTBIO ero ¢popMu *

Hrak, nyctp apryMeHT x AuddepeHuupyemoii ¢yHKuun y=f(x)
cam sBJasiercst Auddepenunpyemoii pyHknuel suga x=¢(f) HEKOTOPOH:
He3aBHCHMOH IepeMeHHOH {. B TakoM cJjyuae y MOXHO pacCMaTpHUBaTh
Kak cJoxHylo ¢ynkuuio Buga y=flp(¢)] aprymenra f. ITlockonbky
5TOT apPryMeHT f 9BJAsSeTCST HE3aBHCHMONK NepeMeHHOWH, TO
Ins ykasaHHOf ¢ynKuun y=f[o(f)] u mas dynkuun x=@(f) aup-
¢depenuuanel npeicraBuMu B popme (5.12), T. e, B BUAE

dy={f[e())]}/dt, dx=q'(t)dt. (5.19)
ITo npaBusy auddepeHUIHPOBaHHA CAOXKHOH QYHKLHH
{flo ) =F (x) ¢’ (1). (5.13)

IMoacrasnsas (5.13) B nepByio u3 dopmya (5.19), npumazum 3TOi

¢opmyne BUI
dy=f(x)¢’ (t)dt. (5.20)

ConocraBasisi nosyueHHoe paBeHcTBO (5.20) cO BTOpPHIM H3 DaBEHCTB
(5.19), okoHuaTeNbHO MOJMYYHM [Js1 dy BHIpaxkKeHue

dy=f"(x)dx,

coBnajarmolee ¢ npeacrasjenuem (5.12).

HnpapuantHocts QopMmel (5.12) neproro auddepenuuansa ¢yHk-
nuyu dy ycTaHOBJEHA.

3ameuaHnne. MoXHO AaTh M APYIYI0 KBHBAJEHTHYIO (OpMyJIH-
POBKY CBOHCTBA HHBApHaHTHOCTH ¢opMbl InepBoro JuddepeHuunasna,
Cpasy e BBHITEKAIOLIYI0 M3 YHHBepCaJbHOCTH npeacraBieHus (5.42):
npoussoonasn Oupgepenyupyemod ¢yuxyuu y=f(x) paswa orHoule-
Huo Ougpgepenyuana arod ¢pyuxkyuu dy k Oudgepenyuary ee apey-
MeHTa dx, T. e. onpedesseTcs pasencTeom

F ==L, (5.21)

KaK 8 cayuae, K020Qa QPZYMEHT X S6AAETCA He3A8UCUMOL nepemeHHoll,
TaK u g caydae, Koeda apeymeHT x cam a8aserca oupgepenyupyemoil
pynryuel suda x=q(t) nexoropoil nezasucumol nepemennod t.
YHuBepcanbHOCTh MpeficTaBlienHs AJsi npousBogHod (5.21) mosso-
d -
JSieT HCHOJb30BATH OTHOLIEHHE —dy it 0003HaueHuss NPOH3BOJAHOM
: X
Qynxunn y=f(x) no aprymenty x.
4. Mpumenenue guddepenunana Nas yCTaHOBJICHHS NMPHGIHIKEHHBIX
dopmya. Ilycte pagu npOCTOTH apryMeHT X (GyHkuuu y=[(x) ssas-
eTCs1 He3aBHCHMOH nepemenHoil. B n, 3 § 2 ™Mbl nmoxasaju, yro pud-

* Huxe MH BBeleM IOHATH BTOPOrO H HOCHCAYIOWHX AH(PPEpeHUHaNoB (YHK-
IHE y={(x) u o6GHapyxmM, uTo 5TH RudbepeHnHadn yxKe He 06MaJAOT HHBA-
pHAHTHOCTBIC (OPMHE. BeslefcTBHe STOrO NOKa3hHiBAaeMOe CBOWICTBO HA3HBAKOT HHBA-
PHAHTHOCTbIO GOPMH mnepBoro ambdepeHnuana. :
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¢depenuuan dy ¢ynrumu y=f(x), BooOlle rosops, He DaBeH Ipupa-
meHn Ay 310# QyHKuHH. TeM He MeHee C TOYHOCTbIO A0 GECKOHEYHO
‘MaJiol (QYHKUHHK 0oJiee BHICOKOTO MOPAJKA MAJOCTH, 4eM AX, CpaBel-
JIUBO TPHOJHKEHHOE PaBEHCTBO

Ay=dy. (5.22)
€CTeCTBEHHO Ha3BaTh OTHOCHTEJbHOH

X
norpemHocTblo paseHcTBa (5.22). Tak xak Ay—dy=o0(Ax) *, 10
OTHOCHTEJbHAsA TOTPEHIHOCTh paBeHCTBa (5.22) cTaHOBHTCA Kak yro-
HO MaJoii npu ymeHbineHuu |Ax|.

Coornonrenne (5.22) mosBoJsier NpubJHKEHHO 3aMeHATh HpHpalle-
Hue Ay auddepenuupyemoin pynkuun y=f(x) nuddepenunanom dy
stoil dyukuuu. Ilesecoo6pasHOCTb TaKOH 3aMeHB! ONPAaBAbIBAETCS TEM,
uto AuddepeHunan dy sisasercs JuHefHOH QyHKUHeH Ax, B TO BpeMs
Kak npupamleHue Ay, BooOlie ToOBOps, HpeAcTaBiser co6oH Oolee
CJIO0XHYIO QYHKIHIO apryMeHTa Ax. '

YunteiBas, uto Ay=[(x+Ax)—f(x), dy=f(x)Ax, Mbl MOKeM Ile-
pemucath npubankKeHHOe paBeHCTBO (H.22) B Buae f(x+Ax)—f(x) =
~ [ (x) Ax uau, 4TO TO Ke caMoe, B BHJe

F(x+Ax) =f(x)+f (x)Ax. (5.23)
IMpubanxennoe paseHcTBo (5.23), Tak ke Kak u (5.22), cnpaBeiJsiuBoO
Iisi a06of nuddepeHipyeMoii B JaHHOH TouKe x GYHKUHH f(Xx) C

TOYHOCTbIO [0 BeJHUYHHH O0(Ax) Oosiee BBHICOKOTO INODPSAJKA MaJOCTH,
yeM Ax.

310 npuOIHKEHHOE DPaBEeHCTBO IIO3BOJsSET C OWHOKO# o(Ax) 3a-
MEHHTb (QYHKLHIO f(X¥) B MaJold OKPECTHOCTH TOYKH ¥ (T. €. AJs Ma-
JBIX 3HAUEHHH AX) snuHelHo#t <yHkuuelr aprymenta Ax, cTosiledl B
npasoi wactu (5.23).

IMpubnuxennas ¢opmyaa (5.23) yacto mpuMeHseTCS IJs pasiHy-
HbIX KOHKPETHBIX BHIOB QYHKUHH [(x).

OTHOLICHKE Ay—dy

§ 4 AUGPEPEHUUPOBAHUE CYMMBI, PA3HOCTH,
MPOU3BELEHUA U YACTHOIO ®YHKLHA

Teopema 5.5. Ecau kamdan uz ¢pyuxyud u(x) u v(x) dugpge-
peryupyema 8 OQHHOL TO4YKe X, TO CYMMQA, PA3HOCTb, npoussederue U
4acTHOe 3TUX ynkyull (vacTHoe npu ycaosuu, 410 3rayerue v{x)=0)
Takoce Oupepenyupyemo. 8 3TOL TOUKe, NPUYEM UMEIOT MecTo ¢op-
MYyaol

[4(x) £v(@)] =u' (x) =0 (x),
[4(9) 0] =o' (x)-0(x) + (1) -0" (), (5.29)
[ u(x) ]': u(x)-v(x) —u(x)-v’ (x)

v (%) v (x)

*Cm.m 3 § 2.
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HokaszartenbcTBo. PaccMOTPHM OTHENBHO CJHYYaH CYMMB
(pasHoCTH), NPOHU3BEIACHHS H YacCTHOTO. ’

1°. Ilyers y(x)=u(x)*+v(x). O6o3snayuM cuUMBOJaMu Au, AU H
Ay npupamenust GyHkumi u(x), v(x) U y(x) B LaHHOH TOUKe X, OT-
Beuawllue npHpauleHuio aprymenrta Ax. Torna, oueBHAHO,

Ay=y(x+Ax)— y(x) =[u(x+Ax) £v (x+Ax)]—[u(x) v (x)]=
= [u(x+Ax)—u(x)] i[v(x+-AX)—?(x)]=AuiAv.

Takum obpasom,

By _Aw | Av (5.25)
Ax Ax Ax
Ilycte Tenepn Ax—0. Torza B cuay cymieCTBOBAHMS NPOH3BOJHBIX
¢ysruui u(x) ¥ v(x) B TOUKe X CYUIeCTBYeT Ipefes NPaBod 4acTH
(5.25), paBumiit u'(x)-=v’(x). 3Haumr, cymecrByer npeznena (npH
Ax—0) u Jnesoit yacta (5.25). Tlo onmpeneneHHio NPOU3BORHOH YKa-
3aHHBIH npejes paBeH y (x), H MBI NPHUXOAUM K TpebyeMOMY paBeHCT-
BY ¥’ (x) =u’(x) v (x). ' Co
2°. Ilycte, panee, y(x) =u(x)v(x). Coxpanss 3a Au, Av u Ay ToT
JKe CMBICJ, 4TO U BHIIIE, OYAEM HMeTb

Ay=y(x+Ax)—y(x) =u(x+Ax)v(x+Ax)—u(x)v(x) =
={u(x+Ax)v(x+Ax)—u(x+Ax)v(x)]+ [u(x+Ax)v(x)—u(x)v(x)].

(Mbl npubaBusH ¥ BHIWIH craraeMoe u(x+Ax)v(x).)
Hasee Moxem sanucath

Ay u(x+Ax) [v(x+Ax)—v (0)] + o (x)[u(x+Ax)—u(x)]=
=u(x+Ax)Av+v(x)Au.
Taxum o6pasom,

Ay = u(x+ Ax) ——+ v (x)—- (5.26)

ITycts Tenepp Ax—0. Toraa B cuay AuddepeHUHPYEMOCTH (YHK-
uvid u(x) ¥ v(x) B TOUKE X CYLIECTBYIOT NpeAeNbl OTHOLICHHH

A
Au u iv , COOTBETCTBEHHO paBHble u'(X) u v ( ) Hanee, uz nud-
X X

beperIupyeMocTH QYHKIHK u(x) B TOUKE X B CHUJY TeopeMbl 5.2 cie-

AYET HeNPEPhIBHOCTb 4(X) B 9TOMH TOYKe. 3HAUHT, CYIIECTBYET Ipeel

lim u(x+ Ax), paBublii u(x).
Ax~0

Takum o6pasoM, CyUEeCTByeT npenen npasoét yactu (5.26) npu
Ax—0, paBubiit u(x)v’ (x) +u(x)v’(x).

3Haqm cyutecrsyer npenen (npu Ax—>0) u Jjesofi uactH (5.26).
ITo onpenesenuo npou3BOAHOMN YKasaHHbIH npenesa pasen Yy’ (x), u
MBI OpHXOANM K Tpebyemoll dopmyne gy (x)=u'(x)v(x)+u(x)v'(x).
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(*x)

3°. IlycTb, HaKOHel, y(x)=—"w, Toraa, MOCKOMBKY u(x)5<0, mo
U (X,

teopeMme 4.11 06 yCTOAYHBOCTH 3HaKa HENPePHIBHOH B JaHHOH TOUKe X
dyskuun v(x+Ax)=~0 nas Bcex AOCTATOYHO MaJblX Ax, H MH MOXeM
3anucarh, 4TO
u(x+Bx)  u(x) _
v(x + Ax) v (x)
u(x+ Ax)v(x) —v(x+ Ax) v (x)
v(x)v(x 4 Ax)
Ho6aBnsis 1 BHIYHTasg B YHCJIHTeJe ciaraemoe u(x)v(x), OyleMm
HMeTb
Ay= x4+ A o) —u@o@] —lv(x+ADu() —u@vE] _

Ay=y(x+ Ax)—y(x)=

v(x)v(x + Ax)
— vt A)—u()] —u()o(x+A) —v(x)] _ v(x)Au—u(x)Av
v(x)u(x 4+ Ax) v(x)v(x+ Ax)

Takum oGpasom,
Au (x)_él
Ay PO B
Ax v(x)v (x4 Ax)

(5.27)

ITycts Temeppr Ax—0. B cuany nuddepeHunpyeMOCTH (M BBITEKAlO-
el M3 Hee HeNnpepBIBHOCTH) GYHKUMH u(X) M v(X) B TOUKe X Cylle-
CTBYIOT NpeJebl

. Au ’ . Av ’ :
lim —=u'(x), lim — =v' (x), lim v(x+ Ax) =0 (x).
Ax—0 Ax Az-0 Ax Ax—0

Takum o6Gpasom, nockosbkKy v(x)==0, cymecTByeT mnpeiesa npu -
Ax—0 npapoit yactu (5.27), paBHHI ’ '
v(x)u’ (x) —u(x) v’ (%)

o (x)

.

3nauMr, cymecTByer unpeiena npu Ax-—>-0 u seBoit wuwactu (5.27).
Ilo onpenesenuio npPOM3BOAHON YKasaHHBIA mpemesn paBed Y (x), u
MBI mOJy4YuM TpebyeMyio ¢opmyny

u’ (x)v(x) —o' (x)u(x)

v (x)

Y (x)=

Teopema 5.5 noJHOCTBIO JOKa3aHa.

CrnencrBHe u3 TeopeMu 55. Ecau dra ¢yukyud u(x) u
U(x) 8vinoanens. 8 OGHHOL TOYKe X Te se npednoAONHCEeHUs, 4TO U 8
Teopeme 5.5, T0 8 3TOU TOUKe X cnpasediusel caedyroujlie COOTHOUEHUS
0as Auppepenyuanos: /
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d (u & v) =du =+ dv,
du- v):vdu+udv,

u odu — udv (-.28)
(1)

v v? '

Jlast ycraHoBJeHusi cooTHouieHuii (5.28) [0OCTAaTOYHO YMHOXKHTH
paBeHCTBO (5.24) Ha dx M BOCIOJIB30BAThCsSl YHHBEPCAJBHEIM Ipef-
craBjeHHeM (5.12) nuddepenunasa npou3BosbHOH QYHKUHH y=f(x).,

§ 5. MIPOU3BOAHBIE NMPOCTENIIUX BJIEMEHTAPHHX
4>YHKU.HR

M3 BBOAHOI ryIaBHL W M3 IJ. 4 HAM y3Ke H3BECTBO, YTO MpocCTeH-
IHMH 3JI€EMEHTAaPDHHMH QYHKHHSAMH IPHHATO Ha3LIBAaTh
caejyiolive (YHKUMH: IOKa3aTeNbHYI0 OYHKUHIO y=a* u Jorapud-
MHUeCKy10 QyHKUHIO y=l0og, X, paccMaTpHBaeMble AJis J1060ro (PUKCH-
poBaHHOTO 3HaueHHs a Takoro, 4to 0<<az%l, cTemeHHyio (YHKUHIO
y=x% rAe o— PUKCHPOBAHHOE BeHIeCTBEHHOE YHCJO, YeThipe TPHIO-
HoMeTpHYecKHe GYHKUHH y=sinx, y=cosx, y=1g x n y=ctg x U yeTH-
pe ob6paTHble TPHIOHOMeTpPHUYECKHe Q)yﬂxuma y=arcsin x, y=arccos x,
y=arctgx u y=arcctgx.

