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INPEAUCJIOBUE

KHura corepXut Marepuan ceMeCTpOBOTO Kypca, KOTOPbIH aBTOPHI B TEYEHHE
MHOTHX JIET YHTaTK Ha QaKyIbTeTe BRIYMCITUTENBHON MATEMATUKH M KUGEPHETUKH
MIY, a B nocnegHue rogs! U B ero duwmaiax B Cepacronone U Actane. OIBIT npe-
[10JaBaHMs M0KA3a/, YTO IS CTYACHTOB MPUKJIAAHBIX CIIEHUATBHOCTER, UMEIOIINX
JIeJIo ¢ KOMIIbIOTEpaMH, BechbMa II0JIE3HO IIPUCTYIHUThH K H3YUEHUIO YHCIEHHBIX Me-
TOIOB 10 BO3MOXHOCTHM PaHblIe, OMHOBPEMEHHO ¢ NIPUOOpEeTEHHEM HABBIKOB I1PO-
TPaMMMpPOBaHUA, 3aKpPeIUIAs HaBbIKM BO BpeMH paboThl B KOMIIBIOTEPHOM NPaKTH~
KyMe. JT0 criocobcTByeT Gosce TyboKkoMy HedOpMalbHOMY YCBOEHMIO MaTepHa-
Jla XaK 110 MaTeMaTHKe, TaK U 0 KOMIIBIOTepHBIM TexHonorusaM. IToaromy mo
UHUIMaTHBe aKkageMuka A.A. CaMapckoro 6pU1 pa3paboraH ¥ BKIIOYEH B yueb-
HBIN TU1aH daKyabTeTa Kypc «BBOAHBIE NEKIMM MO YKCIEHHBIM METOXaM», KOTO-
PBII YATAETCA B TPETHEM CEMECTPE.

Lenp Kypca 3aKiouaeTcs B TOM, YTOOBI paccKa3aTh CTYIEHTaM O YHCICHHBIX
MeToaX, KOTOphIe NOSB/IIIOTCA ¢ CaMOro Hayala MX o6ydeHHd B 0a30BbIX MaTeMaTH-
YecKMX Kypcax — B JIMHeEHHo# anrebpe [1, 2], MaTemaTHueckoM aHamuze [3-5],
0OBIKHOBEHHBIX T pepeHIIMaTLHBIX YpaBHeHHsx [6, 7]. Takoit npuHumn otGopa Ma-
TepHaNa ¥ OTIpeJeiI BKIIOYEHWE B HasBaHME Kypca, a Tellepb ¥ KHUIH TEPMUHA
«BBOHBIE NEKLIMH».

IpoBoautcs TeopeTHyeckoe 060CHOBAHHUE CXOXMMOCTH METOMOB, UCCIIENYETCS
olleHKa norpeiHocTy. [locpencTBoM cpaBHEHUsS pasHBIX METOOB PEeLICHUA OIHOM
U TOM Xe MaTeMaTH4ecKo! 3ajayH, o0CyXIaloTcsd UX TOCTOMHCTBA M HeJlOCTaTKH.
Ocoboe BHUMaHKWe obpaliaeTcss Ha ANITOPUTMUYECKHUE aCTEKTHl M OPIaHW3aLHMIO BbI-
YUCTUTENBHOTO IpoLiecca. JlonmonHUTe IbHBIN MATEPHUA 110 06CYKIaEMBIM BOIIPOCaM
MOXHO HaiiTu B [8, 9].

KHuTa IToCTpoeHa TaKUM 06pas’oM, YTO ee OTAeTbHbIE IABBl MOXHO YHMTATh
He3aBucHMo. CcbUIOK Ha MaTepHaT NpebIIyLIHX I71aB IIPAKTHYECKM HEeT. DTOT IIPHH-
LIMIT BBIIEPXKAH TAKKe [PU TeXHW4YecKoM oOpMIIEHHMH MaTepyana: Hymepaums ¢op-
MYJI, PUCYHKOB, TabJM1l B KaXJAO! IJlaBe HelaBUCHUMas.

KHura HanucaHa mpexne Bcero B pacyeTe Ha OyIyUIMX CHELMaIHUCTOB I10
TIPUKJIaTHON MaTeMaTiKe U MHGOPMATHKe, KOTOPBIX ceifyac roTOBAT MHOTHE YHH-
BEPCUTETBI X TEXHHUECKHE By3bl. Ef0 TakKoke MOTYT BOCIIONB30BATHCH CTYAECHTHI ecTe-
CTBEHHBIX (HaKyIbTETOB YHUBCPCHTETOB, NMEAATOIHYECKUX H 3KOHOMUYECKIX MHCTH-
TYTOB IIPH 3HAKOMCTBE ¢ YHCJIEHHBIMA METOIaMH pelleHHs 6a30BbIX MaTeMaTHUec-
KHMX 3aiaq ¥ KOMMBIOTEPHOH 00paboTKO! pa3snHyHoro posa HHGopMauHu.

ABTOpHI NIPHU3HATEIBHBI CBOEMY YUHMTENO aKaJeMHKY AJIEKCaHApY AHIpee-
U4y CaMapcKoMy, IO BIUMSHHEM KOTOPOTO CIOXHWICH TIOAXOX M CTHIIb MITOXE-
HuA KHUTH. [lonesHple 06CyXOeHUs psAa BOIPOCOB cOcTONHUCE ¢ A.B. TyiHHbIM,
I'A. KuMm, C. . MyxunbsiM. MBI cuuTaeM MPUATHBIM JOJTOM NOGIaroJapHTh UX 3a
sto. Braromapum Takke A.S. Bynuueny, A B. Jleonenxo, A.B. Xpynenko 3a Gomb-
LIYIO NOMOILb IIpY MOATOTOBKE KOMIIBIOTEPHON BEPCHH PYKOITMCH.



I'naBa 1.

YUCJIEHHOE PEIIEHUE CHUCTEM
JJMHENHBIX AJITEBPANYECKUX
VYPABHEHUI

B 310 rmaBe paccMaTpuBaeTCsl OXHA M3 CAMBIX BAXHBIX 3a-
Jay NTUHEHHOW anredpbl — pelleHHe CUCTeM JTWHEHHBIX anrebpa-
nyeckux ypaBHeHu#t (CJIAY), B KOTOpPEIX YHCJIO YpaBHEHUH paB-
HO YHUCTY HEU3BECTHBIX:

@1 % + 00X+t By Xy = [

(M

WIHh B coxpameHHoﬂ 3aITUCH:

n
Zayx] =f;', l= 1,2,...,”.
j=1

Koadduuuentst a;; Ipi HEU3BECTHBIX X; 06Pa3yi0T MATPUILY CH-~
cremsl (1):

(111 012 .o aln

A=)t 2 B @

anl anz ... ann

choz(y Ha IIPOTAXECHUH 3TOM I'J1aBbl Mbl 6YIleM CYHUTATL OIIpeac-
JIUTEJIb MaTpHUbl OTIMYHLIM OT HYNIA:

A=det 4 #0.



B stoM cayyae cucTeMa HashIBaeTCs Hesbipoxcdennoi. PenieHue
HEBRIPOXIEHHOMW CUCTEMBI BCETIA CYIIECTBYET U SIBISICTCS ENUH-
cTBeHHbIM. O6CYIMM MeTOAbl GAKTHIECKOTO ITOCTPOSHHS ITOTO
pelieHusI.

1.1. IIPAMBIE METO/Ibl PEINIEHMA CJIAY

IlpsameimMu Ha3BIBAIOTCS METONBI, KOTOPHIE MTO3BOSIOT MONY-
YUTH TOYHOE pellleHHe HEBLIPOXKIEHHON cucTeMbl (1) 3a KOHeu-
HOE YUCHA0 OMEPAIUNA.

1.1.1. @opmyam Kpamepa

®opmynsl Kpamepa npecTaBisiioT KOMIIOHEHTH X; PeLIeHUs]
cucteMH (1) B BUIE OTHOIEHMS ABYX OIPEACITUTENECH:

xj=Aj/A) j=1,2,...,n, (4)
rae
A;=detd;, j=12,..n (5)

3nece MaTpuLa A; ojyyaercsi U3 MarTpausl A 3aMeHO# ee j-ro
cronbua eronbuoM Npasbix yactedt cucteMsl (1):

ay - Gy K oG - a,

4o|B o B Hr @ o @y,

S : : : o (6)
Ay - Gy fn Qpje1 - Gun

C TeopetTnyeckoil To4ku 3peHust popmynn Kpamepa maior
HcuepnoIBaroliee peuieHue rmpodneMot. YToObI HAWTH peileHUEe
cucteMmbl (1), HyxHO noacyuTath (n+ 1) onpeaenuress. DTo
MOXHO CA€JaTh 332 KOHEYHOE YUC/10 apU(METHYECKUX ONepallui.
OnHAaKO ¢ TOYKM 3pPeHUS MPAKTUKU BaXKHOE 3HAYEHHUE UMEeT
(pakTHMYECKOE YUCTI0 HEOOXOAUMEBIX Onepalui. 3aech HAC U TIOA-
KMAAET r1aBHas TpyxHoCTh. Onpenenurens n-ro Nopsajaka — 3T0
n! crarae@MblX, KaXI0€e U3 KOTOPHIX SIBISIETCS ITPOU3BEACHUEM 7
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yucen. Takum oOpa3oM, IS ero BEIYUCICHUS HYXHO BBITOTHHTH
(n—1)n! ymnoxenuit u n! caoxeHuit, 1.e. Bcero Q, =nn!
apudmeTudeckux omepaiuii. Ouenum 310 yucio. Ilpy nx>1
yyucno n! MOXHO MOACYMTATH C MOMOILUBIO ACHUMIITOTHYECKOM
topmynsl CTupnHra:

nl=\2nn(nfe)", 1ak uto Q =~V2r-n¥2(n/e)".

ITpu ymepenHoM 3Hadenuu n = 20 3ta dHopMynia 1aeT acTpoHO-
MUYECKOE YUCTO: Oy = 5-101.

KoMnsioTepy, mpou3BOIMTENBHOCTE KOTOPOIO COCTaBISET
m omnepanuii/c, s BRIYUCIEHU onpeaenutens 20-ro nopsaka
noHanobuTes Ty =(5-10%/m)c. B yactHocTH, ripu m = 1010 ore-

pauuii/c noaydum T, =5. 10% ¢ =170 ner.

Jaxe yBenuyeHNE NMPOUIBOANUTEIBHOCTH KOMIIBIOTEpA Ha
[1Ba, TPU IOPSKA HE CIacacT IOJIOXeHUS. Takue pe3ysbTarsl
ITOJTy4eHbl pU 7 = 20, B TO BpeMS KaK B COBPEMEHHBIX IPHUKIAI-
HBIX 3a7a4aX MPUXOMUTCS peuIaTh cucTeMbl ¢ n = 105 u Gonee
ypaBHeHMit. 3 npoBeeHHOro aHaan3a SICHO, YTO PacCYUTHIBATH
pewrenne CJIAY no dopmynam Kpamepa ¢ BelUMCIeHHEM Ompe-
nenuTenei «B 1006» HEBO3MOXHO, T.€. [IPAKTHYECKAas LIEHHOCTD
31X HOPMYN HeBeUKa.

1.1.2. Meron I'aycca

brecTaiMii KOHCTPYKTUBHBIA BHIXOA M3 KPUTHYECKOH CUTY-
aluu, OMUCAHHON BBILUE, JaeT MeTox ['aycca. DToT MeTon ynoOHO
YCJIOBHO pa3lefuTh Ha ABa 3Tarna. Ha nepBoM artame (npsiMmoi
xox) cuctema (1) IpUBOAUTCA K TPEYrOJbHOMY BHAY. 3aTeM Ha
BTOpPOM 3Tare (00paTHBIH XOX) OCYIECTBISIETCS NOCAeI0BaTeNb-
HOE OTBICKAHUE HEM3BECTHBIX X),..., X, U3 3TOW TPEYTOALHOM CHU-
CTEMBI.

Ilepeiinem K mogpoOGHOMY omnmmcaHWio MeTona [aycca. He
OrpaHHYMBast OOIIHOCTH, OyIeM CYUTATh, YTO KOIQMUUMEHT ayy,
KOTOPBI HA3bIBAIOT BEAYIIUM SJEMEHTOM MEPBOTrO 1Iara, OTau-
4eH OT HyJsA (B ciyyae gy =0 IOMeHseM MeCTaMH yPaBHEHUS
¢ HoMepamu 1 M i, ipu KoTopoM a;; #0; MOCKONBEKY cUCTEMa
npeAnonaaraeTcss HEBEIPOXIEHHOMW, TO TAKOH HOMEp I 3aBEIOMO
Hainercs).
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PazgenvM Bce 4ieHB! IEPBOrO yPaBHEHUA HA gy U BBEIEM
B Ka4eCTBe HOBBIX KO3(POULMEHTOB cy;, { = 2, ..., h, U IIPaBOii Ya-
CTH y| OTHOILEHUS

a
Clh =—%, COr=—=, ..., (,=—%, Y=, (7)
12 13 1n 1

a a1 a ap

BreryteM u3 Kaxmoro i-ro ypaBHEHMSI CHCTEMEI (i=2,..., n)
npeobpa3oBaHHOE NEPBOE YpaBHEHME, YMHOXEHHOE Ha a;;. IIpo-
NeJIaB 3TO, Mbl MCKIIIOYMM HEU3BECTHOE X| U3 BCEX YPAaBHEHUH,
kpoMe nepsoro. IlpeobpasopaHHas TakuM obpazoM cucrteMa (1)
NPUMET SKBUBAICHTHBIH BHI;

x1+(312X2 +C13XB ++C1nxn=y1

1 1 1 1

a3 %) + ol xy + . a)x, = 17
.......................................... (8)

aDxy +axy +..+adx, = £

3HayeHUs HOBBIX KO3(hGhHIIMEHTOB U MPaBbIX YacTeil cucTeMEl (8)
BRIYUCIBIIOTCS IO (OopMyJIaM

h

11

o) =ay-ay—, fO=f-a ©)

/.