B Hacrosmem mnaparpade Mbl BLITHCAUM CHCTEMAaTH3HPYEM B

TabJ/IMIy NPOH3BOJHLIE BCEX IPOCTEHLINX 3 eMeHTapPHbIX (byHKumi yxKe
BBINHCAHHble HaMU B TJI. 1.

1. Tlpou3BOAHbIE TPHFOHOMETPUUECKHX (DYHKIHI.

1°. TlpousBoaHas GpyHkuuH y=sinx. Tak Kak ajas 3To#
DYHKIHH

Ay = sin (x + Ax) —sin x = 2 cos (x + ——Ag—-) sin%—x—,

TO NpH J1060M Ax0 pasHOCTHOE OTHOLIEHHE HMeeT BHN

sin ~éi
Ay Ax 2
—=C08 (X + — | ——-
x ( + 2 ) - Ax
2
ITo onpenenennio NPOH3BOAHOM
st Ax
in ——
(sin"x)’ = lim 2% =1im lcos (x + -A—x> — 2 . (5.29
Ax->0 Ax Ax-0 2 ( Ax )
2

B cuny HenpepHIBHOCTH QYHKUMH y=co0s x B J1060# TouKe x Gecko-
#HeYyHOH npsMoHn

lim cos (x + -%—) = COS X. (5.30)

Ax—0
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Jlanee, B cCHJY IepPBOTO 3aMedaTeJbHOTO NpejeJa M 3JeMEeHTapHOMR
. Ax *
3aMeHbl NepeMeHHOM’ t==—2——

. Ax
STy sint
lim ———=1im = 1. (6.31)
Ax>0  Ax -0
’ 2

U3 cymectsoBanus npenenos (5.30) u (5.31) u U3 TeopeMsl O npe-
JleJie TPOU3BEAEHHsS ABYX (PYHKUHI BbITEKaeT CYLIECTBOBAHHe Npejesa
B IpaBoil yactu (5.29) u paBeHcTBO

. Ax
Ax s T
(sin x)" = lim {cos (x + —) ———— 1 =C0s X.
Ax—>0Q 2 _é_x_
2
Hrak,
(sinx)’=cos x (5.32)

(znst mo6of Touku X GECKOHEUHOH NpsiMOH).
2°. I[lpousBonHass GYHKIUUH y=cosx. Tax Kax gjs m060i
TOUYKH X ORCKOHCUHOH NIPAMOH

. 19
COs X = S1n <—2——x>,

TO TO npaBuay A bepeHUuPOBAHHS CJAOXHON QYHKUHH ** u mo dop-
myJe (5.32)

(cos x)' = [sin (%—x)]'=cos (%—x) (-’é_ —_x)'=

=cos(—"——x) (——’1)=-——sinx.

2
Urax,
(cosx)'=—sinx (5.33)
(mast 060 TOUKH x GeCKOHEUHOH NMpAMOH).
3°. IIpousBonnasg pyuxuumu y=tgx Tax Kak tgx=—ir%,

TO B CHJy npaBuja Ju¢oepeHIHPOBaHHS YacTHOTO **¥ 1 COOTHOLICHUH
(5.32) u (5.33) B M000I TOUKE X, B KOTOPOil cos x5=0,

Ax
* QOueBHAHO, UTO [ = T-—»O npu Ax—-0.

**.Cm. . 1 § 3, popmyay (5.13).
**& Cm. § 4, Tpersio popmyny (5.24).
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(tgx) = ( sin x )’ _ (sin x)’ cos x — (cos x)’ sin x

cos x cos? x
_ cos’x-fsin’x 1
- cos® x T cos?x
Hraxk,
(tgx)';= = 14+1g%x (5.34)
cos? x

(B JI000H TOuke x;e-:;—+nn, rie n=0, 41, 42, )

cos x

4°, [IpousBonHas dyuruuH y=ctgx Tak kak ctgx=

sinx
TO B CHJAy NpaBuja JubddepeHIUPOBAHHS YACTHOIO H COOTHOLIEHHH
(5.32) u (5.33) B a1060it TOuKe X, B KOTOPOi sin x==0,

(ctg x)' = ( cos x >' __(cos x)'sinx — (sinx)’ cos x _

sinx sin®? x
—sin®x—cos?x _ 1
sin® x sinfx °
Virak,
(ctgx) = ——— = — (1 +ctg? x) (5.35)
sin® x ]

(B y060# TOuke xz7=mn, rae n=0, =1, £2, £3, ...).

2. Nponspognas gorapupmuueckoit ¢pyukunu. Ilycte y=logsx,
rae 0<az=1, x>0 — ¢ukcHpoBaHHast Toyka. Torza mjisa Jioboro jo-
CTaTOYHO MaJjoro Ax=-0

Ay _ loga (x4 Ax) —loga x.
Ax Ax

1 Ax \
1% (1455 =
x

T’“;loga(l +Ax"—> =%loga[(l + —%"—)r]

f
l...

ITo onpenenenyio Npou3BOLHON
x

(log, )’ =1lim 2% =L lim log, [(1 +—A’i)“]. (5.36)
X

Ax—0 Ax X Ax—=0

B cusy BTOpOro 3aMeuaTeJbHOro Npelesa H 3JeMEeHTapHO# 3aMeHH
nepeMeHHoit t = -—Axi )
= 2
tim [(14 25" | =tim (1 +0 ] =e. '(5.37)

Ax—0

Ax
* Tak xak x>0 ¢uxcupoBano, 10 {=———>0 mnpu Ax—0.
X
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WUs cymectBoBanus npefena (5.37) n H3 HeNpepblBHOCTH QYHKIHH
y=Ilog,x B TOUKe X=e* phHTeKaeT, 4TO Ipele] B NPaBOH YacCTH

(5.36) cyulecTBYyeT M paBeH —i_ log, e.
Hrak,
(log, x)’ = ——log, e (5.38)
X

(ans molux 0<az-t1 u x>0).
B uvactHoCTH, IpH a=¢

(Inx)’ =—:c— (aaa moGoro x > 0).

3. MpousBoaHbIe MOKA3aTENbHOM H OOPATHBIX TPHTOHOMETPHYECKHX
¢yukumii, s BHIUHC/AEHHS TPOHM3BOJHLIX YKa3aHHBIX QYHKUHMH HC-
noib3yeM TeopeMy 5.4 o auddeperunpopaHHH o6paTHOR (DYHKUHH,
JOKa3aHHylo HaMu B 1. 2 § 3 HacTosLIeH IJ1aBHL.

1°. TlpousBonHas ¢yHkuuun y=a* (0<as*l). Tak kak
GYHKUHS Yy=a¥, oOnpejeseHHas Ha Bced GeCKOHeUHOH MNpPAMOH
—oo<Lx< + 00, siBAsieTcss o6paTHO# masi GYHKUMH x=log,y, onpele-
JeHHol Ha moaynpsamol 0<y<+oo, U Aag QYHKUHH x=l0gey B OK-
PecTHOCTH JoG0H TOUKH y moaynpamoii 0<y< -+oo BHINOJHEHHl BCE
YCJIOBHS TeOpeMBl 5.4, TO B CHJY 3TOH TeopeMbl GYHKUHA y=a* aud-
¢pepeHurpyeMa B 1000/ TouKe x=l0gsy ¥ ANA ee INPOH3BOJHON B
9TOH TOYKe cnpaBeldjnBa HoOpMyJsa

(@) =— ! = ! zly .
(logg y —logg e Oogg e

(Mu1 ucnosb3oBasu BblpaxkeHue (5.38) nns mpouaBOAHOH Jorapud-
MHYeCKO# QYHKLHH.)
V3 mosyyeHHOro paBEHCTBA B CHJIYy JIEMEHTAapHOTO COOTHOIUEHHS

=Ina ¥ COOTHOWEHHS Y=a* OKOHYATEJHHO MOJYYHM
(a*)'=a*1na (5.39)

(ans mo6ok TOYKH ¥ GECKOHEYHOH MpsiMOH).
B uwacrtHOCTH, IpH a=e

log, e

(e*)'=e*.

2°. [lpousBoaHas GpyHKUHH y=arcsinx. Tak xak QyHKuds#
y=arcsin x, onpejejeHHas Ha HHTepBaje —1<x<l, aBasercs obpar-

o . o 19
HOH ISt QYHKLHHA X =SiNy, onpeielIeHHON Ha HHTepBaJie — Y <y<L

*Bn 2§ 3 ran. 4 nokasano, uro ¢yHruus y=1log, ¥ HeNpepuiBHA B 06Ok
Touke x>0,
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n . “
<+ > H Aas (PYHKOHH X=siny B OKPECTHOCTH J1000H TOYKH ¥

K1 I
HHTEpBaJja —-{< y< + - BBINIOJIHEHEl BCe YCJOBHS TEOpPEMEE

5.4, To no 3TOi Teopeme GYHKUMA y=arcsinx auddepeHurpyema B
M060it TOuKe x=siny H AJd ee NPOHU3BOAHOH B 3TOH TOYKe CIpaBej-
auBa dopmyaa
. 1 1 1
arcsinx)’ = = e
( ) (siny)’ cosy Y 1—sinty

(5.40)

Mrul ucnosip3oBann paBeHcTBo (5.32) W B3siaM mepej KOPHEM 3HaK +
N n
B CHJIy TOTO, YTO COS Y IOJIOXKHTEJIEH BCIOAY HA HHTepBaJjie -——2—<

13

<y< + <=

YuHTHIBas, 4TO Siny=x, Mbl OKOHYATEJbHO TMOAyuyHM Hu3 (5.40)

i
Y 1—x2
(mns Bcex x U3 MuTépBasa —l<x<+1).

3°. IlpousBoxgHas dyHrRuuHU y=arccosx. Tak kak dyHKUH®
y=arccos ¥, ONpeleJeHHass Ha HHTepBajle —I1<x<+41, sBIAeTCS
o6paTHO# Jasi (QYHKIHM X=COSyYy, OIpeleJeHHOH Ha HHTepBaJe
0<y<m, u ans QYHKUHH X=COS Y B OKPECTHOCTH JIIOOOH TOUKH Y UH-
TepBana 0<y<m BBINOJHEHH BCe YCJAOBHS TeopeMbl 0.4, TO MO 3TOX

TeopeMe (yHKuust y=arccosx naubdepeHuupyema B Ja060H TOUKe
X=COSY W AJs ee NIPOM3BOJHON B 3TOH TOYKe cnpaBeaauBa dopmyna

1 1 1
(arccos x)" = == e T (5.41)
. (cosy)”  (—sing) —y 1—costy
Mul ucnonb3oBanu paBeHcTBO (5.33) M B3sJH Nepej KOpPHEM 3HAK —
B CHJIy TOTrO, UTO Sin y MOJIOKHTEJNEH BCIOAY Ha HHTepBalte 0<y<m.
YyuTHIBAS, 4TO COS Yy =X, MLl OKOHYATeJbHO moJayyum H3 (5.41)
. 1
yi=xt
(must Bcex x u3 uHTepBasa —l <x<+1).
4°, [IpousBonuas Gpynrkuuu y=arctgx. Tak Kak QyHKuH%

y=arctg x, onpenesieHHas Ha GeCKOHeYHOH TpsAMOH —oo<x<+ o0,
ABJsteTCss 06paTHOH A1 (YHKUHMH xX=tg Y, onpele/eHHOH Ha HHTepBa-

Je ——% ly< 3‘2“ H A5 GyHKuuM x=1tgy B OKPECTHOCTH KaXIOH

(arcsin x)' =

(arccos x)' =

n T .
TOUKH y HHTepBaJga —7< y< - BHITOJIHEHEl BCE YCJIOBHSI TeOPEMBL

5.4, To mo.3TO# TeopeMe OyHKuMs y=arctigx puddepenuupyemMa B
KaXJoH TOuKe x=tgy M 1Jd ee NPOH3BOJHOH B 3TOH TOUKe Crpabel-
JHBa gopmyaa
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R

arctgx)’ = = = .
(arctg) (tg vy I4tg?y 14«2
{Mmt ucnosb3oBanu cootHomenue (5.34).)
Hrak,
1
(arctg x) T

(s a06o# Touku x GeCKOHEUHOH MpsiMoii).

5°. IpousBoanasa GyHkuuu y=arcctg x. Tak Kak QyHKUHSA
y=arcctg x, onpenejeHHass Ha O€CKOHEYHOH npsAMOfl —oo<x<+ 00
sBJsieTcss o6paTHON Aas (GYyHKUUM Xx=cig y, onpeleseHHOH Ha HHTEpBA-
Je 0<y<m, u Aja GyHKUMH x¥=cligy B OKPECTHOCTH KaxKJ0H TOUKH
uHTepBasa 0<y<m BEIIOJHEHBI BCe YCJIOBHSI TeOpeMBbl 5.4, TO MO 3TOf
TeopeMe ¢yuknus y=arcctgx puddepeHLEpyeMa B KaXKA0H TOUKe
x=ctgy u pjasa ee NPOM3BOJHOHA B 3TOH TOYKE CIpaBelsyBa (popMmyJia

1 1 _ 1

arcctg x)’ = = = — .
( ) (ctgy)’ — (1 +ctg?y) I+ x?
(Mpl ucnonp3oBasu cooTHomenue (5.35).)
Hrak,
r__ 1
(arcctg x)' = e

(ans mo6o# TOYKH x GeCKOHEYHOH HPAMOI).

4. MponsBopHas crenenHol pyukunu. Ilycts y=x2, riae a — aoboe
BeIlleCTBEHHOe YHCIO, X — niobas Touka mnoaynpsamoli 0<x<<+oo.
B ra. 4 MBl yKe paccMaTpHBasM CTENEHHYIO QYHKUHMIO y=Xx* Kak Cy-
LIEPIO3HIHUIO JIOTapUPMHUYECKOH H NOKa3aTedbHOH (YHKUUH

y= xoc — (alogax )a - aalogax
{rze a — mo6oe QurcHpoBanHoe yncIo 0<al1).

- Ilo npaBuny nuddepeniupoBanns CcaoXHOH GYHKIHH y=a%, rie
u=qlog, x, nosyauM

Yy = (@9 -(alog, x)' ==a*-1n a-a-—i— log,e=

1 1
= aalogax Qe —— = X% — = %1,
X X
Hrak, okoHuaTebHO
(x*) = qx*1
(nas moGoro x>0).

5. Ta6auna npou3BOIHBIX MPOCTEHIINX 3JEMEHTAPHBIX (YHKIUH.
Co6epeM Temepb B TaGJHIly BCe BHIYMCJEHHbIE HAMM NPOH3BOLHbIE
NPOCTEHIINX 91eMEHTaAPHBIX QYHKUHME.

1° (x%)'=ax*! (x>0).
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L R S 1 [
B uacTHOCTH, <—);—> =—— (V%) ik
2°. (log,x)' = %Iogae O<as=1, x> 0).

B uactrocry, (Inx) = —:C—

3% (a*)’=a*-Ina (0<a+#1).
B uactHocTH, (€¥) =e*.
4°, (sinx)’=cos x.
5% (cos x)’=—sinx.
6°. (tgx)’z——l—
Cos

2 x

1+tg?x (x#:—g-—i—nn; n=0,¢1,...),
7. (clgr) = ———= — (1 +ctg?x) (x3=nm;n=0, +£1,...).

sin? x
8% (arcsinx) =1/} 1—x* (—1<x<+1).
9° (arccosx) =— /) 1—x? (—1<x<+1).
a ’ 1
10° (arctg x) T
© 14
11° (arcctg x) R
B rii. 4 MBI BBEJIM B PACCMOTPEHHE YeThIpe TunepOoHyeckue QyHK-
nuu y=shx, y=chx, y=thx n y=cthx, asasomueca NpocTHIMH KOM-
OuHAUMAMH NOKasaTeJabHBIX GyHKuMi. M3 nmpexcraBieHHS 3THX QYyHK-
IMH Yepe3 IOKasaTesbHble MYHKUUH 3JEMEHTAPHO BBHITEKAIOT CJEAYIO-
IIM€e BBIPAXKEHHsI JJIsl UX IPOU3BOJHBIX:
12°. (shx)’=chux.
13°. (chx)’=shx.