EcTecTBeHHO BBIIETUTD U3 (8) «YKOPOYEHHYIO» CUCTEMY, COIEP-
X)amyio (# — 1) ypaBHeHue:

1 1 1 1
%, +adxy +..+af)x, = f5D
1 1 1 1
&Px) +d)xy+...+a{)x, = £V

aBx, +aBx; +...+allx, = £,

[Ipononxas nanee mpoliecc UCKIIOYeHHsI, mocae (n ~— 1)-ro mrara
peAYLHHPYEM UCXOTHYIO CUCTEMY K BUAY

11



xl +C'12X2 +C13X3 +...+ Clnxn =y1
X2 +C23X3 +... +C2nxn = y2

= 10
Xp-1t Cn—l,nxn =Vp- ( )
Xp = Vn
WIK B MaTpUYHOU popme
Cx=y.

3necs C sABAseTCA BepXHEH TPeyroJbHOW MaTpulleil ¢ eTMHALA-
MM Ha IJTABHOU NIMAaroHamu:

Ic12 3 - Oy
c=[” 1 B | an
0 0 0 1

IToctpoenue cuctemur (10) 3aBepinaet npsmMoit xon Meroaa l'a-
yeca.

OOpaTHBIA X0 COCTOUT B MOCACAOBATEILHOM ONPEAEICHUU
HEeU3BECTHLIX U3 cucTeMbi (10) B oOpaTHOM ropsiake:

Xn =Wy
Xp1 =Vp1 — Cn—l,nxn

Xp 2= Vpo— Cn-2,n1%n-1 ~Cn-2.n%n
(12)

X1 TN X TG3X3 T T O Xy

TMoacuuraem yucio apudMeETHIECKUX OIMEpaluid, KOTOpoe
Tpebyerca BuinonHUTh Npu peureHuu CIIAY no meroay laycca.
TlepBbIit Hiar npsiMoro xoda, corjaacHo dopmynam (7) u (9), Tpe-
Oyer n geneHuid U n(n—1) CIOXEHUH U YMHOXEHUN. MBI yun-
THIBAeM NCACHUSA OTHEIbHO, MOCKOABKY ISl KOMIBIOTEPA, KaK U
JUISL 4esioBeKa, 3To Gojiee cioxHas omepauus. flepexons noce-
JOBaTeNbHO OT n K (n—1), notom ot (n—1) X (n—2) u T.4.,

12



noAcYnTaeM obluee YUCA0 apuPMETUIECKUX OTEpauvid Ha CTa-
IMHU NpsIMoro xoga. OHO BKIIIOYAET:
neJIeHUH

Ql=n+(n—1)+---+]:%n(n+1), (13)
CJIOXKCHUH M YMHOXEHUMN
Q2=n(n—1)+(n—l)(n—2)+-~-+2-l=%n(n2—1). (14)

Ob6parHblit Xon, cormacHo dbopMyiaM, BooOlue He Tpebyer nene-
HUS, 8 HEOOXOAUMOE YHCJIO CIOXEHUM M YMHOXEHUI MoACUU-~
THIBaeTCs 110 popmyre

Q3=1+2+---+(n—1)=%”(”—1)- (15)

Cpasnusas (13) u (14) ¢ (15), BuarM, 4TO OOpPaTHHIN XOR Cy-
mecTBeHHO nponte npsimoro. Cymma (14) u (15) maet obiiee
YUCJIO CAOXKEHUHA M YMHOXEHUI, HeoOXoaumoe IJIsi pelieHUs
CJIAY no meroay laycca:

0=0, +Q3=—;~n(n—1)(n+%)=%n3+0(n2). (16)

OHO He MIET HY B KAKOE CPaBHEHME C YUCIOM #-n!, KOTOpOe
TpedyoT Gopmynsl KpaMepa Npu NpsiMOM BBHIYUCIIEHUU ONpEnNe-
JUTENEH.

OnucaHHas BbILIE NpoNieAypa pelieHust cucremsl (1) merto-
aomM laycca MOXeT 0Ka3aThCsi HEYCTOMYMBOM MO OTHOLIEHHIO K
CAy4aiiHbpIM OIIMOKAM, KOTOpble HEM3DEXKHBI IIPY KOMIIBIOTEPHBIX
pacuyerax B pe3yJIbTaTe OKPYIJIEHUS YKUCEN U3-33 KOHEUHOW JTU-
Hbl MAUIMHHOIrO cioBa. JelCcTBUTENbHO, NPEAION0XAM, UTO B
npouecce IpupeneHus cucteMs! (1) Kk TpeyronsHoMy Buay (10)
y marpuiisl C (11) o6pa3oBanucek OOJBHINE TI0 MOLYITIO 3JIeMEH-

THI: lcij|>1 1 Jaxe lcij|>>1. Torna npu BHIMMCIEHHH HEU3BEC-
THHIX N0 popmynaM (12) Bo BpeMst 0OOpaTHOTO X012 YMHOXEHUE

13



HalIeHHBIX C OIIMOKaMU OKPYIJIEHHs YHCEN X; Ha OOJblIKeE 110
MOAYJI0 37eMEHTH MaTpullbl C MNPUBEAET K YBEIUYEHUIO ITHUX
omn6ok. HaoBopor, ecnm Matpuua C okazajnack TAaKOMH, 4TO BCe
€€ NEMEHTHl YI0BIETRBOPSIOT YCIOBHUIO

65
TO PONb OIIMOOK OKPYINIEHUS B IpOIleCCe BEIMHCIACHUN OyneT
HUBEJIUPOBATBCS.

OnuineM, Kak MOXHO NOOUTHCS BBIMOJHEHUS yciioBus (17).
IIpucryniast K nepBoMy miary mpsiMmoro xoxa Metoxaa I'aycca, pac-
CMOTPHMM JICMEHTHI @ ; HEPBOM CTPOKM MaTpULbl A M HallieM
Cpeny HUX 2NMEeMeHT, Haubonbiuuit no Moaynw. Ilycts oH umeet
Homep j;. IloMensiem B cucteme (1) mepseiii ctonben u cronbel
C HOMEPOM j; MECTaMH, U3MEHMB COOTBETCTBYIOIIMM 06pa3oM
HYMEPAIINIO HEU3BECTHBIX. B pe3ynbraTte Takoi mpouenypsl Hau-
OOJTBILIMHA O MOAYJIIO 3JIEMEHT ITEPBOM CTPOKH CTAHET BEIYILIUM
3/IEMEHTOM IIEPBOTO wIara a; ;. braronaps atomy aneMeHTH ¢
MEepBOi CTPOKU MaTpuilel C, KOTOpPEIE PaCCUMTHIBAIOTCS Mo op-
MynaMm (7), OyRyT yIOBIETBOpATh HepaBeHCTBY (17).

IIpouenypy BeIaeaeHUS HaMQONBIIETO 10 MOIY/IIO 3JeMeH-
Ta B OYEPETHOM CTPOKE U I[peBpAllleHUst €r0 B BEAYIIMH IJIEMEHT
HYXHO 3aT€M IOBTOPATH BO BPpeMs KaXJOro 1iara npsgMmoro xoiaa
merozna 'aycca. B atom ciyyae BCe 27EMEHTH ¢; ; TPEYTOJIbHOM
Matpuitsl C (11) 6ynyT yaosiaeTBopsaTh HepaBeHcTBaM (17), obec-
TIEYUBAST YCTOHYHBOCTE METO/A 110 OTHOIIEHMIO K OIIMOKAM OK-
pyrneHus1. Takoi criocod KOppeKIUUHA HA3BIBACTCS 8b00pOM 6edy-
e20 IneMeHma no cmpoke.

TTosicHUM BaXHOCTH CHEIMAIBHOTO BbIGOpA BEIYIIEro 3/e-
MEHTa B KaXJIOW CTPOKE BO BpeMs IPAMOro xoaa merona Iayc-
ca Ha IPOCTOM npuMepe. PacCMOTpPUM CHCTEMY TpeX ypaBHEHUH
C TpeMsl HEU3BECTHHIMU:

1,2357x, +2,1742x, — 5,4834x; = -2,0735;
3,4873x, +6,1365x, — 4,7483x, = 4,8755; (18)
6,0696x; —6,2163x, — 4,6921x; = ~4,8388.

<1

(17)

s

Jlerko nMpoBepUTb, UTO €€ pPelIeHUe UMEET BUI

x1=x2 =X3 =1. (19)
14



Pewrum cucremy (18) ¢ momoisio MeTona I'aycca, He obpa-
11asi BHUMAaHUE Ha BEIMYMHBI 2JIEMEHTOB MatpHilel. Bece pesyib-
T4Thl PAcYeTOB YCOBMMCS TNPEACTABISATh B BUJE YMCEN C TJIaBa-
JOIIEH 3amsiTOi C MAThIO 3HavaluMmu nudpamu. Torma rnocne
MPSIMOro X044 NOJAYYUM CUCTEMY TPEYTOJIbHOTO BUIA:

X, +1,7595x, —4,4375x, = —1,6780;
X +15324x, = 15324; (20)
x; = 0,99992.

3Hayenne x; = 0,99992 BLIIAAUT BIIOJIHE ITpHeMIIEMbIM. On1-
HAKO IJIsSI OBYX APYIMX HEHM3BECTHBIX OIPENEIHM CIEeAYIOIHe
3HAYEHUA: X; = 2, x; = —0,75990. I1prunna cnyyusierocs 3ax-
TI0YAETCs B [10TEPE TOYHOCTH IMPH BHIYMCICHHUH X, M3-3a 60b-
IMX 3HayeHUH Koo(hULMEHTa )3 U NIPaBOii YacTH y, TPEYroyb-
HOH cucTeMbl (20), KOTOphIEe BBIUMCIEHb! C OIINMOKaAMH BCJIed-
CTBHE OTOpACHIBAHHUS «JIULIHWX» 3HAYALMX LUDD.

Tenepb BOCMONB3yeMCH NPOLEAYPO BEIOOPA rIaBHOTO DlIe-
MEHTA 110 CTpoKe. Ik 3TOro B AaHHOM CIy4de NOCTATOYHO TIO-
MEHATH MECTAMH MEPBLIA U TPETHH CTOIOI{bI MATPHLIBI CUCTEMBI.
B pesynbrare cucreMa IpuMeT BUI

~5,4834x, +2,1742x, +1,2357x, = -2,0735;
—4,7483x; +6,1365x, + 3,4873x, =4,8755; @
—~4,6921x, —6,2163x, +6,0696x, = -4,8388.

ITpu Takoii ee 3amucH BeAYIIUM 3JIEMEHTOM NEPBOTO MIara CTa-
HOBUTCSL 4MCiI0 —5,4834. OHO siBAsieTCs] HAUOOBIITUM 110 MOAY-
JIO 2JIEMEHTOM T1epBoil cTpoku cucteMsl (21). Teneps rnipumeHe-
HHe Metoda ['aycca NPUBOOUT K CIAEAYIOUICH CUCTEME C TPEYTOb-
HOI MAaTpUILIEH:

x; - 0,39651x, - 0,22535x, = 0,37814
Xy +0,56827x = 1,5682; (22)
x; = 0,99995.

15



Bce ee aneMeHTH yI0BIETBOPsIOT HepaBeHCTBY (17). Ocyuiects-
Jisisi OOpATHBIN X0/, MOJyYyaeM pelIeHUe CUCTEMBL:

x =0,99995; x, =0,99996; x; =0,99999. (23)

HonyyeHHbIe 3HAYEHHUS] HEM3BECTHBIX X; XOPOLIO COIJIACYIOTCS €
orBeToM (19) B paMKax IMPUHSTON TOYHOCTH BBIYUCICHUMN.

HetpynHo npenBuaeTs, YTo Npu GECKOHTPOJIBHOM IIPUMEHE-
HuM MeTona 'aycca uist peuieHust GONbIIUX CUCTEM ( n>>1) BO3-
MOXHOCTEMR [Jisi NOTEPM TOUHOCTH CTAHOBUTCH ellfe Oosbiie, B TO
BpEMS KaK BHIIIOJIHEHHE NPOUEHYPHl BHIOOpa BeXylINX 3JIEMEH-
TOB IO CTPOKAaM CHUMAET 3Ty NpobieMy.

B 3akioyeHde OTMETUM, YTO IEpBBIA 3Tan Merona l'aycca
MOXET OBITh UCIIOAB30BAH [JIS1 BEIYUCACHHUS ONPEACIUTENSI MAT-
puusl A. IIpsimoit xon Metona I'aycca oCHOBaH HA MHOTOKpAaT-
HOM BBIIIOJIHEHHMM OITEPALIMM CIOXECHUS ONHON M3 CTPOK MaTpU-
LBl C APYIOM CTPOKOM, B3ATOW C HEKOTOPHIM MHOXHTENEM, YTO
He MeHseT onpeaenurens. Crenyer Julb y4eCTh, YTO IIpU Je-
JICHUH BeIylleil CTPOKHM Ha €¢ AUAroOHAJIbHBIA 3JIEMEHT OIpene-
JIATENIb TaKXe AETUTCS Ha 3TOT 371eMeHT. Kpome Toro, mHoraa
TIPUXOMUTCS MEPECTABIIATH CTONOLB IPYU BHIOOpE TJIaBHOTO 3Jie-
MEHTa IT0 cTpoKe. [TOCKONMbKY orpeneIuTelb PUBEACHHON Tpe-
VroJibHOM cucTeMHl (MaTpuisl C) Bcerja paBeH eJUHHULE, TO OI-
penenuTeNlb HCXOMHON CHCTEMBI

A=det4=(-D¥g;al})...alnD,

rae K — YKCO IEPeCcTaHOBOK CTOJOIOB B MpOIEcce PeIyKIIMH
MaTpulibl A K TpeyronsHoit Matpute C.
1.1.3. CucreMsbl ¢ JHATOHAJILHBIM NpeobaananueM

Onpenenenne. Haszoeem cucmemy (1) cucmemoii ¢ duazorans-
HbiM npeobaadanuem no cmpoke, ecau snemenmusl mampuuvt A (2)
ydo61emeopsiom HepaseHcmeam

, lI<isn (24)

n
a4 > Xlai s
j=1

J#i
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HepasencTBa (24) 03Ha4aT, YTO B KaXIOH CTPOKE MATPH-
1Bl A quaroHaJbHBIM 2JIEMEHT BBIACJICH: €r0 MOAYyJb OOJblIe
CYMMEBI MOJIYJIeH BCEX OCTANIBHBIX 3JIEMEHTOB TOM Xe CTPOKH.

Teopema. Cucmema ¢ duazonassHbim npeobradanuem eceeda
PA3PEWUMA, U NPUMOM eOUHCMBEHHBIM 00DaA30M.

PaccMOTpUM COOTBETCTBYIOLIYIO OJHOPONHYIO CUCTEMY:

Eiai’jxj =0, 1<i<n. (25)

[TpenmonoxuM, YTo OHa UMEET HETPUBHATBHOE PEIUCHUE X .
ITycTs HauGOIbIIAS 110 MOOYIIO KOMITOHEHTA 3TOrO PElIEHHS CO~
OTBETCTBYET MHAEKCY j = Kk, T.€.

%> 0, % |=]x;|, 1<j<n. (26)
3anuieM k-e ypaBHEeHHE CHCTeEMBHI (25) B BUAE
n
G kX =~ )y G, j%j

J=1
Jjzk

H BO3BMEM MOAYJIb OT O0EHMX YacTel 3TOro paBeHCTBa. B pesynb-
TaTe MOJYIHM

n n
o %l < 2 fa % < el X Jag 27)
ys s

Cokpaulast HepaBeHCTBO (27) Ha MHOXHTEIb Ifki , KOTOpBIH, CO-
rracHo (26), He paBeH HYIIO, IPUIAEM K IIPOTHBOPEYHIO C Hepa-
BEHCTBOM (24), BEIpaAXaOIMM IHaroHaapHOe npeobiaganue. To-
JIy4JeHHOE MPOTUBOpPEYHe MTO3BOJSIET MIOCIICAOBATEILHO BRICKA3ATh
TPH YTBEPXKICHHS.

1. OnHopoaHas cucteMa (25) ¢ AMaroHadpHbLIM Ipeodiana-
HHMEM UMEET TOJbKO TPHUBHAIBHOE pPELIEHHE.

2 BBoaHbC NEKUMH MO YHCIEHHBIM METOMAM 17



2. Onpenenurenb MaTpPULIBL A ¢ TUAroOHAIBHBIM Ipeobiana-
HUEM HE PaBeH HYJIO.

3. Heonsoponuas cucrema (1) ¢ nuaroHanbHsIM npeoGiiana-
HHEM BCerZa pa3pelliMa, U IIPUTOM EXHHCTBEHHBIM 00pa3oM.

ITocnenxee U3 HUX O3HAYAET, YTO JOKA3ATEJILCTBO TEOPEMBI
3aBEPIICHO.

1.1.4. CucreMBl ¢ TPeXIHATOHAILHOH MATDHIEH.
MeTto1 HpOroHKH

Hpm PCIICHUM MHOI'HX 3344 IIPpHUXOOHUTCA UMETHL I€J0 C
CUCTEMaMH JIMHEHHBIX YPAaBHEHUI BHIA

X0 =4y, Xy =Gy (29)

rae Kkoabouuuentsl 4;,C;,B;, npaswe yacta F; (i=1,...,n-1)

H3BECTHHl BMECTE C YUCIaMH gy U ¢,,. JlONONTHUTEIbHBIE COOTHO-
meHus (29) 4yacTo HA3BIBAIOT KpaesbiMlU YCAOBUAMU JUISL CUCTEMBI
(28). Bo MHOTHX C/Iy4asix OHM MOTYT UMETh 60Jiee CIIOXHBIH BUI.
Hanpumep:

Xo = Po% +dg, Xp = PpXp_g +qn’

Toe Py, 9g> Pn» 9, — 3aNaHHbIE yKucna. OnHaKo, YTOOH HE YCIOX-

HATH U3JIOXECHHE, OTPaHWYMMCS TIpocTeiinelt ¢popMoit TONOIHM-
TEJILHBIX ycoBuH (29).

Ions3ysce TeM, 4TO 3HAYEHHUS Xy M X, 3alaHBbl, TIEPEIUILEM
cucremy (28) B Buae

Cix +Bixy =F —Agqy;
x +Cox, + Bxy =F,;
Ayx, 2"2: Bix; =F, (30)

Ay 1%y 3 +Cp Xy =F, 1 - B, 14,

18



Marpuiia 3T0# CUCTEMBI HMEET TPEXTUATOHANBHYIO CTPYKTYDY:

¢, B, 0 0 - 0 0
4 C B 0 - 0 0

(3D

(000 0 0 o 4y Gy
BTO CYHIECTBEHHO yrpollaeT pellieHue cucTeMsl (28) Gaaronaps
CIIEIUAJTEHOMY METONY, MOJYUMBIIEMY Ha3BaHUE Memoda npo2oH-
Ku. DTOT METOI OCHOBAH Ha INPEINONOXEHWH, YTO UCKOMBIE He-

U3BCCTHBIC Xi B X541 CBsA3aHbl PEKYPPECHTHBIM COOTHONICHUEM
xi=ai+1xi+1+ﬁi+1, 0<i<n-1. (32)

3nech BETUYUHBI O, , B;, |, MOTYIUBILNE Ha3BAHUE NPOLOHOHHBIX
Koahuyenmos, TOMIEXAT ONPEASICHUIO UCXOAs U3 YCIIOBUH 3a-
nayu (28), (29). GakTuyeckKy Takas MpoHeaypa O03HAyaeT 3aMe-
HY TIPSIMOTO OIIpefie/IeHUs] HEU3BECTHBIX X; 3aadei OnpeaeeH!s
MMPOrOHOYHBIX KO3POHUUMEHTOB ¢ HOCHAEAYIOUIMM PacyeToM IO
HHUM BCIHYUH xi.

JIng peanu3alyy ONMMCAHHOM IIPOrpaMMbl BBIPA3UM C IIOMO-
b0 COOTHOWIEHMS (32) X;_; YEPE3 X;tq:

X =0+ By =00 1% g + o g +B;

Y TIOACTaBUM X;_; M X;, BBIDaXEHHBIE YePe3 X1, B MCXOAHBIE
ypaBHeHuUs (28). B pesynbrare nonyyum

(400, +Croyy + B)Xyy +A4; 0B, + A;B; + G By — F =0,
i=12,...,n-1.
HOC.IICIIHPIC COOTHOLIEHHUA 6y,[[)’T 3aBE€AOMO BLINTOJIHATLCA, U IIPU-

TOM HE3aBHCHMO OT PEIIEHUs, eCIH IoTpeGoBaTh, YTOGH MpH
i=1,2,...,n—1 NMeIn MECTO PaBEHCTBA

Aoy +CGoyyy + B =0,
A0 By + 4B + CGiByyy ~ £ =0.
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OTciona clenyroT pEKYPPEHTHBIE COOTHOUICHUS A TIPOTOHOY -
HBIX KO3 DUIIHEHTOB:

__ 5 _F-4AB . _
am__—-—c, Bi+1_—c, i=1,2,...,n-1. (33)
Ao + G A0 +C ‘
JleBoe rpaHUYHOE YCIIOBHE Xy = g U COOTHOLIECHHME Xo = 0y X; +[;
HETIPOTUBOPEYMBBI, €CJIH TIOJIOXHUTh

o =0, By=¢g,. (34)

OcranpHble 3HaYeHUSA KOIDPUIIMEHTOB NPOTOHKH O,...,0, U

B,,...,B, Haxonum u3 (33), yeM U 3aBEpHIAEM STall BHIYMCIIEHUSA
IMPOTOHOYHBIX KO(PDUIIMEHTOB.
Hanee, corjnacHo MpaBoMy IpaHUYHOMY YCJIOBHIO,

% =4, (35)

Orciona MOXHO HaWTU OCTAIbHBIE HEU3BECTHBIE X, |,.-.,X] B
rpoiecce oOpaTHOM MPOroHKH C IMOMOIIBIO PEKYPPeHTHOH Gop-
mynsl (32).

Yucno oneparuii, Kotopoe TpeGyeTcs ISl pellleHUs] CUCTe-
Mkl obiero Buaa (1) metogom l'aycca, pacreT npu yBEJIMYEHUH
n TIPONOPUMOHANBLHO n3. MeTOA NPOroHKH CBOIMTCS K JBYM
LMKJIaM: cHayana no ¢opMyinaM (33) paccUMTHIBAIOTCS IIPOrOHOY-
Hble KO3 @UILIMEHTBI, 33TEM C UX TOMOUIBIO 110 PEKYPPEHTHBIM
dbopmynam (32) HaxomATCs KOMIIOHEHTHI PEIIEHUSI CUCTEMBL X;.
DTO 03HayaeT, YTO C YBEJIUYECHUEM Pa3MEpPOB CHCTEMBI YHCJIO
apudMeTUIYECKUX olepailuit OyIeT pacTd MPOIOPLMOHAJIBHO A,
a "e n3. Taxum 06pa3oM, MeTOJ MPOrOHKM B Mpeneaax chepsl
CBOEr0 BO3MOXHOTO NMPUMEHEHUS SIBIIAETCS CYLIECTBEHHO bonee
3KOoHOMUYHBIM. K aToMy cnenyer no6aBUTE 0COOYIO ITPOCTOTY €ro
MPOrPaMMHOM peau3aury Ha KOMITLIOTEDE.

Bo MHOTHX NPUKJIAHBIX 33/a4YaxX, KOTOPHIE NMPUBOIAT K
CJIAY ¢ TpexnuaroHaJIbHOM Matpuliei, ee K03 hUIMEHTHI YIOB-
JIETBOPSIIOT HEPABEHCTBAM

G|>|4;|+|B]. (36)
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KOTOPbIE BBIPAXKAIOT CBOWCTBO AUArOHATBLHOIO npeobnagaHus. B
YaCTHOCTHY, MBI BCTPETUM TaKHUe CUCTEMBI B [1. 3 1 3.

CoracHO TeopeMe IpeABIAYINEro pa3fesia pelieHHe TaKUuxX
CUCTEM BCErJa CYLUECTBYET M ABJISIETCH eAVMHCTBEHHBIM. [{s Hux
TaKXe CIpaBe/IMBO YTBEPXKIECHUE, KOTOPOE UMEeT BAXXKHOE 3Ha-
yeHHe 119 (PaKTUYECKOro pacyera pellleHus ¢ IIOMOLIbIO METO-
Ja TIPOTOHKH,

Jlemma. FEcau das cucmemor ¢ mpexduazonanbrold mampuyeil
8bINOAHAEMCA Yea08ue Juaeonaaboeo npeobaradanus (36), mo npo-
20HOYHbIE KOIpuyuenmsl ydoeaemeopaom HepaseHCmeam

oy <1. (37

HoxasatenncTBo nipoBeneM o MHAYKUHU. CornacHo (34)
oy =0, T.e. mpu /=1 yTBepXIeHUE JEMMBbI BEPHO. JlomycTHM

TENEPL, YTO OHO BEPHO Id &; U PacCMOTPUM 0Ly

o, = B |, 18]
NG+ 40| T (-4

,51. (38)

Hrak, uanykoums ot i K (i + 1) o00CHOBaHA, YTO M 3aBEPILACT 1O-
Ka3aTeJabCTBO JIEMMBI.

HepaBeHcTBO U1 IPOTOHOYHbBIX KOI(MPUUMEHTOB O IenaeT
MMPOTOHKY yCTOUYMBON. JleACTBUTENBHO, MPEAIIONOXHUM, YTO
KOMIIOHEHTA PEIUEHUS X; B PE3yNbTATe IPOLIEAYPHl OKPYIJIEHUA
paccyuTaHa ¢ HEKOTOpOM omuOkoi. Torma NpM BBHIYHMCICHUU
crefyollel KOMIOHEHTH X;_} [10 peKyppeHTHOH dopMmyne (32)
3Ta o1nbKa Gnaronaps HepaBeHCTBY (37) He OymeT HapacTaThb.

1.2. OBYCJIOBJEHHOCTDb CJIAY

Cepbe3HbIM OPESITCTBUEM TIPH PEUIEHUH CUCTEM JIMHEHHBIX
anTeOpandyecKuX ypaBHEHHUI MOXET OKA3aThCsl BO3MOXHOCTb 3a-
METHOrO OTKJIOHEHHMS! NIPUGIKXEHHOIO PELICHHS OT TOYHOIO M3-
3a He3HAYUTE/JbHBIX BO3MYIIEHHUH IMpaBbIX 4acTeld YpaBHEHMIA,
KOTOpblE HEM30EeXHO BOSHUKAIOT B IMPUONMKEHHBIX BHIYUCICHHU-
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six. IIpyunHON TaKoro HexenareJbHOro 3ddexra yacTo oKassl-
BaeTcs TaK Ha3biBaeMasi IUloxasi 00yCIIOBAEHHOCTb MAaTPULIBI CHU-
CTEMBI JIMHEHHBLIX YPABHCHUH.