0 ' 1
_14°% (thx)' = .

15°, (cthx)' = ——-;h%x— (x5 0).

YcTaHoBJaeHHAs HAMH Ta0JUIa NMPOU3BOJAHBIX BMeCTe C IIPaBUJIOM
I hepeHIHPOBaHUS CI0KHON (YHKUHH (YCTaHOBJEHHBIM B I. 1 § 3)
H npaBujgaMH JH$DEepEeHLUPOBAHHS CyMMBI, Pa3HOCTH, NPOHU3BeLeHUSA
H yacTHOro (yCTaHOBJEHHHIMH B § 4) cocraBisieT BbIUHCAUTENbHBIA
annapar TOH 4acTH MaTeMaTHYeCKOro aHnajii3a, KOTOPYIO NPHHATO Ha-
3plBaTh LU P PepeHUaNbHBIM HCUUCJTEHHE M.

B ri. 1 1 4 MBl yxe BBeJIH NOHSITHE 3JeMeHTapHO# (PYHKIHH, KaK
TakKo# (YHKIHH, KOTOpas BhlpaxkaeTcsd yepe3 HmpocTefiliHe 3JjeMeHTap-
Hbole (YHKIHH NOCPEJCTBOM ueThipeX apu(pMeTHUeCKHX JeHCTBUH H
CYNepHno3UuliHH, MOCHEAOBATENbHO NPHMEHSEMBIX KOHEYHOe HHCJO pas.

W3 ycranosieHHoil HaMH TaOaHILE MPOUSBOAHKIX H IpaBui pudde-
PEHLHPOBAHUS CYMMBl, Pa3HOCTH, IPOH3BEAEHHS, YACTHOTO H CJIOXKHOH
GYBKIHH BhiTEKAeT CJACAYIOIIHN BaXKHBIH BHIBOA: npoussodnas aiobod
saemenTaproll (hynrkyuu npedcrasaser cobOl TAKNHE IAEMEHTAPHYIO:




212 - I'm. 5. IuddepeHnnasbHoe HCUHCAEHHE

Pyuryuro, 1. e. onepayus Jughepenyuposarus He 86.800UT HAC U3
KAQCCOQ 3AeMEHTAPHBIX PYHKYUL.

6. Tabsanua nuddepeHuuasoB NPOCTEHUIAX JeMEHTAPHBIX PYHKUHHA.
B 0. 3 § 3 Mu ycrauoBunH, uro puddepenunan dy GyHruun y={(x)
BCerJa paBeH NPOH3BOAHON 3T0#t GyHKUMH [/ (x), yMHOXKEHHOH HA HH-
<epenuras apryMenta dx. IlosToMy ycTaHoBJeHHass HaMH Tabgauna
fIDOM3BOAHBLIX Cpa3y e NPHBOAHT HAC K COOTBETCTBYIOIEH TabjHle
AudpepeHunaoB NPOCTeHIIAX JIeMEHTaPHBIX QYHKUMH.

1°. d(x*)=0a-x*"1dx.

B yactaoctn, d (—i—) = ———%dx, d(Vx) = L_dx.

2yx
2 d(logax)=—i-logaedx 0 <az1, x>0).

B uvactHocTH, d(Inx)= —df—'.
X

3°. d(a*)=a*Inadx (0<a:l).
B yacrHoctH, d(e*) =e*dx.
4°. d(sinx) =cos xdx.

5°. d(cos x) = —sin xdx.
6°. d(tgx) = —o—=(1+tg?x)dx
Cos® X

(x;e% +an; n=0, il,i2,~->.

7 dctgx) = — —2— — (1 +ctg?x)dx (x3=nm; n=0, +1,...)

sin® x
8. darcsin x) =dx/V1—x (—1<x< +1).
9°. d(arccos x) = —dx/V'1—x* (—1< x < +1).
10°. d(arctg x) =

1+ x 211.
o X
11°. d (arctg x) T
7. Jlorapuipmuueckas npoussoanasg. [pousBognHasi cTemeHHO-mOKa-
a3areavHont ¢pyukunn. Ilycrs  dyskuna y=f(x) nonoxuTeNbHA
# nuddepeHnupyeMa B 1aHHOH Touke x. Toraa u cjaoxHast QYHKIHA ap-
ryMeHTa x BuAa w=Iny, rie y=f(x), B cuny TeopeMn 5.3 Oyner
Takxe AupdepeHuupyeMa B YKa3aHHOH TOUKe X, MpUYeM MJisi NMPOHU3-
BOLHOH 3TOH CAQ¥KHOH QYHKUUH 1O apryMeHTY x OyZeT crpaBedjHBa
opmyaa ‘

Inf()] =(Iny) y =2 = F& 5.42)
[inf () =(ingy y* =L = LK (
Bennuuny (5.42) npuHATO Ha3uBaTh JoOTapHPMHUYECKOR
TPOM3BOAHOMN QYHKUHH y=f(X) B AaHHOHN TOUKe X.
JlorapudMuyeckas npou3BOJHASA MOXKeT GbITb HCHOJb30BAHA JJIst

BBIYHCJIEHHS] IPOH3BOAHBIX HEKOTODHIX (DYHKUHH, He SABJSIOUHXCA NPO-
CTEHUIHMH 3JeMEeHTaPHbIMH,
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B xauectBe npuMepa BEIYHC/IMM TNPOHM3BOAHYIO Tak Ha3bIBaeMo#
CTENMeHHO-NIOKa3aTeJbHON (DYHKIMH, T. €. QYHKIHH BHAA Y= u(x)w‘)
rae u(x) u v(x) — nBe QyHKUHM, AHQPEPEHIMPYEMbIe B JaHHOH TOY-
Ke x, epBasi H3 KOTOPHIX U (Xx) ‘CTPOro NMOJIOXKHTEJbHA B 3TOH TOYKe.

Ilpu Takux orpaHuHueHHsix QyHKuus w=Iny=v(x)Inu(x) Oyner
Iuddepennupyema B JaHHOH Touke x. B caMoM feJe, B CHIY TeOpeMH
5.3 dyuruus Inu(x) auddepenunpyema B TouKe x. 3HAYHT, HA OCHO-
BaHHH TeopeMBl O AH(PepeHIHPYyeMOCTH NPOU3BeleHHsl ABYX Iudde-
peHiIupyeMbIX (QYHKIHH MOXKHO YTBepXKAaThb AHG(epeHUHpPYyeMOCTs B
JAaHHOI ‘TOuKe X H PyHKuWH w=Iny=v(x)-lnu(x), npHueM B CHIY
BTOpOH opmyssl (5.24)

(Iny) =0 (x) Inu (x)+-v(x) [Inu (x)] =
=0 (x)Inu(x)+o (x) w (x) (5.43)
Hs (5.42) u (5. 43) NOJIYYHM, YTO

=o' (x) Inu(x) + 0 (x) L&

u(x)

YuuThIBasl, UTO Y= u(X)?™*), OKOHIATEIbHO MOJYYHM CJAEAYIOllee Bbl-
pPaxeHHe IJisi NPOH3BOJAHOH CTeNeHHO-NOKAa3aTeNbHOH (QYHKUHH:

(0 (£ = u (g0 [v' () Inu(x)+ v (%) %‘)’-] (5.44)
®opmyna (5.44) cnpaBexsuBa B NMPEANOJOXKEHHH, 4TO U (x) H v(X)
JuddepenuupyeMbl B JaHHOH TouKe x M u(x) >0 B 3TOi TOUKe.

§ 6. NTPOU3BOJAHBIE H NH®PEPEHILHAJIbI BbICIIUX
NnoPAAKOB

1. MNMouarue npousBoaHo# n-ro mopsinka. Kak yxe oTMeyaJjoch B
m. 2 § 1, npoussognas f'(x) ¢yskuun y=f(x), onpeleseHHol H Aub-
<depeHuupyeMoii Ha muHTepBaJe (a, b), npedcrasaser cobol ¢ynxyuro,
Takoxce onpedesennyro Ha unrtepsase (a, b). MoxKeT CAyUHTHCS, YTO
Gyukuus [’ (x) cama asasiercs nupdepeHIHPYyeMOil B HEKOTOPOH TOYKe
x mHTepBaJsa (a, b), T. e. UMeeT B 3TOH TOuke Npou3BoAHyw. Torza
YKa3aHHYI0 [POM3BOAHYI0 HAa3HBAlOT BTOPOH TNPOH3BOJAHOM
(Mly - TPOU3BOAHOH BTOPOTro mopsaka) ¢Qyukuua y=f(x)
B TOuKe X H 0603HAYaIOT CHMBOJIOM [P (x) mau y@ *.

Ilocsie TOro .Kak BBEeNEHO IIOHATHE BTOPOHl IPOH3BOIHON, MOXKHO
fI0CJIEJOBATEJbHO BBECTH NOHATHE TpeTbell NPOH3BOJHOH, 3aTeM der-
BepTofi IMPOH3BOAHON M T. A. ECJAH mpeAnoJOXHTb, YTO HaAMH YyXe
BBefieHo nousatHe (n—1)-i npousBoaHoi U uTo (n—1)-9 NpoHU3BOIHAS
JubdepeHuEpyeMa B HEeKOTOPOH TOYke X MHTepBana (a, b), T. e.

* IIJm 0603HaueHHsi BTOPOH NPOHIBOAHOM  HCHONBIYIOT — TAKKE CHMBOJH i
s y”.
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HMeeT B 3TOH TOYKe NPOHM3BOJHYIO, TO YKA3aHHYIO NPOH3BOAHYIO Ha-
3RIBAIOT A-H NPOU3BOAHON (HJH MPOH3BOJHON n-rO MOPAAKA) QYHKIHR
y=[(x) B Touke x ¥ 0603HAYANOT CHMBOJOM f(")(x) HIH (™.

TakuM 06pasoM, MBl BBOAMM MOHSTHe n-H NPOU3BOJHOH HHAYK-
THBHO, II€PEXOAS OT NEPBOH NpPOH3BOAHOH K mocuenaytomum. CooTHO-
llIeHHe, ONpeResIONee /-0 TPOUBBOLHYIO, HMeeT BHL

ym = [yn=D]". (5.45)

QYHKIMIO, UMEIOLIYI0 Ha [aHHOM MHOXecTBe {X} KOHEuHyI Mpo-
' H3BOJHYIO NOPSijKa 7, OOBIYHO HAa3HBAKT n pa3 AuddepeHnupyeMon
Ha JaHHOM MHOXKeCTBe.

IToHsiTHE TPOH3BOJAHBIX BHICIIHX NOPAAKOB HAXOAHT MHOTOUHCJIEH-
HEle IIPHMCHCHHS. 3/1eCb MBI OrpaHHUHMCS TEM, YTO yKaMeM MeXaHH-
YeCKHH CMBICJ BTOpOH npousBoigHo#. Ecau @ynxuuﬂ y={(x) omucu-
BaeT 3aKOH JBHKEHHsS MaTepHaJbHON TOYKH BROJb ocu Oy, TO, Kak

MBI y2Ke 3HaeM W3 1. 1, mepBasi mpousBojiHas ['(x) AaeT MIHOBEHHYIO
CKOPOCTh JABHMXKYULIEHCS TOYKH B MOMEHT BpeMeHH X. B Takom ciayuae
BTOpasi mpousBojgHasi [®(x) paBHa CKODOCTH HM3MEHEHHS CKOPOCTH,
T. €. PaBHAa YCKOPEeHHIO JABHXKYUleHcs TOYKH B MOMEHT BPEMEHH X.

MeToaHKa BBIYHCJICHHS NPOW3BOLHBIX BHICIIEro MOPSAKAa NPeAno-
Jiaraet yMeHHEe BHIUHC/AATbL TOJbKO NPOUM3IBOJLHBE NEPBOrO
nopsiAKa, ubo HOC/HENOBAaTEJbHOE HpHMeHeHHe QOpMyan (5.45)
€CTh HE YTO HHOE, KaK MHOTOKpPATHOE BBIYHCJIEHHE NePBHIX NIPOHU3BOA-
EBX. B KauecTBe HMpHMEpOB BBIUHCIHM NPOH3BOJAHBIE I11-TO TOPAAKE
HEKOTOPHIX NpPOCTEHINHX dJAeMEHTapHbIX (QYHKUMH.

2. n-ple NPOU3BOJHBIE HEKOTOPHIX (PYHKLHMH,

1°, BouucauM 7-10 TPOU3BOJKHYIO CTeNeHHOR (YHKUHH y=x*
(x>0, o — maw6oe BeuiecTBeHHoe yucao0). [TocnegosatenavHo xudde-
peHuupys, 6ynem HMeThb

Y =ax*"l, yB=q(a—1)x*2 y®=a(a—1) (a—2)x*3, ...

Orciofa JIErKo YSICHHTb O6GIIUA 3aKOH

x)®W =0 (a—1) ... (@—n-+ 1) x%",

Crporoe [0Ka3aTeJbCTBO 3TOI0 3aKOHA JIETKO IPOBOJHTCS METOAOM
MaTeMaTHYeCKOH HHAYKIHH.

B uacrtHOM @unyuae o=m, TIe M — HaTypaJbHOE YHCIO, MOJYYHUM
(x™)M =ml,
(x™)™ =0 npu n>m,

Takum o6pasom, n-1 NPOH3BOJHAST MHOrouJjeHa m-TO MNOPsIKa IpH
n>m paBHa Hyn10*,

* Tlpy 3TOM MBI HCOONB3YEM CJAEAYIOIIYI0O OYEBHIHYIO qupmyJIy [Au(x)+
+Buy(x)] " =Aut (x) + Bv(®)(x), rae A u B — nocrosiHukKe.
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~2°. Jlallee BBHIYHCIHMM r-10 NIPOU3BOAHYIO NOKasaTesbHOR GYHKIHH
y=a*. TlocnenoBaTenpHo g epeHuupys, 6yieM uMmerhb

y=a*Inx, y@=a*In’x, y®=a*1n%gq,...

O6utas ¢opMmyna, Jierko ycTaHaBJHBaeMasi MO0 METOAYy HHAYKILUH,
HUMeeT BHJI

I (@) =g*In"a. l

B uyacrHOCTH,
(en)™ =e~.

3°. BRYUCIHM 71-10 NPOH3BOAHYIO DYHKIHH y=sin x.
[lepByo mpoH3BOZHYIO 3TOH (PYHKLUHH MOXKHO 3alHcaTb B BHAE

y' =cos x =sin (x + %) . Taxum o6pasom, auddepennupoBanue
¢yHKHUH y=sin x npubasJjser K apryMeHTY 3TOH (QYHKUHUH BEJHUYHHY

—;L. Orcioga nonygaeMm Gopmyny

(sinx)®™ =sin <x +n —nz—) )

4°, CoBepLIeHHO aHAJIOTHYHO yCTaHaBaHBaeTcs GopMyJa

(cos x)™ = cos (x+ n%) .