1.2.1. Hopma marpuun

PaCCMO'I’pPIM JIMHEUHOE BEIIECTBEHHOE €BKIMIOBO ITPOCTPaH-
CTBO En, QJICMCHTAMH KOTOPOTO SAB/IIOTCA BEKTOpPa B BUIEC YIIO-

PANOYEHHOM cHCTeMsI # wucen Xx={x),...,x,}. B npocTpascrse
E, ompeaeneHbl CKAIAPHOE NPOM3BEIEHUE
XY) =y +...+x,¥, (39)

H €BKJIINJI0BA HOpMa

[x]|= V(x,x) = ./xlz +o.tx2, (40)

YIOBJIETBOPSIONIAs TPEM aKCHOMaM HOPMBI:

1) |[x|=0, |x|=0 Torma u Tonsko Toraa, xoraa x = 9;
2) oo =Jof ], Voux;

3) |x+yj<|x|+]y| (uepaBencTBo TpeyronpHuxa).
JUIs CKaJsipHOTO NpPOW3BENCHMsS CIIPaBeUIMBO HEPABEHCTBO
Komu-Bynsikosckoro [(x,¥) < |x| [y

PaccMoTpUM KBaJpaTHYIO MaTpuiy A pasmepom nxn. OHa
ompenensieT B pocTpaHCcTBe E, IMHEHOE TIpeobpa3oBaHue

y=Ax “41)

Xay jr I= L...,n

Beenem BenduuHy

|4x]
o x|’

14]= supT (42)
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KOTOPYIO TIPUHSITO HA3bIBATh HOPMOL mampuysl A, MOTYUHEHHOM
HOpMe BekTopa |X||. 3anucbiBast HeHYeBON BEKTOP X B BHIE

x=[x|z.

Ie Z — BEeKTOp eAMHMYHON MvHBL: |[z] =1, momydaem npeacras-
JIEHHE I HOPMBI, 3KBHBaTeHTHOE (42):

| 4] = sup || 4z]. (43)
Jh=1

O1ciona ciaeayeT, 4YTO0 B KOHEYHOMEPHOM IIPOCTPAHCTBE HOpMa
MaTpHIbl OrpaHMYeHa, IPUYEM Ha eIMHUYHOM cdepe Bcerna
HaiineTcs: TaKOM BEKTOP Zg, 4TO ||A|= "AZOH Haxonen, u3 onpe-
JieIeHUs1 HOpMEI (42) clenyeT, 4To

x| < | 4] ] (44)

3r0 IIPpOCTOC HEPABCHCTBO JIEXHUT B OCHOBE BCECX JAJIbHEHALIUX
OLIEHOK.

1.2.2. Koppexrnocts pemenns CJIAY

Crenya Anamapy, 6yJeM Ha3eIBaTh MaTeMaTHUECKYIO 3a1ady
KOPPEKTHOM, €C/TH BHITOJIHAIOTCA TPH YCIOBHS:

1) pelueHHe 3aa4¥l CYIIECTBYET;

2) peiieHHe 3a0a4H eIMHCTBEHHOE;

3) pewieHue 3aJa4H HEMIPEPHLIBHO 3aBHCHT OT BXOMHKBIX JaH-
HBIX.

OO6cynuM ¢ TOYKH 3peHHsl 3TOTO OTpeNeeHns 3ajKady peie-
Husa CJIAY c HepaBHBIM HY/NIO ONIpENe/IUTeNieM

Ax =1, (45)

cyurast MaTpuly A GMKCHPOBAHHONM M PacCMAaTpHBas B KayecTBe
BXOIHBIX JAHHHIX BEKTOP NPaBHIX 4acTel CUCTEMH

f={f,fos- s Sy }E Ep.
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Ycnosue A#( TapaHTHDPYET CYLIECTBOBAHME Y MaTpULbI A
obpaTHoi MaTpuIBl A~!, yepe3 KOTOpyIo peleHye cucTeMsl (45)
MOXHO 3aTIACaTh B BUJE

x=Af, (46)

Iycrh Tenepb npaBas 4acTh MOABEPIIACH BO3MYIIEHHIO Of

U ctana paBHoi f=f+8f. Torma, comiacHo (46), peleHue X
BO3MYIIEHHON CHUCTEMBI

Ax =f (47)
TOXE MOXHO 3aMHCcaTh Yepe3 obpaTHyI0 MaTpuiy AL
X=A1F =AM +A18f =x +5x, (48)
rae
dx = A~ 18f. (49)
Orcrona nomyyaem
loxl <4t (50)

HepaseHctBo (50) 1oKa3siBaeT HEMPEPLIBHYIO 3aBUCUMOCTh
BO3MYLICHHS PEIIEHHsA 8X OT BO3MYILIEHHUS IpaBoit yactu of :

[6x]| - 0 mpu ||5f] 0. (51

D10 o3Havaer, uto pemenue CJIAY ¢ HepaBHBIM HYJIO OIIpeE/e-
JIATENEM A — KOPPEKTHAas MaTeMaTHdecKas 3ajada; Uil Hee BbI-
MOJHAIOTCS. BCE TPU TpeOOBAHUA KOPPEKTHOCTH Aamapa.

1.2.3. Yucio 00yc/OBIEHHOCTH MATPHIBI
HMcxonHoe ypaBueHHe (45) MO3BOISIET HAMKUCATH HEPABEHCTBO
IE] <Al (52)

TlepeMHOXUB €ro ¢ HepaBeHCTBOM TOro xe 3Haka (50), no-
JIY4HM

Lt P g [ (53)
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Iycts f#0, Torma, cornacHo (46), x#0 ¥ HepaBeHcTBO (53)
MOJXHO [epenucaTh B BIAE

Ioxl 1ot

L P Vil § 54

FIRRE T GY
)i (5]

M, =l4ila], (55)

Yucno M, Ha3bIBaeTCs Huciom obycroenennocmu mampuysi A.
OHO TI03BOJISIET OLIEHUTH OTHOCHTEIBHYIO IIOTPEITHOCTD PELIeHUS
4yepe3 OTHOCUTENBHYIO IIOrPELIHOCTL BO3MYILEHHS TPABOii yac-
. ITockoneky McxogHasd cucteMa (45) nuHelHas, olleHKa OT-
HOCHUTEJBbHOM MOrPEeUIHOCTH ABAsieTCsA 60Jiee €CTECTBEHHOU, YEM
olieHKa abconoTHO#M norpemHoctTy. Yem Gonpuie My, TeM pes-
Yye pearupyeT pellieHue Ha BO3MYyIlIeHUe rpaBoi yactu. Ilosro-
MY MaTPHMLB ¢ OONBIIMM YHCAOM O0YCNOBIEHHOCTH U COOTBET-
creyone uM CJIAY Ha3eIBaloT naoxo obycaoeaenusimu. s
OLEHKM POJIM, KOTOPYIO MIpaeT YHUCIO O0YCIOBIEHHOCTH IIPU pe-
[IEHHH JTHHEAHBIX anredpanyecKux CUCTEM, pa3bepeM 3adavy.

3anaua 1. Paccmompems cucmemy 08yx ypasHenuil

xl +0X2 = 1’ 1 0
= = 56
RSN Y LS U BCS
u coomeemcmeyrouyio eli BO3MYUWEHHYIO cucmemy
x1+0.x2=1, _ 1 0 - 5
x +0,01-x, =1,01, A‘[l 0,01) f={1 1,01} (57)

Buinucams pelenus smux cucmem, nodcuumamso nOZPEUHOCMb 803-
MYWeHus npasoli wacmu U COOMEemcmeayiouyr eii noepeultHocms
eo3myuenus pewenun. Haiimu wucao obycaoesennocmu mampuisl
A, cocmagums ¢ €20 ROMOWBI0 MEOPEMULECKYI0 OUEHKY NOZPeUiHo-
cmu (54) u cpasHums pe3yabmam C pe3yabMamom, ROAYHEHHOIM
HEenocpeocmeeHHO N0 U3BECMHBIM DelleHUAM CUCMEM.

B nanHOM ciydae ornpexeJuTeNnb MaTpULbI A OTIIMYEH OT
HYJIS:

A=det 4=0,01,
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T.€. 06€ cUCcTeMBI HeBBIpoXaeHHBIe. CucTeMa (57) oTIMYaeTcs OT
cUcTeMH (56) BO3MyIIEHHEM NPaBOH YaCTH:

f={1,1}, ]|f[]=\/§, f':{l; 1,01}, &f ={0; 0,01}, |]6f}|=0,01.
Pemenust cucreM (56) u (57) uMmeroT BUA
x={1,0}, |x| =1, x ={1,1}, 8x={0,1}, |ox|=1.

IIpu sTom

|3} _ 0,01 [ox]

o V2

Msi BUIMM, YTO HEOOJIBIIOE OTHOCHTENIBHOE BO3MYILEHHE IIpa-
BO{ 4acTH MPUBEIO K CHIBHOMY BO3MYUICHHUIO PELICHUS: OTHO-
CUTENbHAs NIOrPEIIHOCT PEILICHHS paBHA €AMHULE. DTOT pe3yib-
TaT 03HAYAeT, YTO MUCXOJHAS CHCTeMa IUIoXo obycioBieHa. YTo-
O6nl yOenuThCsi B 3TOM, MOACYMTAEM YHCIO OOYCHOBIEHHOCTH
MaTpHULbl A, HATMUIEM C €r0 MIOMOIIBIO TEOPETHYECKYIO OLEHKY
(54) n cpaBHUM ee ¢ QaKTHIECKHUM pe3yabTaToM (58).

Brinumem nuHeHOE nMpeobpa3oBaHue y = AX, oTBeYawoIee
MAaTpHIE CUCTEMEI

(58)

}’1 =x1: .
¥, =% +0,01x,,

OpH 3TOM

Ax) =32 + (2 +0,01x, )",

Hanoxum orpaHudeHue X7 +x3 =1, Torna B cuiy (43)

Ax] = max /2x2 + 0,0001x2 +0,02x,x,, x?+x%=1.
1 12 1 2

Ecny nonoXurh Xx; =Cos@, X, =sing, To 3ana4a CBEAETCH K
OTBICKAHHIO MaKCHMYMa BHPAXEHHs
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£(0)=2c0s2 ¢ +0,02sin pcos o + 0,0001sin? g,

3aBUCALIETO TOJBKO OT OOHOU mepeMeHHOW ¢, 0 <@ <2

Ilepexons x TPUrOHOMETPUYECKUM (QYHKIIHIM ABOMHOIO
yrna

2cos? g=1+cos2g, 2sin? ¢ =1-cos2¢, 2sincose =sin2¢p,
CBEIEM MMOAPAAUKAIBHOE BbIPAXEHUE K BUIY
1,00005 +0,01sin 2¢ + 0,99995 cos 2¢.

Jns xoMOMHaIUK

B, cos2¢ + B,sin2¢= ,[Blz + 322 cos(29-0,), 0< o< 2n,

rae g =arctg(B;/B,), B =0,99995, B, =0,01, MakcumanbHoe

3HAYCHUEC PABHO
VB2 + B,% =4/0,999952 + 0,012,

CrenopareibHo, -

4] = y1,00005 + 0,999952 +0,012.

C mpueMIeMOoil TOYHOCTBIO 9TO YHCJIO PABHO V2 : 4] =2
AHanornyHbM 00pa3oM HaxoouUTCs HOpMa OOpaTHOM MaTpHIIbL:

1
e [wo wo} 471 = 100V3.

Takum o6pa3oM, B JaHHOM IIpUMepe
M ¢ =141l 471 = 200. (59)

B pesynbrate Teopetuueckas oucHka (54) NpHHUMAEET BUI

ol Il
T <207
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Ona cornacyercs ¢ pesyjbratoMm (58), KoTOpbhii OBLI MMOAYYEH
[IPY HEMOCPEACTBEHHOM peliteHuu cuctem (56) u (57).

B mpouecce peureHus 3aaayd Mbl YOSTUIUCH, YTO MOICYET
yucaa 00yCIOBIEHHOCTH SIBJISIETCS CJIOXHOM 3a/1a4yeil, 0CODeHHO
C YYETOM TOrO, YTO HYXHO BBIYHCISTH HOPMY HE TOJNBLKO IpS-
MO, HO M oOpatHOM! MaTpuIlbl. [103TOMY XenaTeabHO MONTYYUTh
Kakre-HUOYAb KOHCTPYKTUBHBIC OLIEHKM 3TO¥ BaxHewiei xa-
PaKTEePUCTHKH CUCTEMBI.

1.2.4. Omnenka unciia 00yCJIOBJIEHHOCTH

Jns uncna obycnoBIeHHOCTH MaTPHIIH A CTIPaBeIMBO He-
PaBEHCTBO

MA 2P"maxl/P“minl’ (60)

rae }‘mi " Kmax— COOTBCTCTBCHHO MUHHUMAJIIBHOC U MAaKCH-

n
MaJIBHOE 110 MOZYJIIO 3HAYEHUS XapaKTEPUCTHYECKUX YHMCEN MaT-
puubl A. CootHomenue (60) KOPPEKTHO, TIOCKONABKY B CHJIY HE-

BBIPOXAEHHOCTH MaTpuubl A .. #0.

B camoM nene nyctb y — COOCTBEHHBIA BEKTOP JIMHEWHOTO
11peo0pa3oBaHKs, CBA3AHHOIO C MaTpULER A, oTBeYaromui A .. :

Ay =A

max M

Torga

>

P amac ¥ = 1491 < 4]l

W, CJIe0BaTe/IbHO, MOCKOMbKY [|y]|#0,

A nax| < 141
AHATOTUYHBIM 06p330M st COOCTBEHHOTO BCKTOpa Z, CBA-

3aHHOIO C A, UMEEM
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WIH

Alz= B
7Lmin
Otcrona cienyeT OLEHKA
1
<[4
P‘min‘

IMepeMHOXas ABa MOCIAEAHUX HEPABEHCTBA, MPUACM K YTBEPXK-
aeHuio (60).
Eciau MaTpuua cuMMeTpudHasa: A= A", TO BCe ee Xapakre-
pUCTUYECKHE 3HAYEHUS BEILECTBEHHBI, IPHYEM
A= o] 3 A=
max .

b
[Armin]
[1I09TOMY J14 TaKUX MATpHUIl

M, =P"maxm}”minl' (61)

Hs3 HOHY‘ICHHOﬁ OHCHKH I MA CJICAYIOT ABa BAXHBIX BhIBOZA:
1) M, >1;

2) yuciao o0ycaoBIEHHOCTHA TeM Oobuie, YeM DoJiblle pa3-
Opoc xapakTepucTHUUeCKUX yucen MaTpulbl. [loatomy ¢ yeenu-
YEeHUEM pa3zMepa MaTpHUIIbl, BOOOIIE roBopsl, €€ 00YCIOBNEHHOCTD
MMeEET TEHIEHIIUIO K YXYAILUSHHIO.

BosBpamaschs K pacCMOTPeHHOM BbINE 3amaye, 0e3 Tpyaa

HaxoguM Ao =0,01, A . =1, u, cieroBaregbHO, CipaBeIn-

Bd OLICHKa CHHN3Y
M2 /i =100,

npyU4YeM TOUHOCTH 3TOI OLIEHKH HEBBICOKA, HO MOPSIOK OHA Ile-
penaeT nNpaBUIbHO.

B 3aximoueHue enle pa3 OTMETUM, YTO IS CUCTEM ypaBHE-
HYU ¢ OONBLIOK Pa3MepPHOCTHIO «XOpoiias» 00YCIOBJIEHHOCTD
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(M, ~1) ABISAETCS CKOpEE UCKIIOYEHUEM, YEM NPABUJIOM, M
OOBIYHO INPUXOAUTCSH HUMETh AEJO0 C IIJI0XO O0YCIOBACHHBIMHU
matpuuamu (M, > 1), npuyem IoTyYyeHue OLEHKYU Yucia obyc-
JIOBJICHHOCTH BLI3BIBAET OOJIbIIME TPYAHOCTH.

1.3. UTEPAIUOHHBIE METOJbI

1.3.1. IlocrpoeHHe MTepaHHOHHBIX NOCJie0BATEIBHOCTE

Mpsl BuAenu, uto npoueaypa pemenus CJIAY
Ax =1 (62)

C TUTI0X0 00YCNOBIEHHOU Marpuieil 4 MOXET IPUBOIUTh K CY-
LIECTBEHHBIM OTKJIOHEHUSIM IOJTy4aEMOTO OTBETA OT TOYHOIO pe-
HICHHUS [IPH HE3HAYUTENbHBIX BO3MYIICHUSIX NpaBoif yactu. Oxn-
HaKO IOSABJICHUE TAKUX BO3MYIIEHHI HEU30EXKHO, HAIIPUMED B
c1ydae TipeoOpa3oBaHUs BEKTOpA TPaBhIX 4acTei B metoxe Ia-
ycca U3-3a omMO0K OKPYTISHHS! MPH BHINIOTHEHUH apuMeTHiec-
KHX onepauuit. YeM Bbille MOPSOOK MATPUIIH, TeM GOJbIIe MO-
XET 0Ka3aThCsl Pe3yJIbTHPYIONIast IIOTPEIIHOCTb.

DTOro HemxOCTaTKA JUIIEHB UTEPAllHOHHBIE METONBI pelie-
Husa CJIAY. Ilpu ux npUMeHEHHUHM OTBET IIOIYy4aeTcsl B IpoLec-
ce TIOCTPOCHUS IOCJIEIOBATEABHBIX IPUOIMXEHUI (UTepamuii)

X, ={x{‘,x§,...,x,’f}, CXONSIUMXCS K PEUIEHHUI0 CUCTEMH (62) B
npoctpaHctee E, ¢ eBKIMAOBON HOpMOH ||x]:

lim x; =x. (63)
k—yo0

3nech IIPpH 3aNMCH BEKTODPa X 4YEpe3 €0 KOMIIOHCHTHI )Cllc

HWXHUN MHAEKC | O3Ha4YaeT HOMEP KOMITOHEHTH (1< i< n), Bepx-
HMI MHACKC kK — HOMep urepauuu. CXOOQUMOCTh MOCCAOBATENb-
HOCTH X; K PEIICHUIO CUCTEMBI X 03HAYAET, YTO

fim s, ~x]- 6
(64)
= lim (x{‘ —x1)2+(x§—x2)2+---+(x,’f—xn)2 =0.

k—oo
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HeoGxonuMbIM ¥ 10CTATOYHBIM YCJA0BHEM I[IPCACIBHOIO PABCH-
CTBa B KOHCYHOMECPHOM C€BKJIMIOBOM IIPOCTPAHCTBE En ABIASCT-
Cs MOKOMITOHCHTHAsA CXOAUMOCTD!

lim xf =x;, 1<i<n

Kk—>o0
CxoanMocTh 00ecITeYuBaeT IIPUHIIUITHATIBHYIO BO3MOXHOCTh IO-
JIYYUTE B TIPOLIECCE UTEPALIMI OTBET C JIIOOON Hanepea 3alaHHOH
CTEMEHbIO TOYHOCTH.

C WTepalMOHHBIMU MOCIEI0BATEIBHOCTIMHU BBl BCTPEYAINCH.
Kaxnplit creqyomuii WieH TAKOH MocaeI0BaTeIbHOCTHA Bbhipaxa-
eTCcsl yepe3 TpeABbIAYLIUE, VK€ H3BecTHhie. Ecnu, Hanpumep,
¢opMysa st BEIYUCAEHUS O4EPERXHOrO YieHa MOCAeH0BaTENbHO-
CTH UMeEET BUI X, =F(xk,xk_1,...,xk_m+l), TO TOBOPAT O M-
1IaTOBOM HTEPALMOHHOM ajiropur™Me. B 4acTHOCTH, B npocTeii-
EeM CITyYae O4YepelHON YNEH MOCHEN0BaTeIbHOCTH Xy MOXET
BBIPAXKATHCH TOJIBKO Yepe3 NPEAbIAYIUUA Xy ! X; 1 =F (x k ) Ta-
KHE UTEPAaLlHOHHBIE AJITOPUTMBI HA3HIBAIOT 00HOWIA208bIMU.

TIpu o6cyxneHuu UTEpalIMOHHBIX MeTonoB peinenust CJIAY

OTpPaHU4MMCs JIMHEHHBIMU ONHOUIATOBHIMU AJITOPHTMAaMM, KOTO-~
phle OOBIMHO 3aITMCHIBAIOT B CTAHIAPTHON KaHOHWYECKO# (hopme:

Xy, —X
Bk+1—%“—£+Axk =f, detB,,;#0, 1,,;>0. (65)
+

B Tako#l 3alMCH MPOLECC XApaKTePH3yeTcs MOCIe0BaTENb-
HOCTBIO MaTpHull By,; ¥ 4MCJIOBBIX NapaMeTPOB Tj,;, KOTOPBIE
Ha3BIBAIOT UmMepayuornbiMu napamempamu. Eciv matpuusl By iy
M napaMeTpbl T;,; HE MEHSIOTCS B NPOLIECCEe MTepallMii, T.c. He
3aBHCAT OT HHAEKCA k, TO MTEPALIMOHHKIA MPOLIECC Ha3hKBAeTCH

CMAYULOHAPHBIM.
ITeperminem dbopmyny (65) B Bule
By X = Fups (66)
rae
Feor = (Bear = Tkai a1 ) Xk + Tl (67)
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BuauM, 4To MOCTpoeHME OYEPEAHON MTEPALIMK CBOIMTCS K
pPEILUeHMIO CHCTEMBI ypaBHeHUH (66) ¢ npapoii yacTeio (67), 3a-
BUCSIEH OT NMpeAbLyLIEN UTepalMu X;. Takylo 3a1ayy npuxo-
IMTCSA PellaTh MHOFOKPATHO, IO3TOMY MaTpHUbl B, ., cieayer
BBIOUpATh OCTATOYHO MPOCTHIMU. ECIIM MOCTpOeHME OTAEIBHBIX
HTepaluii 6yneT COu3MepUMBIM IO CIOXHOCTH C PEIIEHHUEM HC-
XOAHOU 3aa4yy, TO METOI OKAXETCS JIMHIEHHBIM MPaKTHYECKOTO
CMEICTIA.

HauGosee npoct B peajin3auy HTEPALIMOHHbIN TIPOLIECC C
eqMHU4YHOM MaTtpuuei: By, = E. B atom ciayuae popmyns (66)
U (67) paioT SBHOE BBIpAXeHUe OUCPENHON UTEpallUd 4epe3 Ipe-
JIBLIYIIYTO;

X1 = (E =t A)%g + 7 f. (68)

W3 HeBHBIX UTEPAlIMOHHBIX METOIOB BBUIEIHM CPABHUTENBHO
JIETKO PEIU3yEMbIE C IMATOHANIbHBIMU MaTpULIaMu: By, = Dy ¢
BEPXHUMH WIM HIDKHMMM TPEYrOJIbHBIMM MaTpuLiaMu: By, = Ty ;.

1.3.2. TIpo6aema cX0AMMOCTM MTEPALMHOHHOIO MpoLECCa

HMrepanlOHHBIA IpOLIECC MOXET OBITH MCIIOAB30BAH IUIS
pewmennst CJIAY TOJBKO MPU YCIIOBMM CXOOMMMOCTH. [l ucche-
JIOBAaHUS €ro CXOAMMOCTM BBEIEM JBE Xapakrepuctuku. [lepnas
M3 HUX — MOrPEITHOCTh PEIICHUS:

Z, =X; - X. (69)

CMBICT 3TOro BekTopa siceH. CXOAMMOCTh UTEPALIMOHHOIO IIPO-
necca, cornacHo (63) u (64), o3Hayaert, 4TO

lim z; =0, llim k=0, 1<i<n. (70)
—>00

k—>o0 ‘
BTOpaSI XapaKTeEPUCTHKa — HCBA3IKA YPABHCHUA!
\Vk =AXk—f. (71)

OHa 1OKa3bIBAE€T, HACKOJBKO XOPOIIO HJIH, HA0OOpOT, ILIOXO
4JIEH UTEPALIMOHHOM IMOCIEA0BATENBHOCTH X YAOBIETBOPSIET UC-
XOJIHOM CHCTEME.
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YCTaHOBUM CBSI3b MEXIY Z; U Yy ©
Y =Ax, ~f=A(z, +x)-f=Az,. (72)
MoXHO Taxxe HanmucaTb 00paTHOE COOTHOILIEHUE!

z, =Aly,. (73)

N3 dopmyn (72) u (73) BEITEKAIOT OUEHKH:

lwil<ldllzel. - [zl <ha-t T (74)

OHu noKa3sIBaIOT, YTO NOTPELIHOCTh PELIEHUS Z; CTPEMMUT-
Cs1 K HYJIIO TOIWa, ¥ TOJIBKO TOINA, KOrda CTPEMHUTCS K HYJIIO He-
BSI3Ka W, . DTOT pe3yjJbTaT O3BOJISET CYAUTh O CXOAUMOCTH MM
PacXOAUMOCTH HTEPALIMOHHOTO MPOLECCa MO NOBEICHUIO HEBA3-
KU, KOTOpasi AOCTYITHa IIPIMOMY BBIYMCIECHUIO U Grarogapst 3T0-
MY MOXET KOHTPOJUPOBATHCSH.

IIpy uccnenoBaHUU CXOAMMOCTH UTEPALMOHHBIX METOJ0B
00/bIIYIO POJIb UTPAIOT CBOMCTBa Matpull A U By, B NEpBYIO
oyepenb TaKue, KaK CaMOCOINPSXKEHHOCTh U 3HAKOOTIPEAEIeH-
HOCTh. HanoMHMM, YTO B BElLIECTBEHHOM €BKJTUIOBOM MPOCTPaH-
ctBe E, 1is KaXmoro JIMHEHHOro npeobpa3oBaHus CyHIECTBYET
eMUHCTBEHHOE COTIPSDKEHHOE eMy JIMHENHOe 1peoOpa3oBaHue, oIi-
peneasieMoe TOXIECTBEHHBIM PaBEHCTBOM CKAISPHBIX MPOU3BE-
JEeHUH:

(Ax,y) =(x,4"y), V¥x,ye E,. (75)
B yactHOCTH,
(AX,X) = (x,4"X), Vxe E,.
ITpeoOpa3oBaHue HA3BIBACTCS CAMOCONPANCEHHBIM, ECITH
(Ax,y)=(x,4y), Vx,yek,. (76)

Matpuubl CONMpAXEHHBIX MPeoOpa3OBaHHN B OPTOHOPMHUPOBAH-
HOM 0azuce CBSI3aHbI [IPOCTHIM TPAHCIIOHUPOBAHHUEM:

* - .
a; =a, vi, j=1,..,n

33

3 BpoziHbie NeKUUH NO YHCIEHHBIM METOAaM



CBOWCTBO CaMOCOTIPSTKEHHOCTH NTpeoOpa3oBaHUs PABHOCUIIBHO B
3TOM CITyyae BBHIOJIHEHMIO YCIOBUS COBHaneHust Matpu A u A

* ..
a.=a..=a VI,_]:l,...,n.