9°. BhlyHCJIUM n-10 NPOM3BOAHYIO QyHKuMH y=arctgx. Jlokaxem
¢ NOMONIbIO MeTOJa MaTeMaTW4ecKol HHAYKIHM, YTO CHOpaBejJIHBa
ciaenywomas opmyaa:

to g\ — r =D [ ( _“_” 46
(arctg x) TENTE sin | n | arctg x + > ) | (5.46)
YyurniBass, ut0 y=arctgx, x=1gy, L. ! =cos’y, MH

1+ 14tghy,
MOXKeM IepenucaTb yCTaHaBJHBaeMyio GopMyJy B BHIE

Y™ =(n—1)l cos™ y sin [n (y + —Z—” (5.46%)

Y6enumcsi MeTOAOM HHAYKLMH B cnpaBefauBocTH (opmyan (5.46 *).
Ilpr n=1, B cuny n. 3 § 5, ¢ = (arctgx) = =cos?y.To xe

14+ x2
CaMoe BbipaxkeHHe moJydaercs npu n=1 wu3 (5.46*) (mocratouno

ydecth, 4TO Sin (y + %) =C0Ss ).

TakuM 06pasoM, npu n=1 ¢opmyna (5.46*) cnpasennusa.



216 T'n. 5. Juddepennnansuoe HCUHCICHHE

[Ipennmonoxum Ttenepb, uro ¢opmyaa (5.46*) copaseasiuBa mis
HEKOTOpOro 7, u ybGeJHMcs, 4TO B TaKOM cJydae sTa (opMyJa cupa-
BelJHBa H AJs CJefyiomero HoMepa n+ 1.

B camom gene, npousBoas audpdepenuupoanne (5.46*), moayunm

Yyt = (n— 1)1—:7 {cos"ysin [ (y + _’2‘_”} =

=(n—~rl)ljj?{cos"ysin[ <y+ )]}_d%z

= (n—1)! {diy(cos"y) sin [n <y + _2—)] +

+ cos™ y d [sinn (y + i) ] ]'y’.
dy -2
YuutbiBasi, uro y’' =cos?y, —;—- (cos™ y) =ncos*~! y (—siny), Mur m0-
Y

JIYUHM, 4TO
¥t = nl cost y {——sinysiﬂ [ﬂ (y + %)] +cos ycos [n (y + —Z—)]} -

;nlcos"+1ycos [(n+ 1)y+ n—;—] =nl cds"+‘ysin [(n+ 1) (y + —’;-)]

Mu noayyaem pas y*+!) ¢opmyay Buaa (5.46*), Baatyio mjas Ho-
mepa n+1. Tem caMBIM HHAYKUHS 3aBepuieHa u ¢opmyaa (5.46) mo-
KasaHa.

6°. B 3akiioueHHe BHIYHCJIHM n-10 NPOH3BOAHYIO TaK Ha3bIBaeMOid

Ipo6HO-THHeHHOH GYHKUHH Y= i , IBe a, b, c md—

cx+d
HEKOTOpPHIe HOCTOSIHHEHIE.
ITocnenoBarensHo puddepennupys ary ¢yHkuuio, 6yieM HMeEThb

r_alxtd)—clax+b) 4 —2
Ty (ad—bc) (ex+ d)—2,

Yy = (ad—bc) (—2) (cx+d) 3,
y® = (ad—bc) (—2) (—3) (cx+d)—4c?, .

Jlerko ycMOTpeThb H OOGIIME 3aKOH

Yo = (%ﬁ)‘"’ = (ad—bc) (— 1)1 nl (ex + d)—+D) ¢nt,
C.

KOTOprH HOKAa3HIBAETCS 110 METONY WHAYKIHH.
3. dopmyaa JleiibHuna anaa n-d NpousBOAHON NMPOU3BEAEHHS ,uByx.
¢yukuuii. B To BpeMs KaK yCTAaHOBJEHHOE BHIIIe PABUJIO BHIUHCJICHHA
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fIepPBOH  MPOM3BOAHOM OT CYMMBl MJIH PasHOCTH JABYX QYHKUmil
(4tv)’=u'*v" nerko mepeHocurcss (HANpEMep, IO METOLY HHAYK-
UMA) Ha Ccay4adl n-#i npoM3BOAHOH (4=*v)™=u™ty( BO3HHKAOT -
3aTPYAHEHUS NPH BLIYHCJEHHHW n-fi NPOH3BOJHOH OT NPOH3BEJEHHS
ABYX GYHKUHA u v.

CooTBercTByIOIICe NPABHAO HOCHT Ha3BaHue GopMyan Jlefibuuua
Y MMEeT CAeAyIOIHHA BHA:

(uv)® = My + Crun—Vy" + Cour—2p®@  Ciun—39@ 1 . . + uo,

(5.47)

Jlerko moAMETHTb 3aKOH, MO KOTODOMY IOCTPOEHa MNpaBas YacTh
dopmyanl Jleiibuuna (5.47): ona coBnagaer ¢ GopMyJoil pasyoKeHHS
6uHoma (u4-+v)" JUIIL BMECTO CTeleHed wu M v CTOSAT NmMpoO-
M3BOJHHE COOTBETCTBYIOMHX NOpPSJNKOB.

ITO CXOACTBO CTAHOBHTCA ellle 6oJiee MOJSHBIM, €CJH BMeCTO CaMHX
¢yHKIui 4 u v nucatb coorBercTBenHo u® n v® (T. e. ecim paccMar-
pUBaTh caMy QYHKHHMIO KaK HPOH3BOJAHYIO HYJIEBOTO NOPSIKa).

Ilokaxem ¢opmyay Jlefibuuna no merony uuaykumu. Ilpn n=1
sta QopMysa npuHuMmaer Buji- (uv)’=u'v-+uv’, uro coBmajaer ¢ yec-
TAaHOBJIEHHHIM BHIe (B § 4) npaBuaoM JupdepeHUHPOBAHHSI IPOHU3-
Befenus aByx ¢yskuuit. IlostroMy mocraTouHo, mpeinosoXuB chpa-
BefJuBOCT (opmyan (5.47) mjs HEKOTOPOro HOMepa n, 10Ka3aTh
ee CNPaBeJJIMBOCTb AJISl CJEAYyIOLero HoMepa n+ 1.

Hrak, nyctb ans Hekotoporo HoMepa n ¢opmynaa (5.47) BepHa.
Tpoanddepennnpyem 31y ¢Gopmyly H OGBEAHHHM ClaraeMele, CTOS-
Uige B NPaBOH YaCTH, TaK, KaK 3TO YKa3aHO HHXKe:

{uv)n+) = Dy 4 [Couo’ 4 Cru™o'| + [Cruti—D0® 4 C2un—1p] +
+ [Coun—20®) 4 Coun—2®] + ... + wointD, (5.48)

(ITpu 3TOM MBI BOCHOJIB30BAJNHCHL TeM, uTO 1=C,0.)
Jlerko mpoBepHTb, YTO AJA JMIO6Or0 HOMepa k, HE NPEBOCXOAALIEr0
7, cupaBeanuBa $opMyaa

ckyctt=cty,. (5.49)

Has toro 4robm y6eauTbcss B cnopaBefHBOCTH (opMysan (5.49),
JOCTATOYHO 3@METHTb, YTO

C* — nn—1)...(n—k-+1) Ck—l_n(n—l)...(n—k+2)
n— ] - ’
k! . (k— 1)
Ck (a4 Dn...(n—k4+2)
n—}-l;-— .
Rt
V3 HanucaHHBIX COOTHOLIEHHH BHITEKAET, UTO

Ck_{_cqu__n(n—l)...(n—k—1~1)_{__n(n—l)...(n—k-{-2)=
nen 3 (k—1)!
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n(n—1)...(l—k+2(r—k+ N tnin—1).., (2 —k+2k _

Kl
_af—1) .. (a—k+ln—k+1)+ k] _
k!
_ (kD=1 ... (a—k+2)

=Ck .
X n+1

Ucnonbsys dopmyay (5.49), Ml MoxkeMm CJaelyolmuM ofGpasoMm
nepenucath cooTHoumeHue (5.48):

(o) td = 4oty - Cpy ™o’ 4 Cg qu®@=—10@ - C3 L u—20®) 4- ... + yolnth,

Tem camMbiM MH yOeJHJIHCL B clpaBeanuBocTH dopmyast (5.47)
aast Homepa n-+1. Maaykuusa nposefieHa, H BeiBoA ¢opMyaw Jied6GHu-
na (5.47) saBepuueH.

pumep. Bpounenaum n-10 npousBoinyio ¢pyHxkuuu y=x2e*. Ilo-
Jdarasi B ¢opmyae Jleiibuuua (5.47) u=e*, v=x%* u yuuTHBaA, YTO
uM=e* (mnust Jgo6oro HoMepa k), v =2x, v@=2 V®=pl=_ =
MBI [OJIYYHM, 4YTO

(¥%5)®) = e*x? - Cpe" 2x+-C €°- 2 = e* [x® + 2nx + n (n—1)].

ITopuepkueMm, uto dopmyaa Jlefibuuna ocobenHo 3¢ deKTuBHA
B TOM CJyd4ae, KOrja OAHA H3 MepeMHOKaeMHX QYHKUMH HMeeT JHUI b
KOHEYHOe YHCJO OTJHUYHBIX OT HYJNS NHPOHSBOALHBX
H He INpeACTaBJseT 3aTPyAHEHHS BBIUHCJIEHHE BCEX NPOM3BOLHAEIX
JApYroH M3 nepeMHO}kKaeMBIX GYHKIHH.

4. Nud¢epeHuranp BBICUIMX NOPSAAKOB. Bhbille A8 0603HAaUYCHHS
auddepennnana aprymMesTa 4 COOTBETCTBYlolllero eMmy auddepenuua-
Ja (YHKIOUHM MBI HCIIOJIb30OBAJM CHMBOJB dX H COOTBETCTBEHHO dy.

B paccyx/eHHAX HacCTOSIIETO NMYyHKTa HAM NPHIETCA HCHOJNb30BATh
Jjsa obossayeHus AuddepeHuuana aprymMeHTa # COOTBETCTBYIOLIETO
emy auddepennnana QyHKIUH H APyrHe CHMBOJHL. B yacTHOCTH, MH
Oyzem o6o3HayaTh AMpdepeHuuan aprymMeHta M COOTBETCTBYIOIIH#H
emy audpdepenuuans GyHKUHH CHUMBOJNAMH 6x H 84 COOTBETCTBEHHO.
B astux o6o3HauyeHHsiX MHBApHAHTHOE MO (opMe BhHIpaxXKeHHe AJs
nepsoro auddepennuana GyBKuuH y=f(x) Oyzer uMeTb BHA Oy=
=["(x)éx. b

PaccmorpuM BhipaxkeHue 1js nepsoro auddepenunana audde-
peHUUpyeMOil B JaHHOH TOuUKe X OYHKUHH y=f(x):

dy=F'(x)dx. (5.50)

[Ipeanonoxum, 4To BeJHYMHA, CcToduiasi B mpasofi wactu (5.50),
npejacrapjiser coboil GYHKUHIO apryMmeHta x, JuHbdepeHupyeMyio
B JaHHOH TouKe x. s 3TOr0 AOCTATOYHO MOTPe6OBaTh, YTOOH (PYHK-
uust y=f(x) Oblna Asa pasa guddepeHumpyeMa B JAaHHOH TOUKe X, a
apryMeHt Jin00 SBJASJCH HE3aBHCHMOH IE€peMEeHHON, JMGO NpeacraB-

b4
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Jsan cobofi gBaxabn auddepeHIHpPYeMYIO (YHKLUHIO HEKOTOPOH Hesa-
BHCUMOH NepeMeHHOH f.
[Ipu 2THX HpEANOJONXKEHHAX MBI MOXeM paccMorpeTb AupGepeH-

1Haa
8(dy) =8 f' (x) dx]
oT Beau4uHH (5.50).

Onpepnenenune 1. Suauenue 8(dy) dupdepenyuara or nepso2o
Ougpepenyuara (5.50), 83aToe npu Sx=dx, HaA36180LTCA ° BTOPLIM
Ougpppeperyuarom gynkyuu y=f(x) (8 dannoii TouKe x) u obosnaua-
ercs cumgosom d?y.

Hrak, no onpepe/eHuio™

d*y =8 (dy) | sx—ax = {8 [f" (%) dx]}|sx=dx-

Juddepenunan d"y mwoboro nopsika n BBOJUTCH N0 HHAYKIHH.

[IpeanonoxuM, 4to yxKe BBeleH AubdepeHunHas d" !y mnopaika
n—1 u uro ¢yukuua y=f(x) n pas3 nuddepenurpyemMa B JaHHOH
TOYKE X, a ee apIryYMeHT X JAHOO SIBJASETCS HEe3aBUCHMOH NepeMeHHOH,
aubo npexacrapiasier coboii n pas3 aubdepeHLHpyeMyl0 (QYHKUHIO He-
KOTODOH HE3aBHCHMOH NEpPeMEeHHOH ¢.

Onpeneaeunune 2. 3ravenue 8§(d*'y) Ouggepenyuara or
(n—1)-20 Ougpgepenyuara drly, 83aroe npu dx=dx, HazeeaeTCR
n-m nubpdepennunanom yukyuu y=f(x) (8 dannoi TouKe X)
u 0603HA4AETCA CUMBOAOM dA™Y.

Hrax, no onpeneienuio d"y =08 (d"1y) |sx=dx-

IIpu BHIUKCJIEHHH BTOPOro W INOCAeAYoUiMX AuddepeHIHaloB NpH-
XOIUTCA CYIIECTBEHHO pa3/jndyarb Apa chaydas: 1) caydail, koriga ap-
TYMEHT X sIBJsIeTCs He3aBHCHMOU nepeMeHHOH; 2) cjyual, Korja apry-
MeHT X MpeacraBjsier coOOH COOTBETCTBYIOIlee uucJa0 pas audpde-
peHuHpyeMyl0 (YHKIMIO HEKOTOPOH He3aBUCHUMOH HepeMeHHOH i

B mnepBom cayuae, Korga x siBAseTC He3aBHCHMOH IepeMeHHOH,
MBI MMeeM IIpaBO CYHTAaTh, YTO dx He 3aBHCHT OT X M paBeH OA-
HOMy H TOMYy e NpHpalleHuio aprymMenta Ax (4Jst BCeX TOYeK x).
Ilpu arom Mbl nodayuum, uto 8 (dx) = (dx)'6x=0.

Tlocienuee cooTHOUIEHHE H BTOpOe cooTHoIeHHe (5.28) m03BOJSIOT
HaM 3alicaTh CJAeAYOLYIO LelOoYKy PaBeHCTB:

d*y = 8 (dy) | ow=ar == {B[[' () dx]}| 6x=s2 =
={8[F" ()] dx+[" (x) 8 (dx)} ox—ax={S[[' (x)] dx}|br=ac=
= {f® (x) dxdx}| gx—ax =@ (x) (dx)2. (5.51)

Wrak, B ciayyae, Korjga apryMeHT X sBJISeTCs He3aBHCHMOH mepe-
MeHHOH, AJs Broporo au¢depenuunasa GpyHruun y=f(x) cnpaBeRJuBO
fipeACTaBJeHHE

Py=]®(x) (dx)>. (5.52)

* CumBon {..}|sx—dx O3HAYAET, YTO B BHIPAXKEHHH, 3aKJIOYEHHOM B (HIypHHE
CKOOKH, CJIelyeT MOJOXHTb dx=dXx.



220 Ta. 5. [duddepeHunanpuoe HCUHCIEHHE

CoBepHICHHO aHAJIOTHYHO, N0 HHAYKLUHH JIeTKO yGeJHUTHCA B TOM,
4TO B CJy4ae, KOIJa apryMeHT X sIBJSeTCS He3aBHCHMOH MepeMeHHOH,
nas n-ro auddepenunana n pa3 guddepeHuHpyeModi (PyHKUMH y=
=f(x) cnpaBeANHBO mpeacTaBJaeHHE

dry=f"(x) (dx)".