A K

Kak HU3BCCTHO, mobast Martpuua rnpeiacraBuMa B BUIC

A=A+A, a7

rae

i“%“-:ﬁ*, A:A—;ib;f. (78)

Hetpynro BUmeTs, 4To

A=

(Ax,x):(A*x,x)= (Zx,x),

(Ax,%)=0. {79)

B nanpHelinieM OyneM ONMMpATbhCH HA CICHYIONIAE BaAXKHBIE
CBOMCTBa CaMOCOIIPSLKEHHBIX TIpe0Opa3oBaHUM:

a) Bce cOOCTBEHHBIE 3HAYEHMSI CAMOCOIIPSIXKEHHOTO JIMHEH-
HOrO NpeoOpa3oBaHUst (XapaKTepPUCTHUECKUE YMCIIa MaTpulibl A)
BEUIECTBEHHBI;

6) caMOCONpskKeHHOe JuHeilHOe IpeoOpa3oBaHue BCEraa
UMEET IOAHbIA HA0Op TMHEHHO HE3aBUCHUMBbIX COOCTBEHHBIX BEK-
TOPOB, U3 KOTOPBIX MOXHO 00pa3oBaTh OPTOHOPMHPOBAHHBIN
6asuc npocrpaHcTsa E,. B 3ToM Gasuce maTpulla NMHEHHOrO
npeobpa3oBaHKUA MPUHUMAET IUArOHATBHBIA BU, IPUYEeM Ha IU-
aroHajiv CTOSIT Bce COOCTBEHHBIE 3HAYEHUA 3TOro npeodpa3ona-
HHUA C YYETOM HUX KPaTHOCTH.

Haxkosxeu, MaTpuiia TMHeHHOTO npeodpa3oBaHus A Ha3blBa-
ETCSL NOAONCUMENbHO OnpedenerHOl, eCU U TI060T0, OTIUYHO-

ro oT Hyna Xe E, crnpaselyiiBO HepaBeHCTBO (AX,x)>0.B op-
TOHOPMHUPOBAaHHOM 0a3uce 3TO O3HAYaeT:

n
Yy a;xx;>0, Vxe E,, x#0. (80)
i,j=1
Jns KpaTKOCTH, €C/I¥ 3TO HE BHI3BIBAeT HEXOPA3yMEHUH, OyneM
yacTo nucars A > 0.
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Heo6xonuMMBIM ¥ JOCTATOYHBIM YCJIOBHEM MOJIOXHUTENbHOMN
olpeeTeHHOCTH CaMOCOTIPSKEHHONH MATPUIIbl A ABISIETCS KPH-
Tepuit CHbBECTPA, U3 KOTOPOTO, B YACTHOCTH, CJICIYET CTpOras
ITOJIOXKUTENBHOCTh BCEX MHATOHAIBHEIX 3JIEMEHTOB:

ai,i>0! 1<i<n (81)

Ycnosumcs 0603HaYaTh COGCTBEHHBIE BEKTOPHI THHEHHOTO
npeobpa3oBaHUs C MaTpHLiel A Kak e;, €€ XapaKTepUCTHIECKHE
YHCa KaK A; , KOOPAMHATHE IPOU3BOJIBHOTO BEKTOPA X B OPTO-
HOPMHUPOBAHHOM 6a3nce M3 COGCTBEHHBIX BEKTOPOB €; KaK &;.

[ manpHeiiero pacCMOTpeH s GYIYT MONE3HbI TPH JICMMBI.

Jlemma 1. Jas mozo wmobs cummempunnas (A= A") mampu-
ua 6viaa NoAOHCUMENbHO onpedenennoi, HeobXoo0umo u docmamoy-
HO, 4mMobbt 8Ce ee XAPaKmMepucmu4ecKue Hucaa Oslau ROA0NCUMeEns-
Hot: A;>0.

Heo6xonumocTh. BuibepeM nmoboit cOOCTBEHHBIN BEK-
TOp e€; TMHeiiHoro npeobpa3osaHus ¢ MaTpuueil 4, Toraa

(Aei,e,-) = }"i > 0.
HocTtaTtounocTh. Pacmonoxum ais onpeaeieHHOCTH BCE
XapaKTepUCTHYeCKHe 3HaYeHus Matpuubl A= A" B nopsiake y6uI-
BaHUA: Ay 2A,2...2A, >0. TloCKONBKY [0 YCIOBHIO JIEMMBI

A; >0, To B opTOHOPMUPOBAHHOM 6a3uce U3 COBCTBEHHBIX BEK-
TOPOB NpeoOpa3oBaHuUsA ¢ MaTpuLiei A s noboro x #0 umeem

(4x,X) =ix,.§,.2 >0, v{¢;}, ig? >0.
i=1 i=]

IToatoMmy oueBHIHO, 4TOo A > 0.

Jemma 2. Ilyems A=A">0u hy2hy2.. 2%, >0 ~ ynopa-
OoueHnblil Habop XapakmepucmuvecKux 4ucea 3mol mampuybt,
mozoa

A X7 < (x, %) <2 X (82)

HOKa3aTeJTbCTBO npegnaracTcsa nNpoBECTH CAMOCTOATCIIBHO.
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Jlemma 3. Ecau A > 0, mo ecezda naiidemcs nocmosnnoe vuc-
10 §>{(, makoe, ymo

(Ax,x)>8|x|*, Vxe E,. (83)

JHoxasatensbctBo. Ecmu A=A4", T0 1ocTatouHo mono-
XuTb 8=A,. B obuemM ciyyae HADOMHHM, 4TO coriacHo (79)
(Ax,X)=(Ax,x)>0, t1e A=A, N03TOMY COIJIACHO TIPEABLLY-
LUeH JIeMMe

(A%,x)=(AX,x) 2}, ||x||2 ,

rae Xn >0 — MHHUMAJIBHOE XapaKTepHCTUYSCKOE YUCTIO MaTpH-
ust A=(A+A")/2. Monaras, yto &= Xn , TIPUXOAUM K TpeOye-
MOMY HepaBeHCTBY (83).

1.3.3. JdocTraTouyHble YCIOBHA CXOAUMOCTH
HTEPAUMOHHOr0 Npouecca

B sTOM pasnene paccMOTpHM CTallMOHAPHBIN UTEPAHMOHHLIN
nipouecc (65), xoraa Marpuia B 1 HTepallMOHHBINA apaMmeTp T
He 3aBHCST OT MHAEKCA K, ¥ TOKAXeEM CIIEAYIONIyIo TeOpeEMY O AO-
CTATOYHBIX YCIOBHSAX €r0 CXOIUMOCTH.

Teopema Camapckoro. [Tycme A — camoconpsaxceHnas nono-
HCUMENBHO ONDEdeneHHas Mampuya:

A=A", A>0, (84)

T
B—EA_ NOA0IKUMENbHO ONpedeneHHas Mampuya;, T — NOAOXCU-

MEeAbHOE HUCAD:
B—%A>0, >0 (85)

Tozda npu awbom ebibope Hyne6020 NPUbAUNCEHUS X umepa-
YUOHHDBLIT npoyecc, KOMopbiii onpedeasemcs PeKyppeHmHoi gopmy-
A0l (65), cxodumces Kk pewenuro ucxo0noid cucmemsi (62).

IIpexne 4eM MepexOquTh K JI0KA3aTeLCTBY TEOPEMBI, 06CY-
JuM GoJiee 1oapobHO r1aBHOe ee TpeGoBaHUE — TIONOXKUTENLHYIO
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T
OIpeaeieHHOCTh MaTPULIBI B—§A. D70 TpeOOBAHKE MOXHO I1€-

perucars B BUIC

(Bx,x)>%(Ax,x), Vxe E,, x=0, (86)

T.€. OHO, B YaCTHOCTH, IIpearoaaraet, YyTo MaTpuiua B sSBasieTcs
MOJIOXKUTEIBHO oflpeaeaeHHoN. Kpome toro, HepaBeHCTBO (86)
onpenenseT UHTEPBal, B KOTOPOM MOXKET U3MEHSIThCI MMapaMeTp T.

2
0<'t<t0=inf—(£)5£2

x0 (AX,X) ' (87)

Ilocne 3TUX 3aMeyaHU NepeieM K 10Ka3aTeNbCTBY TeOpe-
Mbl. Bolpasum u3 cootHoueHus (69) x, yepes zy:
U [OACTABUM B PEKYPPEHTHYIO GOPMYIY I UTEPALMOHHOU
rocjeaoBateibHOCTH (65). B pesynsTate moayyum

Bikf"—lt———zi+Azk =0. (88)

Ominyne urepallMOHHON GopMysl (88) or (65) 3akiiovaercs B
TOM, YTO OHA SIBJISAETCS OMHOPOTHOM.

Marpuua B — nonoXuTeabHo onpenencHHas. CienoBaTelib-
HO, OHa HEeBBIPOXJEHHAs M uMeeT obpatHyo B 1. C ee momo-
LIbIO PEKYPPEHTHOE COOTHOUIEHUE (88) MOXHO pa3pelliuTb OTHO-
CUTENBHO Zyyy:

Zk+1:Zk—TB_1AZk=Zk—T(Dk, (89)
roe
oy =B‘1Azk, TaK uT0 AZ; = Buwy. (90)

YMHoxasi o0e yacTh paBeHcTBa (89) cinesa Ha maTtpuuy 4, mno-
Jly4aeM ellle OJHO PeKYPPEHTHOE COOTHOUIEHHME;
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AZk+I=AZk—tA(Dk. (91)

PaCCMOT'pHM NOCAEa0BaTC/IBHOCTE TOJIOXKMTEIbHBIX Q)YHKHH-
OHAJIOB!

sz(Azk,zk). 92)

CocraBuM aHAJIOTMYHOE BBIPAXEHUE UL Jiy M TIpeobpasyeM ero
¢ IOMOUIBIO peKYPpPeHTHHIX dopmyn (89) u (91):

Tin =(Azy ~ o,z — 10 ) =(Az;,2; ) - t( Aoy, 24 )~
-1(A4 zk,mk)+12 (Ao, 0 ). ©3)

M3 camoconpsixkeHHOCTH MaTpulbsl A U dopmynsl (90) cnenyer,
910

(Ao, 2 )= (Azy, 0 )= (B, 00 ).

B peaynbrate dopMyna (93) npUHKUMAET BUA

o1 =7 —21(Bmk,mk)+12(Amk,a)k)=
=Jk—2t((B~%Ajmk,wk ) 94)

Taxum 06pa3oM, NOC/NIENOBATENBHOCTh QYHKLIMOHANIOB Jy C
T
YYETOM YCJiOBHSA B - 3 A>0 obpa3yeT MOHOTOHHO HEBO3PacTaio-
UIYIO MOCIEN0BATEIBHOCTS, OFPAHUYEHHYIO CHH3Y HYJIeM:

Jp2dp, 220, (95)

[HO3TOMY OHa cxoauTcs. Jlanee, corslacHO jleMMe 3,

[(B—%A)mk,mk Jz 8l

e §>(0 — CTPOro MONOXHUTeNbHAass KOHCTaHTa. B pesynbrare,
cornacHo (94) u (95), 6ymeM uMeTh
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Jo~T =21[(B—~;-AJmk,mk ]z 28w, |- (96)

U3 3TOro HEpaBeHCTBA M CXOMMMOCTH IOC/eI0BATENLHOCTY (PYHK-
uHoHanoB Jy crenyet, uto Jlay | >0 mpu &k —e-. B cBowo oue-

penb, 7, =A‘lek , TaK 4TO
e <la B, | - ©-
Teopema nokazaHa.

1.3.4. Meroa npocToii HTepauun

Takoe HazBaHUE MOJYYUSI METOM, IPH KOTOPOM B KaueCTBE
Matpulibl B BhiOupaercs eanHuyHasg matpuna: B= E, a urepa-
IIMOHHBIA TIApaMeTp T MPEANONAraeTCsl He3aBUCIINMAM OT HOMeE-
pa urepaudu k. HbBIMU ciloBaMHK, METO [IPOCTOM UTEPALUMU —
3TO SIBHBIA CTAllMOHApHBIK METOH, KOFda OYepeRHasi UTepalusl
X;z+] BBIYMCIISETCA IO PEKYPPEHTHOM (hopMyJre

xk+1 =(E—IA)Xk +Tf. (97)

Bynem cuurarph, 4TO MaTpylia A YIOBIETBOPSIET YCIIOBHIO TEO-
pemsr Camapckoro, T.e. A=A >0, toraa dopmyna (87), ompe-
IES0Asg rPaHKIly HHTEPBAIa CXOAMMOCTH T10 UTEPALUOHHOMY
napaMeTpy T, IPHHUMAET BHUI

- 2(x,x) 2
=inf = : (98)
0TS0 dxx) _(Axx)

x#0 (X,X)

[ycrs e,,e,,...,6, — OPTOHOPMHUPOBaHHHIH 6a3Kc COOCTBEH-

HBIX BEKTODOB OIlEPaTOpa, COOTBETCTBYIONIEro MaTpuie 4. B cuny
[MOJIOXUTEIBHOM ONpeNeJeHHOCTH BCE ero COOCTBEHHbIE 3HAYE-
HHS MOJOXHUTENbHH. ByleM cyuTaTh UX 3aHYMEPOBAHHBIMH B
TIOPSAAKE YOBIBAHMS:

A 2Ay -2, >0 (99)
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Pa3znoxuM BekTop X #0 110 6a3ucCy COGCTBEHHLIX BEKTOPOB!
x=§e +&e ++Ee,,
TOIrZa

n

pi 2 2
(Ax,x)_ MET+AE) " + - +A, 87
Sup——— =sup 3 3 3 =M.
xz0 (X7X) xz0 él +§2 +...+§n

B pesynbrate u3 dopmyasl (87) ciremyeT, 4TO METON ITPOCTOM
UTEpaLUU CXOAUTCS MPU JIOOOM T, IpUHAAICKAUIEM WUHTEPBaNy

HansHeidee uccneaoBaHe METONA TIPOCTOM MTEpPAIIUU I10-
CTPOMM Ha KOHKPETHOM aHaju3e peKyppeHTHoi dopMynsl (97).
BreneM MaTpully ornieparopa nepexoxa

S=E-14, §=5" (101)

u nepenuieM ¢opmyay (97) B Buae

ITpu 3TOM MOTPEIHOCTD Z; =X, —X OyIeT YIOBNETBOPSITH QHATIO-
IMYHOMY PEKYPPEHTHOMY COOTHOILEHHMIO, TOJIBKO OJHOPOIHOMY:

HJokaxeM NBe JIEMMBI, KOTOPBIE TIO3BOJISIIOT 6OJiee TIOTHO UCCTie-
JIOBATh YCJIOBUS CXONMMOCTH METOHA MPOCTOM UTEpPALIUH.

Jlemma 1. [Tycms onepamop, komopbilli nopoxcoaem mampuya
A, umeem cobcmeennbiii 6eKmop e; ¢ cOGcmeeHHbIM 3HAYeHUeM A; .
Toz0a onepamop nepexoda, komopuiii nopoxcoaemca mampuyei
S§(101) , maxoce umeem cobcmeentblii 6eKmop e;, HO ¢ co6cmeeH-
HbIM 3HAMEHUEeM:

W (1) =1-1A;. (104)
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HoxkaszarenapCTBO 3neMeHTapHo. OHO NPOBOAMTCS IIPSIMOM IIpO-
BEPKOW;

Se; =(E-1d)e; =(1 —Tki)ei =1,€;.

IIpu camoconpsaxeHHoi MaTpulie A MaTpHIa .S TakxKe sIBIsg-
erca caMoconpspbkeHHou (101). CnexosareabHO, €€ HOpMA OTIpe-
nejasieTcss HaMOOABUIMM MO MOAYII0 COOCTBEHHBIM 3HAaY€HUEM

k() (104):
HSH— max l“z (7). (105)

Jlemma 2. s moeo umobel memod npocmoii umepauuyu cxo-
duacs K peweHuro cucmembt (62) npu a1060M 8bibope HA4AABHO20
npubauxcenus, Heobxodumo u docmamouro, ¥mobsl éce cobcmeer-
Hble 3HaueHus onepamopa nepexoda S Oviau no Modyaw Mewbuie
edunUYbL:

(D)<l 1<isn (106)

HocTarouyHnocTs. Ycnosue (106) o3HauaeT, 4To HOpMa

matpuusl S, cornacto (105), 6yneT Menbiue equuuub [Sl<1. B
pesyibTate Mony4aeM

lzea I <1 i) < <|s “kﬂ [z} =0, k— e (107)

Heob6xoanumMocTh. JfonycTtum, 4To cpea cOOCTBEHHBIX
3HadeHuil {; (104) nanutoce xoTa 6Bl OAHO K;, KOTOpOE He
VAOBIETBOPAET YCAOBHIO neMMbI (106), T.e. ‘ujf >1.

BbeiOepeM HyeBOW 4ieH MTEPAllMOHHOM ITOCHEeNOBATE/IbHO-
CTU B BHAE Xg=X-+e;, [Ic X — PELICHHE CUCTEMBI (62), Torna
HYJIEBOH YIEH IOC/IeI0BaTETbHOCTH IMOTPEITHOCTEH COBMANET C
CODCTBEHHBIM BEKTOPOM €; OIlepaTopa nepexona . zg = €; . B pe-

J
3yJIbTATE PeKyppeHTHas (opMyna IS CAeXYIOHIMX qneHOB roc-

NEJ0BaTC/IBHOCTH HOI‘peHIHOCTCﬁ IIPpUMET BUI

z, =Skej =u’j‘-ej, “zk“=|uj'k >1,
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T.C. “zkH%O. Heo6xonmMocTs BhIOAHeHUs Hepasexcrsa (106)

g Beex cOOCTBEHHBIX 3HAUYEHUM H; VIS CXOZMMOCTH MeTola
NPOCTOM UTEpallMU JOKa3aHa.

JlemMMa 2 ompenensieT mporpamMmy JajbHEMUIIETO UCCAeN0BA-
HHUS CXOAUMOCTH METOA TIPOCTOM UTepALUU: HYXXHO YCTAHOBUTDH
JMAIIa30H U3MEHEHHMS napaMeTpa T, IIpY KOTOPOM Bce COBCTBEH-
HblE 3HAYEHHsI YAOBJIETBOPSIOT HepaBeHCTBY (106). Bro Jerko
cnenatb. Ha puc. 1.1 npuseaeHsl rpachuKy YOBIBAIOIIUX JIMHEH -

HBIX QYHKUUHA W, (t) (104). Bce oHUM BBIXOAAT U3 OOHOW TOYKH
7=0, u=1 ¥ MIYT BHU3 U3-3a OTpULATENbHBIX KO3PDULHEHTOB
npu 1, npudeM GricTpee Beex ybbiBaeT ¢ynkums (). Korna
OHA NIpUHUMAaeET 3HaueHHe —1, yciaosue (106) mis Hee nepecra-
€T BHNONHATECA: Y, (1)=1-1A; =-1 npu 1=15=2/A,. Haiinen-
HOE 3HAYEHUE T FBISACTCS I'PAHMUECH MHTEpPBaIa CXOAMMOCTH
MeTOAA MPOCTON UTEpPALUHU:

O<t<ty=2/M\. (108)
DTO HepaBeHCTBO HAaM yXe u3BecTHO. OHO GBLIO MONYYEHO

PaHEE U3 TCOPEMBI CaMapCKOFO KakK JOoCTaTOYHOE YCJIIOBHE CXO-

A M
1

T

n

() =1-2

=1-Af
ul(T) 1 uz('t) -1- }\‘21;

~1 \
Puc. 1.1. Onpedenenue epanuysb unmepeana cxooumocmu 1y memoda
npocmoii umepayuu
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IUMOCTH. JOMONHMTENbHBIA aHANU3 HA OCHOBE JIEMMBI 2 I03BO-
JISiET YTOUHUTH Pe3yabTaT. Tereps Mbl YCTAHOBMIIM, YTO IIPUHAT -
JIEXHOCTb UTEPALIMOHHOrO napameTpa T uHTepsaty (108) sapus-
eTcs HeOOXOAMMBIM K HOCTATOYHBIM YCIOBUEM CXOAUMOCTHU Me-
TOJa NPOCTON UTEpaLUU.

IepeiineM K HCCIENOBAHUIO CKOPOCTU CXOAUMOCTH METOIA.
Ouenka morpetrHocTy (107) mokasplBaeT, YTO OHa yObIBacT no
33aKOHY FeéOMETPHYECKOI TIPOrPECCUM CO 3HAMEHATENeM

g(t) =Sl = max ju.(1})-

(5)=151 = max ()
PaccMmoTpum puc. 1.2, KOTOpBIH MOMOXET HAM MPOBECTU

aHanu3 370l popmynsl. OH aHanoruueH puc. 1.1, Toiapko Ha Hem

npuBeneHsl rpapuku He dyHxumi p,;(t), a ux monynrei. Ilpu

MAJIBIX T BCe cobcTBeHHble 3HadeHus |, (T) (104) noroxurens-

HbI, TpUYeM HauGONBIUMM U3 HUX sBIseTCs W,(T), KOTOpOe
y6BIBAET C POCTOM T C HaUMEeHbIe# CKOopocThio. OTHAKO C rie-

PEXOIOM Yepe3 TOUKY Tg/2 coGCTBeHHOE 3HaUeHHE W, (1), Me-

n

(o)
IC o

(o) e

-1

Puc. 1.2. Onpedesenue onmumanbHoz0 3HAYEHUA UMEPAUUORHOZ0
napamempa t,, npu KOmopom cKopocms cxodumocmu memooa
npocmol umepauuu Hauboavwas
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HSi4 3HAK, CTAHOBHMTCSl OTpULIATEbHBIM. B pe3ynbrare Teneps ero
MOJy/lb C YBEJIMYEHHEM T He yOBIBaeT, a pacTeT M IpU T—> T
npubnuxaeTcs K NpeleibHOMY 3HAYEHUIO — K eIUHHIIE.

Haiinem Ha otpeske |T5/2,T) | TOYKY T+, B KOTOPOM YObI-
0 0 y
Baromas GyHKUMA W, (T) cpaBHHBaeTCs ¢ BospacTamouiei QyHK-

e ’“1 (t)} =y (1) . Ona onpenesieTcs ypaBHEeHHEM

Ho(t)=l-t, =—p (t)=14, -1,

KOTOpOE JaeT

2
< T, 109
N A, 0 (109)
B pesynbTaTe momyyaem
w, (1), O0<t<1,
IS/ = max |u, (<} =1 (110)

l<i<n -y (1), <1<,

CBoe HaMMEHblIIee 3HAYCHUE HOpMa MaTpULbI S mocturaer npu

T="T«.

A -2, _ M, -1
AM+A, M, +1
®opmyna (111) mokasuBaeT, YTO WIS [JIOXO OOYCIOBACHHOM
MAaTpHLBL JaXe NP ONTUMAIbHOM BHIOOPE UTEPAIMOHHOIO Ia-
paMeTpa T=T« HOpPMa MaTpuUbl S ONMU3Ka K eAUHHUIE, TaK YTO
CXOOUMOCTh METOAA MPOCTOM UTEpAllMU B ITOM CjIy4ae OKa3biBa-
€TCHd MEIJIEHHOM.

B 3akmoyeHue 3ameTuM, 4to popmyna (108), onpenensromast
rpaHULly MHTEpPBajia CXOOUMOCTH T, ¥ dopmyna (109) nus on-
TUMAJBLHOrO 3HAYEHUS UTEPAllMOHHOrO MapaMeTpa T« TPENCTaB-
JISIOT IIpeXe Bcero Teoperudeckuii uatepec. OGHIYHO MPH pe-
mienu CJIAY Haubosblllee 1 HAUMEHbIIIEE XaPAKTEPUCTUIECKHE
YUCJia MAaTpUIlbl A HEU3BECTHBI, IIO3TOMY MOICYUTATh BEJTUYHHBI
Ty U T« 3apaHee HEBO3MOXHO. B pe3yssTare MTepaLMIOHHEIN 11a-
paMeETp T HEPEAKO MPUXONUTCH IoAOUpPATH MPSAMO B IIpoliecce
BBIYUCICHUI METOJNOM NMpob U oIIUOOK.
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3agaua 2. Paccmompems cucmemy deyx ypasnenuii ¢ 06ymsa
HeL3BECMHbIMUL

xl +X2 =0,
(112)

X+ 2%y =1
U HOCMPOUMb 045 Hee NPUBAUNCEHHOE PellieHUe ¢ ROMOULbI0 Memo-

Oa npocmoil umepayuu.
Breinumem cpasy pemeHue cuctemst (112):

x=-1 x=1 (113)

YTOOH MTOTOM MMETh BO3MOXHOCTb CPABHUBATH €0 C WICHAMH
HTEPAIHOHHOK MocenoBateNbHOCTH. IlepeiifeM K peHIeHUIO
CHUCTEMBl METOIOM IIPOCTOH MTepalMy. MaTpulia CUCTEMEI UMe-

eT BUI
A= bl .
1 2

OHa caMOoCONpsKeHHAad U MONOXUTEALHO OnpeneneHHast,
ITOCKOJIBKY

(Ax,x)=(x + %)% + (X + 2% )x, =(x +x2)2+x22 > 0.

CoCcTaBUM XapaXTepUCTUIECKOE YpaBHEHHUE il MATPHUIILL A
U HalJIeM €ro KOpHHU.
1-A 1
1 2-A

3+45
2

C uX MOMOIIBIO MOXHO OIIpCACAMUTL I'pPaHULY MHTCPpBaAja
CXOIUMOCTH Tg Y ONTUMAJILHOC 3HAYCHHUE UMTCPALMOHHOIO na-

l=12-3x+1=0,

}\.1 = :2,618, 7\.2=

3—‘2—‘@ ~0,382.

paMerpa T,:
roz%z0,764, Ty = 2 2

) AM+hy, 3
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IIJISI MIOCTPOCHUS UTEPALMOHHON I1OCNEN0BATEAbHOCTH BbIOE-
peM KaKOC-HI/I6YIlb 3HAYCHUC UTCPALUMOHHOIO I1apaMeTrpa Ha

HHTEPBAJie CXOAMMOCTH, HampuMep t1=1/2. B aTtom ciayyae pe-

KyppeHTHasg GopMmyna A WIEHOB UTePAlIMOHHONW MOCNel10Ba-
TEJbHOCTU IPUHHUMAET BHI

-1
Xpi =S Xy +%f, rae Sz[ 1/2 /2].

-1/2 0

Bo3pMeM mpocTeitiliee HayanbHOE MpUOIILKEHMEe Xo =0 U BeIU-
[IeM HECKOJIBKO TEPBBIX WICHOB UTEPALMOHHOM M0C/IE€H0BATENb-
HOCTH X, ITOACYUTHIBAS IJISl KAXIOro U3 HUX HEBA3KY Yy (71).
B pe3ynbTaTe MOIyYUM:

1 1 1
xl = {01 5}’ \Vl = {5’ 0}9 “‘Vluz 53
I 1 1 | 1
X2={""4'5 5}: ‘l’2={'4_: _Z}a ||‘|’2"=2—' 6,
35 1 1 V5
=179 30 V3513 T§0 ||‘4’3||=‘8“’

X _{_l E} _{_3_ _l} || |__‘/I_3
4= 172 16 V4Tl T YT T

HopMa HeBsI30K XOTS ¥ MEIUIEHHO, HO YOBIBAeT, YTO FOBOPHUT O
CXOOUMOCTH TIPoLEcca. DTO XE& BUAHO U3 CPaBHEHUS YICHOB
UTEpPaLMOHHOM MOCAENOBATEABHOCTH X, C PELIEHUEM CUCTEMBI.
MenneHHas CXOOMMOCTh CBSI3aHA C IUIOXOM 0OYCJIOBIEHHOCTHIO
MAaTpHULbI A:

M, =) /Ay ~6,854,
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1.3.5. Hesasnbie urepauuonnnie Meroabl. Meroa 3ekens

BepueMmcs K ofuiel 3aNMCH UTEPALIMOHHOTO CTAIHOHAPHO-
ro mpoiecca B KAHOHUYECKOM opMe .
PaccMOTpUM NMPOM3BOJIBHYIO KBAAPATHYIO MATPUILY

Q1 %4 - Gy
g=|P1 G2 -
anl an2 ces ann

PazjoxuMm ee Ha CYMMY TPE€X MATPHI:
A=D+T, +T,, (114)

rae D — nuaroHalibHasl 4acTh MaTpUIlbL A, KOTOpadad COHNCPXKUT
3JIEMEHTHI 4j;, CTOAIIME HA IJIaBHOW JUaroHasu:

0, i=]J,
Dy = a8 ={aﬁ, i=J;

T, — HYXXHSAA TpeyroiibHas MaTpHlia:

)|

T,— BepXHsIsI TpEyTro/ibHasl MaTpULA:

Gy >,

0, i<j;

0, iz}j,
(TB)ﬁ :{aij’ i<j.