Takum o6pa3oM, B cayuae, KOrla apryMeHT X SIBJISIETCS HE3aBHCH-
MOH nepeMeHHOH, NPOH3BOAHAs Mopsiika n QyHKUHH y=[(x) paBHa
OTHOLIEHHIO n-ro auddepenHunana stod GyHKuuMH d"y K n-fi CTEneHH
Auddepennyanaa apryMesra dx.

CoBceM Apyro#i BHJ, HMEIOT NpeACTaBJeHHs AJs BTOPOTO H MOCTe-
ayoumnx auddepeHnHaJoB B ciay4yae, KOrja apryMeHT X SBJSeTCS
COOTBETCTBYIOILlee YHCJIO pa3 AHdPepeHnupyeMoit (pyHKLUHEeH HEKOTO-
poil He3aBHCHMOH NepeMeHHOH .

YcraHoBuM BpIpaxKeHHe AJas Btoporo JuddepeHumana, cuutas,
uto ¢yHKUMA y=[(x) ABa pa3a AHdGepeHUHpYEeMa B AAHHOH TOUKE
X, a ee apryMeHT x ABJsiercd ABa pasa audpdepeHnupyeMoit QyHKIH-
e HeKOTOpPOH He3aBHCHMOH mepeMeHHoil f.

IToBropsas paccyxpaenuss Hu3 uenouku (5.51), mMH Ha sToT pas
NOJyYHUM ‘

d?y = 8 (dy) | sx=dx = {8 [f’ () dx]}| brmax =
={8[F" ()] dx+ ' (x) 8 (dx)} | ox—ax =
={f® (x) 8xdx}| sx=ax + {f’ (x) 8 (d%)} | sx=dx-
3aMeTHM, 4YTO B CHJIy onpefejeHuss BToporo auddeperuuaa
QYHKIUHH Yy=x
8 (dx) | oxmax = d?x.

YYuTEIBAas 3TO COQTHOWIEHHe, MBI NPHXOJAHM K CJHEAyIOUIEMy mpeln-

CTaBJICHHIO:
A’y =[P (x) (dx)*+f (x)d?x. - (5.53)

CpaBHuBas nosayueHnoe npejcrasiaende (5.53) c mpeacraBieHneM
(5.52), mbl y6enuMcst B TOM, 4TO (B OTJIHYHE OT NepBOro auddepen-
uaja) Bropo#l aucpdepennuan yxe He obJajaer CBOMCTBOM HHBa-
PHAHTHOCTH (OPMHL.

Tem Gonee He o6nanaloT CBOHCTBOM MHBADHAHTHOCTH (OPMBI IOC-
Jexymomue nuddepeHunany. . :

§ 7. AHPPEPEHUUPOBAHHE ®YHKLMH, 3AIAHHORA
NMAPAMETPUYECKH

Mui Gynem roBOpHTH, YTO IepeMeHHas y Kak (YHKIHA apryMeHTa
X 3ajladHa HaM napamMeTpHYecKH, ecin obe nepeMeHHbe X
H y 3aJlaHbl KaK QYHKIHH HEKOTODOH TpeTbhell NepeMeHHOH f: x=¢({f),

y=v(1).
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Ilpu sToM yKas3aHHYIO IiepeMeHHYIO { OOLIYHO Ha3HBaKwT NMapa-

METpPOM.
bl, ecTeCTBeHHO, OyJeM mpeamnosarath, uto ¢yHKmuu @(f) u P (i)

HMEIOT HY>KHOe YHCJIO NMPOH3BOAHHIX MO napamerpy { B paccMaTpHBae-
Mo# 06JiacTH M3MeHeHHs 3TOTrO napaMmerpa.

Kpome Toro, mm Bcerga OyaeM cuutath, 4T0 GYHKIHSA x=q ()
B OKPECTHOCTH pacCMaTpHBaeMOH TOYKH f=17, uMeeT 06paTHYI0 QYHK-
nuio t=¢!(x)*, w60 2TO MO3BOJSET pacCMaTpHUBaTh Yy Kak (YHK-
LIHIO X.

PaccMoTpuM BONpOC O BBHIUHCJEHHH NPOH3BOAHHIX (QYHKUHH Y=
=y(x) N0 apryMeHTy x.

B cuay cBOoHCTBa HHBAapHAaHTHOCTH (OPMEI NepBOro AudgepeHmua--
Ja (cm. m. 3 § 3) MBI MOXXeM 3amHCaTh paBeHCTBA:

g (%)= :Ey— dy =y (t)dt, dx =g’ (B)dt. (5.54)
X
H3 sTux paBeHCTB Cpasy ke BHITEKaeT, 4TO
’ Y'()
xX) = —= . 5.55
y (%) o0 (5.55)
Jasi BHYMCJIeHHsT BTOPOH NpOH3BOJAHOH Y@ (x) NOCTAaTOYHO 3aMe-

THTh, YTO B CHJIy CBOJiCTBAa MHBAPHAHTHOCTH (OpPMBI NepBOro Audde-
pesunaJa

yo () = 2L (5.56)

Hcnoabsys B mpasoit yactu (5.56) cooTHowenne (5.55) m Tperbe
paBeHcTBO (5.54), mOJTyYHM .

| v |’ -

d -

y@ (x) = [ () J Y _ 90 ¢ (t) —eP ()’ () (5.57)
v (1)t [9"()12 '

[To TakoMy e NPHHUHNY BHIYHCJAIOTCS NPOM3BOLHBIE TPETHENO M
NOCJeAYIOIIHX NOPAAKOB. Tak, IJs BBIUHCJAEHHS TPeThel NPOH3BOIHOIE:
y® (x). 10CcTAaTOYHO MPEACTABHTL 3TY NPOM3BOAHYIO B BHIE

¥ (1) = 412 W)
dx

¥ BOCIIOJIb30BATLCH “COOTHOIIEHHeM (H.57) M TPeTbUM  PaBEHCTBOM!
(5.54).
B KauecTBe mpuMepa BBIYHCJIHM NEpPBYI0 W BTOPYIO NPOH3BOAHBIE:

caenywoueil GyHKLIHH, 3aJaHHOH MapaMeTPHYECKHU:
x =a(t—sint), o<t 4 .
y =a(l — cost),

* B ra. 14 6yzer nokasaHo, 4TO JJIs CywecTBOBaHHs y GyHkuun x=¢(f) B
OKDECTHOCTH TOYKH f=={f; o6paTHOH (YHKIHH JOCTATOYHO, 4YTOGH INIPOH3BOJHE M
@’ (f) 6mna HenpephlBHA H OTJIHYHA OT HYNsl B TOYKe fq. :
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Kpupas, siBasiomascs rpagukoM 3ToH (QyHKIUH, Ha3bBaeTCs ILH K-
Joupoil. Dra KpHBasg NpPEACTaBJSACT COOOH TPAEKTOPHIO HEKOTOPOH
({UKCHPOBAHEON TOYKH OKPYMKHOCTH pajHyca a, KoTopasi KaTurcs 6e3
CKOJIbXKEHHSI MO NPSIMOH JIMHMH (mapaMeTp { paBeH YyIJy HOBOPOTA
paznuyca 3TOH OKDYKHOCTH).

IMoabsysice popmynamu (5.55) u {5.57), noayuum

' _ asint . ot
y )= a(l —cost?) —Ctg? ’
<ctg—;—-) 1
(2) X) = = -
o a(l —cos?) 4asin4—t—
2

§ 8. MPOU3BOJHASE BEKTOPHOH ®YHKILHH

B nmpujoxKeHHsIX MaTeMaTHKH YacTO BCTPEYAIOTCH NMOHATHS BEKTOP-
HOH (QYHKLMH H ee IPOH3BOJHOH.

Ecau kKaxjoMy 3HAUEHHIO NMepeMEHHOH { M3 HEKOTODOro MHOXKECT-
Ba {f} cTaBUTCS B COOTBETCTBHE IO H3BECTHOMY 3aKOHY ONpe/eJeHHbIH
BEKTOD @, TO FOBOPAT, UTO HA MHOXecTBe {f} 3ajlaHa BeKTopHad
PyuHguua a=af(f). ,

Tax kak kKaxabplfi BeKTOp a B 3afaHHOH JEKapTOBOH NPSMOYTroJib-
HOH CHCTEME KOODJMHAT OJHO3HAYHO ONpEeNeJSeTCS TPEeMs KOOpAHHA-
TaMH X, Yy H 2, TO 3aJaHUe BeK-
TOpHOH (YHKUHMH a=a (f) 3KBHU-
BaJIEHTHO 3aJaHUI0O TpexX CKa-
JADHBEIX QyHKHUE x=x(f), y=
=y(t) m z=2z(¢).

IlonsaTue BekropHOK (YyHK-
uup npuoOperaer ocobyi0 Ha-
DJISLAHOCTL NPH  ofpamieHuu K
TaK Ha3blBaeMOMY TOXOTID a-
by >T0f GyHKuum (T. €. reo-
METPUYECKOMY MeCTV KOHIOB
x BCeX BEKTOpPOoB a=af(f), mpuJjo-

Pre. B4 *KEHHBIX K HayaJy KOOpAMHAT
O). Ha puc. 54 xpusas L
npeacrasisier coboil romorpad

BeKTOPHOH (QyHKUUHN a=a({). :

[lousTne romorpacda BeKTOPHOH (DYHKUHH SIBJISETCS €CTECTBEHHBIM
0600uIeHHeM NOHATHS rpadHKa CKaJsPHOHK (QYHKIHH.

BBesem noHaTHe NPOM3BONHON BeKTODHON  (DYHKIHH a=a(t)
B JaHHOH QUKCHPOBAHHON TOUKe f.

3anaiuM aprymeHTy B TOUKe ! MPOH3BOJBHOE npupauienue Af==0
M DacCMOTPHM COOTBETCTBYIOIUMH BeKTOp  HpHpamieHus  Aa=
'=a(f+At)—a(¢). (Ha puc. 5.4 ykasaHHBIH BeKTOp cosnanaer c MP.)
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. 1 .
YMHOXHB YKa3aHHbIlM BEKTOD Ha 4HuCJIO -——A-t—, MBbl NOJYYHM HOBBIH

BEKTOP
L2 _ L ragt+AH—a(), (5.58)
At ¢
KOJIMHeapHH npexHeMy. DroT BekTop (5.58) sABAseTcs aHAJOroMm
pasnoctHoro orsouiexus (5.5).
Bekrop (5.58), oueBHIHO, npeacTas/sieT cOG0H CPEAHION CKOPOCTh
W3MEHEHHs BEKTOPHO! (yHKIUH Ha cerMmenre [f, {+Af].
HpOHSBOﬂHOI/I BekTOpHON ¢(yHKuun a=a(f) B JaHHOH (HK-
CUPOBaHHOM TOuke ! HasbBaercs npegea Ipu Af—>0 BexTopa (5.58)
(npu yCJOBHH, YTO 3TOT INpeAes cymeLTByeT)
Jia o6o3HaueHuss NPOM3BOAHON BEKTOPHOH GYHKuuH a=a(f) ue-

da
THOJIB3YIOTCS CHMBOJEL @’ (¢) uau -

M3 reomerpunyeckux coobpaKeHHd OUEBHIHO, UTO [POH3BOJHA%
BEKTOPHOl (QYHKIMM A= a(?) npexncrasaser cob60¥ BEKTOP, KacaTelb-
HBIH K roporpady 3To#l QyHKLIMH.

Tak xak KOOPAMHATEI Pa3sHOCTHOrO OTHOLIEHHS] (5.58) coorserct-
BEHHO paBHHI

x(#4 Af) —x(¥) y(t + AH—y(?) 2(¢t + Af) —z(¢)
At ! At At

TO SICHO, YTO KOODAMHATH IPOM3BOAHOH a’(f) paBHB NPOH3BOAHBIM
dyuknuii x'(t), y'(t), 2'(t). Takum 06pasoM, BHIYHC/JEHHE NPOH3BOA-
HOII BeKTOPHOH (YHKUUH CBOJAHTCS K BBIUMCJEHHIO NPOH3BOAHHIX €€
KOOpDJHHAT.

3ameuanue 1. Tak xak Bekropuas QyHkuus a=a(t) ompene-
JIIeT 3aKOH JBHXKEHHS MaTepHa/bHOil TOUKH NO KpuBOil L, mpeacras-
asoulelt co6oii rogorpad atoil pyHKHMH, TO npousBoxHast a’({) paBHa
CKOPOCTH JBHKEHHS 1O YKa3aHHOH KPHBOH.

3ameuanue 2. M3 Kypca aHaJHTHUECKOH IEOMETPHH H3BECTHEH!
pasjuuHble THIH IPOHU3BEJAEHHHA BEKTOPOB (CKaJspHOE HPOH3BEIECHHE,
BEKTODHOE TPOM3BEJeHHE H CMeINaHHOe Npou3BeleHue). BruipakeHue
BCEX 3THX IPOU3BEJEHHH B KOOPAHMHATAX JaeT BO3MOMKHOCTh YKa3aTb
NpaBuJa, N0 KOTODBIM BHIYHCIAIOTCS IPOH3BOJHBIE COOTBETCTBYIOIIHX
NpOU3BeJleHH! BEKTOPHBHIX (YHKUHMH. B KauecTBe mpuMepa INpHBeAeM
NpPaBHJIO BHIYHCAEHHS TNPOH3BOAHON CKAaJSPHOrO NPOH3BEJEHHSA ABYX
BEKTOPHBIX (pyHKuHH a(t)=(ai(t), ax(t), as(t)) u b(t)=(b:i(?),
ba(), ba(t)) : {a(1)-BUOY/=a'(t) B +a(t) /(1) = lay (1) by ()
+oay (f)-ba(d) + ag’(t)-bs(B)} + {aa(t) b (t) + as(t) b (f)
+as(¢) -bs’(¢)}. AHaJOrHUHOE NPABUJIO CIPABENTHBO H IJS BEKTOP-
. HOTO MPOU3BEJEHHUS IBYX BEKTODHBIX (DYHKIHH:

[a()b(@)]'=[a"(O)b(D)] + [a(?), b'(H)].
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OCHOBHBIE TEOPEMBI
O IHPPEPEHUHUPYEMDBIX ®YHKIHAX

B nmacrosme# riaaBe GyAeT YCTaHOBJEH psAJ BaXHHX TEOpeM, OT-
HOCSUIMXCH K NPOH3BOJbHEM Au(pdepennupyeMbiM GYHKIUAM. DTH
“'TeOpeMbl 4pe3BblYaiiHO 3(¢GeKTHBHH IPH HCCJIEJOBAHHH IIOBeJEHHUs
{dyHKIEE (KaK B OKPECTHOCTH OTHAEJBHHIX TOUeK 00JacTH ee 3afaHHd,
TaK U Ha IeJBIX yyacTKax o6JacTH ee 3ajllaHusd).

§ 1. BO3BPACTAHUE (YBbIBAHHE) ®YHKIHH B TOYKE.
JIOKAJIbHBIA 3KCTPEMYM

Paccmotpum ¢yuknuio y=f(x), onpeleseHHy BCIOAY B HEKOTO-
PO¥ OKPecTHOCTH (PHKCHPOBAHHOH TOYKH C.

Onpepnenenune 1. bBydem eosopurv, uro ¢ynrxyus y=f(x)
603pPACTAET B8 TOHKE C, eCay HAUOeTca TaKas 8-0KPeCcTHOCTb
TO4Ku C, 8 npedeaax KOTopou

f(x)<f(c) mpu x<c
u

Cf(x)>f(c) mpu x>c.

Onpenenenune 2. bBydem eosopurs, 4ro (ynkyus y=f(x)
yboisaer 8 TOouKe c, ecau Haldercs TAKAR §-OKPECTHOCTL TOHKU
¢, 8 npedesax Koropoi

f(x)>f(c) npu x<c
u

f(x) <f(c) npu x>c.

Onpenenenne 3. Bydem 208opurs, uro ¢yuxyus y=[(x)
umeer 8 TOuke € AOKAAbHOLL markcumym [r0KarbHoLll
munumym], ecau naiiderca Takas §-oKpecTHOCTy Touku ¢, 6 npede-
Aax Kotopod 3Hauenue [(c) asaserca naubosbwium [HaumerouLum)
.cpegu scex 3Hauerull f(x) aroil pyrxyuu.

npenenenune 4. bBydem zosopurs, uro pynkyus y=f(x)
UMeeT 8 TO4Ke C AOKQAAbHOLE 3KCTpemMy M, ecau ITa Gynkyua
umeer. 8 YKA3aHHOU TOYKe AUGO AOKANbHBLE MAKCUMYM, AUOO AOKAAL-
L HbLL MUHUMYM.

Ha puc. 6.1 nsobpaxena QyHKkuus, Bo3pacTaomasi B TOUKe ¢,
'yObiBaioIlas B TOYKE C, HMEIOIasi JOKAJbHBIH MaKCHMyM B TOYKe Cj
H JIOKaJbHHIH MHHUMYM B TOYKE Cj.

J_IOKa}KeM c¢iaenymoniye aBe TEOPEMHI.
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y=z7

N

Puc. 6.1 ‘ Puc. 6.2

Teopema 6.1 (ZocTatoyHoe ycJdoOBHEe BO3pPaCTaHHS
HJau YyO6HBaHuAg QYHKUHH B TOouke). Ecau d)ymmuﬂ y=[(x)
Ougppeperyupyema 8 Touke ¢ U ee npoussodnas 6 aroil Touxe ['(c)
noioxcuresvna  [orpuyaressnal, to pynkyus y=f(x) sospacraer
[ybbi8aer] 8 TOUKE C.

JdokaszateabcTBo. [IpoBesem Bce pacCyXAeHHS IJs cnyqaa
{7(¢) >0 (mas cayuas f'(c) <0 oHM aHAJOTHYHbI).

Tak Kak (110 ONpeJe/eHHIO IPOH3BOAHOH)

f(x)— f(C)
(o) = hm —

TO Ha OCHOBAHHH ONpeJeJIeHHs npene.na quHKupm no Komu ans moJo-
XHTeJbHOro uhcna g=f'(c) naiigercs 6>0 Takoe, yTo

L(ﬁl:_fc(ﬁ.*f' (©) | < F (c) mpu 0 < jx—c| <8

X —

’

HJIH, YTO TO XK€ CaMOe,
0< M <2f’ (¢) mpu c—6< x<c+ 39, x5c.
—c

Takum 06pa3oM, BCIOAY B NPOKOJIOTOH 8-OKPECTHOCTH TOYKH €

=) <,

X —C
Ho 1o u osnauaer, yto BCIOAY B mpefnesiax O-OKPECTHOCTH TOYKH €
f(x)>f(c) mpu x>c,
H _ T(x) <f(c) npn x<c,
T. e. QyHKLHSA y=[(x) BO3pacTaer B TOUKE C.

8 3ak. 72
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Cayuait J'(c) <0 paccmartpuBaercs aHaJjoruuno. TeopeMa foKa-
3aHa.

SamMeuanune 1. IloQuepkHem, 410 NOAONCUTEABHOCTH [oTpuya-
TeAbHOCTs]| npou3sodnoi ['(c) He asasercs neobxolumeim ycaosuem
go3pacranus |ybeisanus] Juppepenyupyemoi 8 TOUKE € (PYHKUUL
y=1(x).

Tak, ¢yukuusi y=x3 Bospactaer B Touke ¢=0, B TO BpeMs Kak
npou3BofHas 3toil Qyurnuu f’(x) =3x2 oﬁpamaeTcs{ B HyJIb B TOUKe
¢=0 (rpaduk ¢ynkuuun — Ha pHc. 6.2).

Teopema 62 (Heo6XOZHMOE YCJOBHE JOKAaJbHOTO
3KCTpeMyMa AHbdPepenunpyeMoil B JaHHOH TOYKeE
dyukuun). Ecau ¢pynkyus y=[f(x) oupdepenyupyema 8 rouke c
u umeer 6 370l TOUKE AOKAALHOIL IKCTpEemym, TO f'(¢)=0.

HokasarteabcTBo. [lo ycloBHIO TeopeMsl CyIIeCTBYyeT KOHeu-
Hasa npoussogHas ['(c). Tak xak ¢yHkuus y=f(x) uMeer B TOUKE C
JIOKaJbHBEIH 3KCTPEMYM, TO OHa He MOXET B 3TOH TOUKE ¢ HU BO3pac-
TaTh, W YOBIBaTb. 3HAYUT, B CHIY TeopeMsl 6.1 TPOH3BOHASA i’ (¢)
He MOXKeT OblTh HH HOJIO)KHTeJleOPI HH oTpuiateabHoli. Tem cambiM
J0Kasano, uto ' (c) =

Teopema 6.2 uMeer OueHb NPOCTOH TIeOMETPHUYECKHHE CMBICI: OHa
yTBEPKAAET, YTO ecau 8 Tolu Touke xpusoud y=f(x), 8 xoropod doc-
TU2AETCS AOKAAbHBLL 3KCTPEMYM, CYUeCT8YeT KAcaTeAbHas K 3TOu
Kpusol, To ara xacaresvHas obasaressHo napassesvia ocu OX
(puc. 6.3).

 Kacomensros

KocamensHar

&Y

|
| !
| !
it | L
o -~ e £ 8

0]

Puc. 6.3 Puc. 6.4

3ameuanne 2. [lpumep TO# xe camoii (yukuun y=x3 (cMm.
puc. 6.2) TOKa3bIBaeT, uTO 00pauUieHue 6 HYsb NPOU3BOOHOL ABAACTCS
AUULL HEOOX00UMbLM U He 58A5eTCA JOCTATOYHbIM YCAOBUEM AOKAAb-
nozo axcrpemyma. (Ilponssonnas ' (x) =3x2 sToil (yHKumu obGpamia-
eTcsl B HyJb B TOYKe ¢=0, HO HHKAaKOrO 3KCTpeMyMa B 3TOH TOuKe
HeT.)

§ 2. TEOPEMA O HVJIE NPOHU3BOAHOM

Teopema 63 (reopema Poaas*). Iycre ¢yuxyus f(x)
Henpepblena Ha cezmenre |a, bl u Ougdepenyupyema so ecex 8nyr-

* Mmuens Pomms — dpannyscxkuiit Matematuk (1652—1719).



§ 3. ®opMyna KOHEUHLIX NPHpaLIEHHH 227

peHHUX TouKax aTozo ceementa. Iycrs, kpome Toeo, f(a)=[(b). Toe-
da sHyTpu ceemenra [a, b] Haiidercs TOwKa § TAKAA, 4TO 3HAYEHUE
ripoussodnoti 8 arol Touke [’ (&) pasHo Hyato.

KpaTKo MOXKHO CKa3aTh, UTO MeXAy ABYMS DaBHBIMH 3HAUEHHSIMH
ﬂHQ)q)epeHunpyeMon GyHKUHH 06513aTeIbHO JIEXKHT HyJb NPOH3BOAHOM
3TOA (YHKLHH.

NoxasartedabcTBo. Tak Kak ¢yHKIHA f(x) HempephiBHa Ha
cermente [a, b], To cormacHO TeopeMe 4.15 3Ta (QYHKIMA AOCTUraer
Ha 3TOM CerMeHTe€ MaKCHMaJbHOTO 3HaueHHs M W CBOEro MHHHMAaJb-
HOro 3HaueHHs m. Moryr mnpeicTaBuThes JBa caydasi: 1) M=m;
2) M>m. B cayuae 1) f{x) =M=m=const. [lostomy npousBoanas
f/(x) paBma myJio B J1060# BHyTpenHeH Touke cermenTa [a, b].
B cayuae M>m, TOCKOJBbKY f(a)~—f( ), MOXKHO yTBepXkJaaTb, YTO
X0Ta OBl OJAHO M3 ABYX 3HaueHHH M HJIH m jJocTHraercss (QYHKIHEH
B HEKOTOpO# BHyTpeHHedl Touke § cermeHnTta [a, b]. Ho rtorma ¢yuk-
uus f(x) uMeer B 3TOH TOuKe & JOKaJabHHIH 3KcTpeMyM. Ilockosbky
¢yukuus f(x) mudppepeHunpyeMa B Touke &, TO mo Teopeme 6.2
i/ (&) =0. TeopeMa moJHOCTHIO JOKA3aHA.

Teopema Possis mMmeeT NpocTOH TeOMETDHYECKHE CMBICHK:  ecau
Kpaiinue opounatsl Kpusotli y=f(x) paswvl, TO CO2AACHO Teopeme
Poras na xpusod y=[(x) Hallercs TO4KG, 8 KOTOPOU KACATEAbHAA
K Kpueol napaareasna ocu Ox (puc. 6.4).

Kak Mbl yBHAMM HHXe, TeopeMa PoJiisi JIeXKHT B CCHOBE MHOTHX
¢$OpMYJT H TEOpEeM MaTeMaTHYECKOr'o aHaJsH3a.

3ameuanune. B teopeme Pouans tpebyercss, uyToOBl (YyHKIHUA
y=f(x) Oblra HempepbiBHAa Ha cermenrte [a, b} u aucbdeperuupyema
BO BCeX BHYTPEHHHMX TOYKax 3TOro cerMeHTa. Tak Kak u3 jHdpdepeH-
{UPYeMOCTH [(X) BO BCeX BHYTPEHHHX TOYKAaX BBITEKAeT HeNpepbiB-
HOCTH f(¥) BO Bcex BHYTPEHHHX TOYKaX, TO IO CYLIECTBY BMECTO
venpepnBHOCTH f(x) ‘Ha cermeHnte [a, b] MoxHO OblIO OB HOTpEGO-
BaTh HENPEPHIBHOCTs f(X) B TOUKe @ CIPaBa M B TOUKe b cJeBa.

§ 3. POPMYJIA KOHEYHbIX ﬂPl/lPAlllEHl/lPl
(POPMYJIA JlAFPAH)KA)

Bosbliioe 3HaueHHe B aHajM3€ H €ro NPHJIOXKEHHSIX HMEeT CJeLyIo-
was teopeMa, NpHHALAeRallas JlarpaHxy®*.

Teopema 64 (reopema Jiarpauxa). Ecau ¢ynxyus
f(x) Henpepoisna na ceemente [a, b] u Augdepenyupyema 8o ~ acex
BHYTPEHHUX TOYKAX 3TO20 CE2MEHTa, TO 8HYTpu ceemexra [a, b] Hail-
dercs TOYKA E TAKASA, 4TO cnpasedansa Gopmyira

[(b)—F(a) =F (§) (b—a). (6.1)

@opmyay (6.1) nassiBaor ¢dopmysoi Jlarpanxa HiH q)opvty.non
KOHEYHBIX NPHPAaIUEHHH.

* JKosedy Jlyn Jlarpamx — BeJHKHMIT AHLY3CKHA MaTeMaTHK ¥ MeXaHHK
(1736—1813). P pauny

8*
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HokasateabcTBo. PaccmMorpuM Ha cerMente [a, b] caeny-
IOIIYI0 BCIOMOraTeJbHyI0 GYHKIHIO

F()=f0)—Ff@—L0=00 (r—a). (6.2)

IIpoBepum, uto past ¢yHKHIuM F(X) BHINOJHEHH BCE yCJOBHS TeO-
pemu Poans. B camom jnene, F(x) uenpepbiBHa ua cermente [a, b]
(kak pasHOCTb (YHKUHH [(x) u JunefiHOH (YHKUMH) H BO BCeX
BHYTPEHHHX TOUYKax cermMeHra [a, b] HMeeT npOH3BOAHYIO, DPaBHYIO

. ’ F(b) —
F () =F () — 0=l
v » b—a
Hs dopmyant (6.2) oueBugno, uro F(a)=F (b)=0.
Coraacuo. TeopeMe Posts BHyTpH cerMeHTa [a, b] uafimercs Ttou-
Ka § Takas, YTo

Fe=fe—10=5 o (6.3)

W3 pasencrBa (6.3) BmiTekaer ¢dopmysa Jlarpauxka (6.1). Iloguepk-
HeM, yTo B ¢opmyse (6.1) BoBce He 06ﬂ3aTeano CUHTaTh, 4TO b>a,
sra ¢opmysa BepHa u npu b<a.
3aMeuaHHue. Mol noaydyusu teopeMmy Jlarpaumxa Kak CJAeACTBHE
TeopeMn Pojns. 3aMeTuM BMecTe € TeM, YTO caMa Teopema PoJis
ABJISETC 4YaCTHRIM cJayuaeM rteopemnl Jlarpauxka (mpu f(a)=f(b)).
Jlna BbIsICHEHHS TeOMETPHYECKOro CMbicja TeopeMbl Jlarpanxa
3aMeTHM, 4TO BeJHYMHA Ho)—ita) ';( )
Kymeii, npoxoasies yepes toukn A(a, f(a)) u B(b, f(b)) xpusoit
y=f(x), a ['(§) ectb yraoBoil Ko3(PUIHEHT KacaTeJbHO! K KPHBOIl
y=f(x), mnpoxoafme# uyepe3 TOUKY
C(t, f(§)). Popmyna Jlarpanxa
03HayaeT, YTO Ha KPHBOH y=
=f(x) mexnay toukamu A u B wuaii-
nercs rtaxkas touka C, KacarenbHas
B KOTOPOH mapaJjiensHa CeKylei
AB (puc. 6.5).
Yacro ObiBaeT yA0OGHO 3amHCHI-
z BaTh ¢opmyny Jlarpanxka B BHAE,
HecKovibko oTsiuuHoM oT (6.1). Tlycrs
Puc. 6.5 : f(x) yRoBJaeTBOpSAET YCJAOBHSIM T€O-
pemsl 6.4. 3acduxcupyem Jo60e X,
u3 cerMedra J[a, b] ® 3azagum
eMy HOpHpalleHHe Ax MPOU3BOJLHOE, HO TaKoe, UTOGHl 3HAYeHHe Xo--
+Ax Takxe JexaJno Ha cermenre [a, b]. Toraa, 3anucuiBag gopmyay
Jlarpanxa 5Jist cerMeHTa, OrpaHHYEHHOTO TOYKAMH Xo U Xo-+ Ax, GyaemM

HMEThb .
f(*o+Ax)—F (x0) =Axf (), (6.4)

ecrb YrJIOBOH Ko3agp(uuueHT ce-

-
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rae £ — HeKOTOpas TOYKa, Jexalas MeXAy Xo H Xo+Ax. MoxHO yT-
BepXKAaThb, UTO HaHAeTCs Takoe (3aBHcsiliee OT AX) uHCHO O H3 HH-
TepBana 0<06<1, uro

E=x0+0Ax.

Takum c6pasom, popmyJe (6.4) MOXKHO NPUAATH BUI
f(xo+Ax)—f (x0) =Axf' (x0+0Ax), (6.5)

rae § — HeKOTOpOe 4HCJA0 H3 WHTepBasa 0<6<1. ®opmyaa Jlarpan-
Xa B Bule (6.5) maer TouHOe BhHIpaxKeHHe JJIS NpHPalUeHHA QYHKUHA
yepes BhI3BaBlllee €ro NMPOHM3BOJbHOE KOHEUHOe HpHpalleHHe Ax apry-
'MeHTa. DTOoT Buj Gopmyuk JlarpaH:xka OnpaBAbiBaeT TePMHH «(HOpMY-
Jia KOHEeuYHbIX NpHpaileHn#».

§ 4. HEKOTOPBIE CJIEACTBHS U3 ®OPMYJIbI
JIATPAH)XA

1. TlocTosincTBO (DYHKUHH, HMeOIIEe HA HHTEPBaJe DABHYIO HYJIO
NPOU3BOAHYIO.

Teopema 6.5. Ecau ¢pynxyus f(x) OJudppepenyupyema 6crody
- Ha unrepsase (a, b) u ecau ecrody na srom unrepsase f'(x)=0, 1o
pyuxyus f(x) asaserca nocrosnnoll na unrepsase (a, b).

JokasarteabcrtBo. IlycTe xo — Hekoropas (HKCHpPOBaHHasA
TOYKa HMHTepBaja (a, b), a x — Ji0o6ast TOYKa 3TOrO HHTEpBaJa.

CermeHT [X9, X] HJIH COOTBETCTBEHHO [X, Xo] LEJHKOM NpHHaAJe-
KuT unTepBaay (a, b). IlostoMy oyskuus f(x) amuddepesunpyema
(a 3HauuT, B HempephiBHA) BCIOAY Ha 3TOM CerMeHTe. DTO JaeT NpaBo
NpUMeHuTs K QyHKumM f(x) Ha 3TOM cerMeHTe TeopeMy Jlarpamxa.
CorsnacHo 3TOH TeopeMe BHYTPH YKa3aHHOTO CerMeHTa HalJeTcd TOYKa

€ Takasd, yro .
[ (x)—F (x0) = (x—x0) [ (§). (6.6)

[To ycnoBuwo npousBoAHass GYHKUMH [(x) PaBHa HYJWO BCIOAY B HH-
tepBase (a, b). 3uaunt, f(£) =0 u u3 GopmyIEI (6.6) mB1 noJyunM

[ (%) =F(x0). , - (67)

PaBenctBo (6.7) yTBepxKIaer, 4TO 3HayeHHe (QyHKUHH f(x) B J060#
TOUKe X HHTepBajia (a, b) paBHO ee 3HAYEHHIO B (PHKCHPOBAHHOH TOM-
Ke xo. DTO M 03HA4aeT, yTo QyHKuus f(x) MOCTOSIHHA BCIOAY HA HHTEP-
Bajne (a, b). Teopema nokasana.

Teopema 6.5 uMeeT HpOCTO# reoMeTpPHYECKHE CMBICI: ecAu Kaca-
TEeAbHAS 8 KANCOOL TOYKEe HEKOTOpOo20 yuacTka kpusoil y=[(x) napaa-
aeavna ocu Ox, TOo ykaszanuold yuwactox kpusol y=[(x) npedcrasas-
eT cobol oTpe3ok npamoi, naparressrol ocu Ox.

3ameuanue. Teopema 6.5 6yzer ucnoab3oBaHa HaAMH B TIJI. 8
«IlepBooGpa3Has GYHKUHS M HeONpeleseHHBIH HHTerpai». Bo BceM
OCTAJIbHOM TIJI. 8 SABJSETCS HE3aBHCUMOH OT M. 6 B 7 M MOXET 4YH-
TaThcsl Cpasy nochae ri. 5. '
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2. Yci0BHS MOHOTOHHOCTH (PYHKUMM Ha uuTepBaae. B kauecrse
BTOpOro cjeiacTBHst ¢opmyanl Jlarpauxa paccMoTpuM Bompoc o6 yc-
JIOBHSX, O0€CIeunBaIOIIHX HeyOnBaHue (HeBOo3pacTaHHe) (YHKIHH Ha
JlaHHOM HHTepBaJe.

Ilpexpe Bcero HamoOMHHM oTpefeseHusi HeyObIBaHMs, HeBO3pacra-
HHs, BO3pacTanusa u yOniBaHHS (YHKLUHM Ha JaHHOM HHTEpBaJje.

1°. T'ogopar, uro ¢yukyus [(x) ne yboisaer (He so3pac-
Taer) Ha untepsase (a, b), ecau Ors a1066Lx TOUEK Xi U Xo U3 UHTED-
saara (a, b), ydosaersoparoujux Yycaceuio x,<Xxs, cnpasediuso Hepa-

BEHCTBO
[ ) <F(x2) (F(x1) =F (x2) ) -

2°. T'osopar, uro pyuxyus f(x) sospacraer (ybo.saer) na
unrepsase (a, b), ecau dan a106bix TOHEK X\, X2 u3 unrepsaia (a, b),
CBA3AHHBLY YCAOBUEM X| <Xy CNPABEOAUBO HEPABEHCTBO

F(x) <F(x2) (J(x1) >[(x2)).

Teopema 6.6. Jaa toco 4T066l Guppepenyupyenas na uLTepea- .
se (a, b) pynrxyus [(x) He ybovisara (He 803pacTasa) Ha 3TOM UHTEP-
sane, Heobxo0umo u OoCTATo¥HO, 4¥T0bb6L NPOU3BOOHAN ITOLU pyHnryuu
6oia0 HEOTPUYATEALHOL (HEnOAOHUTENbHOU) B8CIO0Y HA 3TOM UHTEP-
saxe.

Hokasareabcetno. 1) Jocrarounocrs. Ilycts [/(x)=0 (<0)
BCiOLy Ha uHTepBaJse (a, b). Tpebyercs nokasath, uto f(x) He ybbiBa-
eT (He Bo3pacraer) Ha uHTepBane (a, b). Ilycrb xy U xp — JoGHe
JBe TOYKH H3 HMHTepBaJja (a, b), yIOBJIETBOPSIIOULHE YCJIOBHIO X;<X.
@Oyuxnus f(x) nuddepennupyema (a 3HAYHT, MU HENPEPHIBHA) BCIOAY
Ha cermMenTe [x;, xp]. IToaToMy K f(X) MOMKHO NpHMEHHUTH Ha CerMeH-
Te [x1, xo] Teopemy Jlarpammxka, B pesyJibTaTe 4ero MOJYUHM

f(x2) —f(x1) = (xe—x1) ' (§), (6.8)
rape x;<g<xp. '

ITo ycaoBuio f/(&)>=0 (<0), x»—x;>0. [TostoMy npaBasi, a 3Ha-
YHT, U JeBasg yactu (6.8) HeoTpHLATeJbHBI (HEMNOJNOKHTENbHbI), 4TO
¥ JOoKasblBaeT HeyOblBanue (HeBospactaHmue) f(x) ua (a, b).

2) Heo6xodumocroe., Ilycre ¢yuxkuusa [(x) aubdepeHuupy-
eMa Ha uHTepBane (a, b) u He yObiBaer (He BO3pacTaeT) Ha 3TOM HH-
tepBase. Tpebyerca mokasarb, uto ['(x)>=0 (<C0) Bciomy Ha 3TOM
uuTepBase. Tax kak f(x) He yObiBaer (He Bo3pacraer) Ha HHTepBaJie
(a, b), T0 aTa QyHKUHS He MOXeT yOblBaTh (BO3pacTaTh) HH B ONHOH
TOYKe MHTepBana (a, b). 3Hauut, B cusy Teopemn 6.1 npoussoguas
f’(x) Bu B onHOM TOYKe MHTepBaja (a, b) He MOXKeT ObITb OTpPHIA-
TeJBHOH (MOJIOXKHTENbHOM), uTO H TpeGoBafoch A0Ka3aTh.

Teopema 6.7. Jan rozo, urober pynxyus f(x) sospacrara (y6si-
saara) Ha untepsane (a, b), docrarouno, urober npoudsoduas [’(x)
boira noaosutessroli (orpuydreavroil) 8co0y HA ATOM UHTEpsaie.

JoxasaTenbCcTBO NPOBOAHTCA MO TOH Ke CXeMe, YTO H JOKa-
3aTeJILCTBO AOCTAaTOYHOCTH B TeopeMe 6.6. Ilycrh: X, xo — mmobbie
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ABEe TOUKH W3 HHTepBaJa (a, b), yJAOBJCTBOPAIOLIHE YCJIOBHIO X;<Xp.
3anuceiBas IJsi CerMeHTa [x;, xp] ¢opmyay JlarpaHxka, noaydum pa-
BeHCTBO. (6.8), HO Ha 3TOT pa3 B atoMm paBeHctse f'(E) >0 (<0).

BenencrBue atoro JjieBast gactb (6.8) nosoxuresnbHa (OTpHILATENb-
Ha), uTO W NOKa3biBaeT Bo3pacranue (yOniBanue) f(x) Ha uHTepBaje
(a, b).

3ameuaunue. IloguepkueM, 4TO nOAOKUTEALHOCTS (OTpUYATEAD-
HocTy) npoussodrnol f'(x) nHa unrepsase (a, b) ne asaserca Heod-
xodumem ycaosuem so3pacranus (yoeieanusn) Gyukyuu [(x) Ha
unrepsase (a, b). Tak, ¢dyHkHus y=x° Bo3pacTaeT Ha WHTepBaJe
(—1, +1), vo npousBoaHas 3Tofi QyHKuuu f(x)=3x% He siBIAseTCH
BCIOLY NOJIOXHTEJBHOH Ha 3TOM HHTepBaje (oHa ofpalllaeTcs B HYJb
B Touke x=0). Boobuie, erko noxasars, uto ¢yuxyus f(x) sospac-
taer (yboisaer) na unrepsase (a, b), ecau npoussodunas 3104 PyHk-
yuu '(x) noroxuresrvra (oTpuyaTesbra) 6cO0Y HA ITOM uUHTepsa.le,
3Q UCKAIOHEHUEM KOHEe4HO020 4UCAQ TOYeK, 8 KOTOpbLX 3T4 npoussoo-
Has pasua wyasro. (nsi HOKa3aTeJbCTBA AOCTATOYHO IPHMEHHTb TEO-
pemy 6.7 K KaXKAOMY H3 KOHEYHOTrO YHCJa HHTEPBaJIOB, HA KOTOPHIX
f’(x) crporo nosoxuresbHa (OTpUUATEJbHA), H YUeCTh HelpepbiB-
HOCTb f(X) B Tex TOYKaX, B KOTOPHIX IIPOH3BOJHAS PaBHAa HY.JIIO.)

YCTaHOBJIEHHYIO TeopeMOoH 6.7 CBA3b MEXKAY 3HAKOM IPOH3BOIHON
# HanpaBJieHHEM H3MEHEHHs (YHKLUHH JIeTKO TNOHATh H3 reoMeTpHuec-
KuX cooGpaxenuit. [lockosbky 1po-
H3BOAHASsL paBHA YIrJIOBOMY  Ko3(-
(HUHEeHTY KacaTeJbHOH K TrpadHky yi
byuxunn y=f(k), 3HAK NPOU3BOJ-
HO} yKa3mBaeT, OCTPBIH HJH TYNOI
yroJ ¢ [OJIOXKHTeJSbHBIM HalpasJe-
HoeM ocu Ox cocraBJseT Jydy Kaca-
TeJbHOH, Jexaulell B EepXHeHd Tmo- |
ayniaockoctd. Ecau §(x) >0 scioay 0y a
Ha wuHrepBaje {(a, b), TO BCIOAYy Ha
3TOM HHTepBaJe JyY KacaTesbHOH, Puc. 6.6
Jexaleii B BepXHeH HOJYIJIOCKO-
CTH, COCTABJSET C TOJIOXKHTEIbHBIM
HanpaejerueM ocH Ox OCTpHIl yros, 3:#a4uT, H KpHBaﬂ y=f(x) uper
BBEDX BCIOAY HAa 3TOM 4HTepBase (puc. 6.6).

3. OrcyrcTBHe pa3pbIBOB MEPBOr0 POAa M YCTPAHHMbBIX Pa3pPLIBOB
y npoussogHoil. Teopema Jlarpanxa 103BOJS€T YCTaHOBHTb OJHO
3aMeuareJbHOe CBOMCTBO NpOH3BOAHONH. HauneM ¢ jJoxasaTelbCTBa
CAeAYIOIEeN JIeMMBI.

Jdemma. Mycre gynkyus y=/[(x) umeer KOH24HYIO NPOUIBOOHYIO
f'(x) ectody na unrepsase (c, c+38) [Ha unrepsase (c—S§, ¢)], ede
8 ~— HekoTOpOe NOAQHCUTENbHOE HUCAO U, KPOMe T020, umeer npasyio
npoussodnyro ' (c+0) [resyw npoussodnyio | (¢c—0)]. Toeda, ecau
npoussodnasn [ (x) umeer 8 Touke ¢ npasoeui npeden [aesoti npeder],

[ S SN
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70 3TOT npedes cosnadaer ¢ npasol npoussodnoil ['(c+0) [c sesoll
npoussodnoil ['(¢c—0)]. :

HokaszarteabcTBo. M3 cymecTBoBanus NpaBofl HpoOU3BOJHOH
f (¢+0) [neBoit mpoussoguoit f'(c—0)] BHTeKaeT CyulecTBOBaHHE KO-
HEYHOro mnpenesia

lim f(x)——f(c) [

x-+c4-0 X —C

x—c—0 X—c
Ho 310 O3H3yvaeT, YTO CYLIeCTBYET paBHbIﬁ HYJIO npeaet

xiicTo & —~f@E))=0 [ lim {F(x)—F@©)}=0],

T. €. QyHKUHUA y=[(x) sABIsAETCA HenpephHIBHOH B TOYKe ¢ CHpaBa
[cneBa].

®ukcnpyem mo6oe x us uwnrtepsana (¢, ¢+6) [(c—8, ¢)]. Tak
Kak ¢ynkuus y=f(x) nuddepenuupyemMa (a 3HAUHT, U HENPEPHIBHA)
BCIOAY HA YKa3aHHOM HHTEpBaJie H, KpOMEe TOro, HelpepPLIBHA B TOYKE
¢ cnpaBa [caeBal, TO mJjsi 3TOM (pyﬂxuun BBINIOJIHEHB! Ha CerMeHTe
[c, x] [na cermenre [x, c¢]] Bce ycnoBus Teopemul Jlarpauxa 6.4.

B cuny sroft TeopeMbl MEXAY X M € HaWAeTCs TOYKa £ Takag, 4To
CnpaBeJIHBO PaBeHCTBO

S~ p ). (6.9
Ilepe#inem Teneps B paBeHcTBe (6.9) k mpepeay npu x—c+0 [npn
x—»c—O] Ecau npoussognas f’(x) uMeer B TOYKe ¢ KOHEYHBI npa-
BBl TIpefel llm f (x) * |koneunnii mesnl#t mpexen lim f'(x)], T0

x—c—0
npaBasi qacn: (6 9) 06s13aHa CTPEMHTbCH K 3TOMy npefeay (ubo
E—>c+0 [E—>c-—0] npu x—>c+0 [x—>c—0]).

Tor xe campblii npegea npu x—c-+0 [x—c—0} ob6a3ana nmersb
u seBas dacte (6.9). Ho npepen neso#t uactu (6.9) npu x—c+0
[x—>c—0] no onpenenennio paBen npaBoii mpousBogHolt [’ (c+0)
[neBoit npoussoaHo# |/ (c—~0)]. JleMma mokasawna.

[IpuMensis TOJNLKO YTO J[OKA3aHHYIO JIEMMY B KaXJIOH TOYKe €
HEKOTOpPOTo MHTepBana (@, b), Mbl IPHAEM K CJeIyIOLIEMYy YTBEpHKJe-
HHIO: ecau yukyus f(x) umeer KoHeUHYr0 npoussoOrylo 6Cto0Yy Ha
unrepsase (a, b), To ara npoussodnas ['(x) ne mooxcer umers HQ 3TOM
uUHTEepBase HU TOHEK YCTPAHUMOZO pPA3PLIBA, HU TO4eK paspeléa nep-
8020 poda.

B camom jaese, eciu B HEKOTOpPOM Touke ¢ uwHTepBana (a, b) cy-
HIECTBYIOT KOHEUHble NMpaBblil W JieBbli mpefennl ¢yHKuuun ['(x), TO
f’()% HenpepbiBHA B TOYKE ¢ (B CHJIy MOKa3aHHOM HaMH JEeMMBI*),

* B cuay 3To# JeMMBH lim 0f’(x)=f’(c+ 0), lim . f (x)=f(c—0),
XdC S

a nockoasry F{c+0)=f"(c—0)=f"(c), 10 lim+o f’(;)__—_' lim o F(x)=f(c).

‘Oro u o3Hauaer, uTO [’(X) HempepHBHA B TOYKE C.
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Ecan xe ne cymectByeT xoTa O OJHOTO H3 Hpe}.IeJIOB lim f' (x)
x—¢+0 .
u lim f’(x) TOo QyHKUHs [ (X) Mo ONpEeAeNeHHIo nmeeT B TOUKe ¢

x>c—0

paspuiB Broporo popa. Mitak, npousBojnas [’(x) B KaXZoH Touke ¢
purepBana (@, b) nubo HenpepbiBHA, JIHOO HMEET DaspblB  BTOPOroO
pona. CPopMyIHPOBAHHOE HAMH yTBEpPXKACHHE A0KA3aHO.

[Tpusenem npuMep ¢YHKUMH [(x), mpousBoiHas ['(x) KoTopo#
CYUIECTBYeT H KOHEYHAa BCIOAy Ha HEKOTOPOM HHTEpBaJe H HMeeT*
B HEKOTOPOH TOYKE TOro MHTepBaja pa3pblB BTOPOro pPOAa.

Paccmorpum Ha untepBate (—I1, +1) dynkuuio

1
x?cos— npu x50,
fx)= x
0 npa x=0.

OueBupgno, uro Ans Jwoboro x5=0 mpoussomuast ['(x) stolt ¢yHkuuH

: 1 1 s 1

cymecTByer u paBHa [ (X) =2xcos— + sin—, CyuecrBoBaHue
X X

npousBoguol ['(x) B Touke x=0 HENOCPEeACTBEHHO BHITEKAeT M3 CY-

IIeCTBOBAHHS TIpefiena

lim L0289 =10_ _ {im Axcos
AX0 Ax Ax~0 Ax

= 0.

[poussoxnasn [ (x) He mMeer B Touke x=0 HH NpPaBOro, HH JIEBOIO
1

npejenoB, W60 NepBoe cjaraemMoe 2xcos— HMeeT B Touke x=0
X

1
pam—rbm HYJ'IIO npenpeds, a BToOpoe cjaaraeMmoe SlI’l——- He HMEEeT B TOUYKE

x=0 HH NpaBoOro, HU JEBOrO NPeaenoB. (IT0 5bIJ'IO NOKa3aHO B NpH-
Mepe, paccMOTpeHHOM B IL. 3 § 5 ru1. 4.)

4, BblBOJ HEKOTOPBHIX HePAaBEHCTB. B 3ak/ioueHHe NOKaxkeM, Kak
C MOMOWIbIO TeopeMbl Jlarpanxka MOryT GbITb MOJYYeHBl HEKOTOpHIe
BechMa II0Jie3Hble HepaBeHCTBa. B KauecTBe mpuMepa yCTaHOBUM CJie-
Aymouiyge aBa HEPABCHCTBA!

| sin xj—sin xg| << | x1—x2], (6.10)
| arctg x—arctg xp | < | 01—x2]. (6.11)

(3zech moA X; M Xz MOXHO NOHMMAaTb JIOGbie 3HAUEHHS APTyMeEHTa.)
Hans ycranoBaenus HepaBeHcTBa (6.10) npumennm rteopeMy Jlarpau-
Xa K QyHKUHH f(x) =sin x 1m0 cerMenty [, x]. [Tonyuum

sin x;—sin ¢= (x,—-xz)f’(g)_. (6.12)

YuursiBasi, yto ['(§) =cos & M uyto |cosE|<<l ana awboro &, mo-
ayuuMm, nepexons B (6.12) x momyuasM, HepaBeHnctBo (6.10).
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Jlnst ycTaHOBneHust HepaBeHcTBa (6.11) ciaeayer IPpHMEHHTb Teope-
My Jlarpamxa no cerMeHty [X;, ¥3] x ¢ysHkunm f(x)=arctgx u

yuecTn, uto [ (&) = TP?\< L.

§ 5. OBOBHIEHHAS ®OPMYJIA KOHEYHbIX
NPUPALLEHHA (POPMYJIA KOWIK)

B sToM naparpade Mbl AOKaxKeM TeopeMy, npHHajlexaulyo Kouiu
1 0600611a0IlyI0 yCTaHOBJIEHHYIO Bblille TeopeMy Jlarpauxa.

Teopema 68 (reopema Komu). Ecau kamdas us deyx
pynxyui f(x) u g(x) HenpepoisHa Ha ceemente [a, b] u duppepenyu-
pyema 60 8cex BHYTPEHHUX TOYKAX ITO20 Ce2MEHTQ U eCAu, Kpome
7020, npoussooHas g’ (x) oTAU4HA OT HYAS 6CO0Y BHYTPU Ce2MeHTa
ta, bl, To enyTpu aT020 Ceemenra Haiiderca TO4Ka § TAKAA, 4TO Chpa-
sedausa gopmyira

f(O)—fa) _ (&) (6.13)
gb—gla) @

®opmyay (6.13) uHassBaior o6o6meHHOH GopMyJao#d Ko-
HEYHB X npupawmwenuir wim dopmynaoin Kouu

IHokasateabcTBO. [Ipexzae Bcero moKaxeM, uto g(a)+#g(b).
B camom pede, ecan 6bl 370 GBUIO He TaK, TO AAs - QYHKHHH g (X)
6biin Obl BBIOJIHEHBI Ha cerMeHTe [a, b] Bce yciaoBus Teopembl 6.3
(Poanis) u no 3Tofi Teopeme BHYTPH cermenra [a, b} Haumiace O
Touka & takad, uto g'(§)=0. [locnennee NPOTHBOPEUYUT YCIOBHIO
teopembl. HUtak, g(a)=g(b), 1 Mb uMeeM NpaBO PacCMOTPETb CJEAy-
IOLLYIO BCIOMOraTe/bHY0 (PyHKIHIO:

H(6)—1(a)
F(x)=[fx)—f(@ — ——[g{x)—g )] 6.14
(®) =[x —F@ £(0)— (0 [g () — g (@] (6.14)
B cuny Tpe6oBaHui, HAJOXKEHHHX Ha (QyHKIuA f(X) ¥ g(x), GyHKIHA
F(x) nenpepbiBHa Ha cermeHTe [a, b] u nuddepenurupyema Bo BCex
BHYTPEHHHX TOYKaX 3TOro cermenra. KpoMe Toro, O4YeBHAHO, 4TO
F(a)=F (b). Takum oGpasoM, ans [(X) BHIMOJHEHH BCE YCJIOBHA
teopeMnl 6.3 (Poansi). CorsiacHo 3Toii TeopeMe BHYTPH CerMeHTa
[a, b] Haifimercsa Touka § Takas, uTO

F' (&) =0. ~ (6.15)
HUmes B Buay, uto F'(x) =f"(x) -Mg’(x), U HCIOJb3YS
g(b)—g(a)
paBeHctBo (6.15), GyaeM MMeThb
’ __rf(b)’-f(a) ’ 0. 6.16
Fe—L2=8 g (6.16)

VunrteiBasi, uto g'(§)+0, u3 paseuctea (6.16) moayuuMm Qopmyay
Koumn (6.13). Teopema pokasaua.
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Sameuanune 1. Qopmyna Jlarpanxka (6.1) AB/sSeTCI YaCTHBIM
cryyaem ¢opmyasl Komn (6.13) npu g(x) =x.

Sameuanue 2. B dopmyne (6.13) BoBce He 06sd3aTeJbHO CUH-
TaTh, 4TO b>a. dra dopmysa BepHa u 1pH b<a.

§ 6. PACKPBITUE HEONPEJEJEHHOCTEX
(NMMPABUJIO JIONMUTAJA)

0
1. PackpbiTHe HEONpeNeJEeHHOCTH BHAA - ByneM roBOpHUTH, YTO
" X -
OTHOUleHue 08Yyx (pyHKyuil —I% npedcragaser coboii npu x—a
g{x
0

HeonpedeareHHOCTy 8UdQ 5 ecau

lim f (x) = lim g (x) = 0.

X—>a X—>a
PackpHTb 3Ty HeONpeLeNeHHOCTb — 3TO 3HAYUT BBIYHCAHTL Ipeled

lim L (npu ycJIOBHMH, UTO 3TOT HPEJeJ CYLIEeCTBYET).

x-a g(x)

0
AHaJIOTHYHO BBOJHUTCS IIOHATHE HEONpeaeJIEHHOCTH BHAA ——0— IIpu

x—>a+0 [¥—a—0], npu x-—>00, a TakxKe Ipu ~ x—>-+o00 [x—>—o0].
Cuenyouasi TeopeMa JaeT NPaBHJIO PACKPHITHS HEONpPeLesIeHHOCTH

0
Bujaa —0—- AJIst npenesia B TOUKE a.

Teopema 69 (mepBoe mpaBusao Jlonutadaa*). Ilycre
nnoocecrgo Cy npedcrasaser coboii nPoKOAOTYIO §-OKPECTHOCTb TOUKU
a**, ¢pyuxyuu f(x) u g(x) onpedeaenor u Jupgpepernyupyemor Ha Cs
u, Kpome To20, npoussodnas g’'(x) He obpawaercs Ha Cs 8 HYAss.
Ilycre, daxee,

lim f (x) = lim g (x) = 0. (6.17)
X—>a X=a
Tozda ecau cyujecreyer (koneunslii usu GeckoneuHbil) npeden
lim L) (6.18)
x=a g'(x)
TO cywecTsyer u npeden
lim L&) (6.19)
x-a g(x)
npuyem cnpagedAus0o COOTHOWEHUE
lim L9 — 1jm L) (6.20)

x—a g(x) x->a g’(x).

* I'mabom Ppancya ne Jlomuranr — dpanuysckuii matematuk (1661—1704).
** HanoMuuM, uTo NPOKOJIOTOH O-OKPECTHOCTbIO TOUKM @ HA3HIBAeTCS HHTEp-
Ban (a—8§, a+38) ¢ BHKHHYTOMN TOUKOH @ (IpH YCJIOBHH, KOHeuHo, uro 8>>0).
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Teopema 6.9 maeT npaBHJIO PACKPBITHS HeONpeAeJeHHOCTH BHAA
0
— CBOAdliee BLIHCAEHHC Mpejela B TOUKe 4 OTHOWIGHHS ABYX

$yHKIMH K BBIYHCIEHHIO Mpelesa B 3T0f TOUKE OTHOIUEHHR MPOH3BOJA-
HHIX 3THX (QYHKLHH.

HNoxrkasateabctBo. [lycts {x¥,} — upomusBoJbHag mocJeloBa-
TeJIbHOCTh 3HAUEHWH apryMeHTa, CXOASIIascs K @ M COCTOsIIasi H3 4H-
cea oruunbix or a. Hoompenmenum ¢pynxuuu f(x) u g(x) B TOUKe a,
IOJIOXKHB HX DABHEIMH HYyJI0 B 3T0H Touke. [Ipu Takom npoompenene-
HHH QYHKUHH f(x) H g(X) OKaXYyTCsl HENPEPLIBHEIMH BCIOXY HA MHO-
xkectBe Cs, JONONHEHHOM TOYKOH @, T. €. BCIOJY B 8-OKPECTHOCTH TOY-
Kd a. B camoMm pene, HenpepniBHOCTH f(X) H g(x) BO "BC€X TOYKax
8-0OKpeCTHOCTH TOUYKH @, 332 HCK/HOYeHHeM CaMOil TOYKH @, BBITEKaeT
u3 ux JuPEepPeHIUPYEMOCTH B 3THX TOUKAX, 4 HENPEPHIBHOCTH f(X)
¥ g(x) B TOUKe @ BHITEKaeT H3 TOTO, YTO B CHJIy HAIIero AOONpefese-
HUSI 9THX (YHKLUHX HX MpejeJsbl B TOUKE @ pPaBHBI YACTHLIM 3HAYEHHMAM
B 3TOl TOUKe.

YyuThiBasg, 4TO BCE 3JIEMEHTH MOCJIEJOBATEJNLHOCTH {X.} HpHHAA-
Jexar MHOxKecTBY (s, pacCMOTPHM IIPOM3BOJIBHBIH CEerMEHT, OrpaHH-
YEHHBIM TOYKAMH @ H Xp.

B cuny ckasauHoro Beie obe ¢yHKuuH f(x) u g(x) OyAyT Hempe-
PHIBHBEIMH Ha TakoM cermente. Kpome Toro, ¢ynkuun f(x) u g(x)
JudbepeHEHpyeMbl BO BCEX BHYTPEHHHX TOYKAX YKa3aHHOTO CerMeH-
Ta, M NmpousBoAHas g’(x) He obpaliaercs B 5THX BHYTPEHHHX TOYKax
B HYJIb. '

DTo naer HaM NpPaBO NPUMEHHTh K QymkbuaMm [(x) u g(x) mno
yKa3aHHOMY CETMEHTy, OIPAHHUYEHHOMY TOYKAMH G H X, TeOpeMy
Koin 6.8.

B cuay aTo#i TeopeMBl MeXAY TOUKaMH a4 U X, HahieTcs Touka E,
TaKasi, YTO CIPABENJIHBO PAaBEHCTBO

fom)—H@)._ _ _F(En) (6.21)
g(xn)—g(a) g'(&n) |

YuuTeiBaf, YTO MO HaleMy moonpefaeseHHio GyHkuMi f(x) u g(x)
cnpaBeAnuBEl paBeHcTBa f(a) =g(a)=0, MB MOXeM nepemucartb C€o-
orHouenue (6.21) B BHIe

foen)  __F(En) (6.22)

&(xn) g (&n)

Ilycts Temeps B cooTHoumlenuu (6.22) Homep n cTpeMHTcH K Gec-
KOHEUHOCTH, TOTJa Xn—>a. [10CKONbKY &, 3aKII0UEHO MEXKIY & H Xn, TO
" §,—a npu n—oco. B.cuny cymecrBoBanus npenena (6.18) u ompe-
HJenenusa npefena ¢yskuuu nmo I'efine npasas uacth (6.22) uMmeer
npegen NpH A-»oco, paBHBIE mpefgenay (6.18). 3HayuT, TOT MKe CaMBIH
npenes MPH n—-co HMeeT U JeBas uyacTh (6.22). B cuay npoussosb-
HOCTH TOCJIeJIOBATEJBHOCTH 3HAUeHMH aprymenra {x,}, cxonsuieics
K a, 4 B CWJIY ONpeleseHuss mpefesia (PpydKUHH mo [ellHe cyHiecTBo-




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