B xiaccuyeckoM Metoae 3eiest, 3allMCAHHOM B KAHOHM-
yeckoil (opMe, MoNaramT

B=D+T, =1 (115)
B pesynerare opmyna (65) npuHuMaer BUX
(D+ T )(Xpur —Xp )+ A%y =1
WIH

(D+T,)xpy +Tgx =1 (116)
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IepeitnemM oT BEXTOPHON (DOPMBI 3alUCHU-PEKYPPEHTHOM
topmynsr (1 16) K TOCTPOYHOM:

k <k _ .
011’(1 +‘112Y +013X3+ T X, =fi;

“21"1 1+“22’“’2‘ +“23’§+"'+“2nxflf =/ a17)

k+1 k+1 k+1 k+1
415 ta, 2% +a33 ot 4, X, _fn'

VYpaBHEHUS TIO3BOJISIOT ITOCIEAOBATENbHO PaCCYUTATh KOMIIO-
HEeHTHI Bektopa (k+ 1)-ii uTepauuu nmogodOHO TOMY, KaK 3TO Ae-
JIaJIoCch BO Bpemsi oOpaTHOro xoja B Metonde [aycca:

n
k+1 k+1 k P
xirl=—| f - 2 gkt = Y gk | i=1.,n (118)
i J=i+l
®opmyna npeanonaraer, yto a; #0, 1<i<n. Ecau matpu-
ua A ynosnerBopsieT ycioBusMm TeopeMbl Camapckoro (84):

A=A4">0, To, cornacHo HepaBeHCTBY (81), Bce ee IMaroHab-
HbI€ 3JIEMEHTHI TOKHBI OBITh CTPOTO ITOJIOXHTEJIBHBIMUA H TEM
CaMbIM He MOTYT oOpamiaTbCcsi B HYJib.

ANTOpuTM B MeToje 3eifiens MpocT M yaobeH sl BEIYUC-
neauit. OH He TpebyeT HUKAKMX OeUCTBHI ¢ MaTpulicit A. Panee

BBIYMCIICHHbIE HA TEKYIEH UTEPAllMM KOMIIOHEHTH x;‘*l( j<i)
cpa3y Xe€ y4YacTBYIOT B pacyerax Hapsily ¢ KOMIIOHEHTaMH

xj-‘ (/>i) u, Takum ob6pa3oM, He TpebGYIOT IOMOIHUTEIBHOIO

pe3epBa MaMsTH, YTO CYIIECTBEHHO OpH PeHICHUU OOMBILMX CH-
cTEM.

CxonuMocThs MeToAa 3eilaens B ciydae, Koraa Marpuua A
YIOBJIETBOPSIET YCAOBUIO TeopeMmbl CaMapcKoro, T.6. SBISIETCS
CaMOCOMNPSIKEHHON U IIOJIOXUTEIBHO ONpEeAeIeHHOM, ByIeT 50~
Ka3zaHa B ciaenyiomeM pasiene. K atoMy yTeepXiaeHHIO 106aBUM
0e3 M0Ka3aTe/IbCTBA eLIE OMUH PE3Yy/IbTAT: METOI 3eMae/s CXOMUT-
ca g nmoboit cucreMul (62), B koTopoil Marpuna A obnanaer
CBOMCTBOM JIMAroHaJABHOIO NpeodnagaHus.

3anaua 3. Paccmompems cucmemy (112) (cm. 3adauy 2) u no-
cmpoums 05 Hee NPUORUNCEHHOe pellerUe ¢ NOMOWbI0 Mmemoda 3eli-
dens.
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B paccmarpuBaemom ciydae pekyppeHTHbie ¢opMyibl (118)
st moctpoeHust (k + 1)-it utepauyu no k-t UTepaluu NPUHH-
MalT BUA

k+1 _ _ k
.xl = —x2 ,

1 (119)
!

IIpuHuMasi, Kak 4 NpU PEIIEHUHM 3aaqd 2, 3a HavaibHOE
npubauKeHUE HyJIEBOM BEKTOp, NoAcuUTaeM 110 (popmynam (119)
HECKONBLKO IEPBBIX UTEpallii, COITPOBOXAas 3TOT [IPOLECC NOJ-
CUYCTOM HEBSI3KH:

1 1 L
Xy ={O’ 5}’ ¥ :{5’ O}’ ”‘V] “:5,
| 3 1 . 1
X, :{—5’ Z}’ L) :{Z’ 0}, ”w2":Z’
3 7 1 1
X ={—Z’ §} V3 :{g’ 0}’ ”W3”=§'

ObcynmM monydeHnble pe3yasTathl. HauHeM ¢ HEBSI3KM ypaB-
HeHusl. Ee BTopas KOMIIOHEHTa BCE BpeMsl OCTaeTCsi paBHOU HyllO,
ITOCKOJIEKY BTOPOE YPaBHEHHE CUCTEMBI Ha KaXIOW UTepallu BbI-
nonHsiercs, Kak BuaHo u3 (119), rouno. [lepBbie KOMIIOHEHTHI He-
BS3KHU M HOpMa YOBIBAIOT 110 3aKOHY FeéOMETPUYECKON MpOTpeccUm
¢ 3HaMeHareneMm 1/2, T.e. ropa3no OvICTpee, 4eM B METOIE IIPO-
CTOI WTepalMu. XOpoIlasi CXOAMMOCTD IIpOLecca BUIHA TaKXe U3
[IPSIMOTO CPaBHEHMS YWICHOB UTEPALIMOHHOM MMOCIEA0BATEIbHOCTH
Xj C TOYHBIM PEIIEHUEM CUCTeMBI X = {~1, 1}.

1.3.6. Meroxa BepxHeil pelakcanun

MoauduurpyeM Meton 3eiaens. C 3Tol LENbIO BBEIEM Ma-
paMeTp o M 3alMIIeM peKyppeHTHoe cooTHouueHue (65) B BUIE

X, 1 —X
(D+mTH)M+Axk=f. (120)
®
B nanHoMm ciydae
B=D+0oT,, t=0>0. (121)
Ipr o= 1 MBI BO3BpalmaeMcs K METONY 3eHIens.
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CootHoueHuio (120) MoXHo NPUAATL BUA

[ID+T )(x,C+l X )+ Ax; =f. (122)

Takast dopMa 3anMcH OKA3BIBAET, UTO MTapaMeTp o BIUSET Ha
JIMaroHajib MaTpuilsl B.

11 ocTpoeHus anropuT™Ma BBIYMCICHHUS OUEpEeIHON UTepa-
LIMM HYXHO pa3f€NuTh B JICBON 4aCTU PEKYPPEHTHOR HOPMYIbi
(122) unensl, comepxaime X; U X; 4 |, 4 NpUIaTh ei Gopmy,
anayornudyo (116):

( D+T, )xk+l+[(l~é]D+TB;}xk=f. (123)

Ecau nepeidTy OT BEKTOPHOI# 3anucu K 3arucu tvna (117) B Buae
OTHENbHBIX YPABHEHUN, TO MOXHO TOJYYUTb I KOMIIOHEHT

k+1
X

(118):

oYyepenHol uTepauu GOpMYIIEI, CTPYKTYPHO ITOXOXHE Ha

kl_x +?¢_ fi- Z lj;m z a , , i=l...,n (124)

11}

Hccnenyem ycioByust CXOOMMOCTH METOZA BepXHEH penakca-
IIMY TIPA JOTIOJIHUTEJIBHOM TIPEATIOJIOXKEHUH, 4TO Marpuua A
YIOBJIETBOpSIET YCA0BUSIM TeopeMbl Camapckoro (84). Camocor-

PSXEHHOCTs MaTpuLbl A o3Hauaet, uto 7, =T, T, =T, . Otcio-
1a clenyeT

(T,x, X)=(Tyx, x)=(T;%, x). (125)
T
CocTaBuM U1 pacCMarpruBaeMoOro ciaydasa MaTpuuy B-—EA .
Cornacso (121)

B—%A:(D+mTH)—%)(D+TH+TB)=(1—§JD+(—2°(TH ~T,).(126)
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3anuuieM YCJIOBUE €€ TIOJIOKUTEIILHOM OITPCHCTACHHOCTH!

[[B-%A]x,xJ:(l-%‘lj(Dx,xpo. (127)

Bropoe cnaraemoe B BripaxeHud (126) He maeT BKiIama B KBaja-
patuunHyio dopmy (127) B cuny cootHoweHus: (125).

Marpuna 4 AaBisieTCs, 110 IIPEANONOXEHHIO, MOJTOXHUTEALHO
orpeneneHHo#. ClenoBaTeIbHO, BCE €€ AMATOHAIBHEIE JIEMEH-

Tbl CTPOTO MOJIOXKUTENbHBL 4; >0, 1<i<n. D10 03HAYaeT NOMO-

XKUTEJIBbHYIO orpeneneHHocTs Matpulsl D: (DX, x)>0. B pe-
3y/lbTaTe 3HAK BhIpaxeHus (127) ompenensieTcsi 3HAKOM IEPBOTO
MHOXUTENS, TIO3TOMY AOCTATOYHOE YCJIOBHUE Il CXOTUMOCTH
UTEpPaLlMOHHOM MOCeN0BAaTEIBHOCTH METONA BEPXHEU pellakca-
LU IPHHUMAET BUI

O<w<?2. (128)

Meron 3eitnens, COOTBETCTBYIOMUH Cnyyalw W= I, yIOBAETBO-
psIET 3TOMY YCJIOBHIO.

MoOXHO MTOCTaBUThL BOINPOC 00 ONTHMaJILHOM BHIOOpE Iapa-
MeTpa =, , IPH KOTOPOM METOJ CXOAUTCS ObIcTpee Bcero. Te-
OpETHYECKOE HCCIIeIOBaHKE, HA KOTOPOM MBI He DyJleM OCTaHaB-
JIKBATBCS, TIOKA3BIBAET, YTO TaKOE€ 3HAYEHUE CYUIECTBYET U MO-
XeT OBITh BBIpAXEHO 4Yepe3 HauboJibliee W HaUMEHBILEE
cobcTBeHHBIE 3HAaYeHHUsA MATpPULBl A. OIHAKO HA IPAKTUKE €ro
MIPUXOAUTCS MOAGMpPATh IKCIIEPUMEHTANbHO METOIOM Npold U
omub0K, NOCKONBKY B PEIKHX CIy4asX yAaeTcd HaWTH A, H

MAmax © AOCTATOYHOM TOUHOCTBIO.
3amaua 4. [Hocmpoums npubauncennoe peuierue CUCMeMbl
(112) memodom eepxueil peaakcayuu, noiazas w=4/3.

Beinumem anas pacCMaTpHBacMOrac ciaydass MaTpHIIbl

1 1 "
—D+T, n (1 - —)D + T, , onpenensouMe UTePAlMOHHbIN M1Po-
© )
ecc:

3 374 07 1 1/4 1
2D+T, = Yper - _
4“*[1 3/2]’4“3[01/2}
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C KX NOMOILIBI0 PEKyppeHTHOE cooTHomeHue (123), 3anmucanHoe
MTOKOMITOHEHTHO, IIPUHHUMAET BH]
3

4x1k+1+1 k4 xk =0,

4x1 +x2 =

k+1

k+1
X +2’a

+ =~ x2—1

Bripaxast U3 HepBOIrc COOTHOLUEHMS {”1 U3 BTOPOro — xé‘“,

TIOJIy4aeM OKOHYATE/IbHbIE paCYeTHBIE (POPMYIIB IJIsl KOMIIOHEHT
OuYepeTHON MTepalliu:

rel Lok 4k

=-S5 -3,
e 222 en 1k
¥ =373 372

ITpuMeM, Kak M B IpeABLIYIIMX CIydasiX, 3a Ha4aJbHOE [IPU-
ONMMXeHUe HYJNEBOU BEKTOP U ChelaeM TpH urepalidu. I[Ipu atom
JUTST KaXNoW M3 HUX MOACYUTaeM HeBA3KY (71), MO3BOJSIOUIYIO
CJIEOUTD 33 CXOAUMOCTBIO IIPOLIECCa:

02 21
X1= ’59"’1:5559

8 28 4 5 Va1
X2 ={‘§’ ﬁ}’ V2 ={‘27> ﬁ}’ ”‘4’2“:”2"7’20’237?

i -0745

X3={“§§:ﬁ}: ‘l'3={—i i} |lw3’|=@:0,039.

81" 243 2437 243 243

INosenenue HEBA3OK, a TAKXKE CpaBHCHHUEC YICHOB ATEPAUMOHHOK
MOCIAENOBATC/IBHOCTU X; € TOYHBIM pPEHIEHUEM CUCTEMBbI

x ={-1, I} moxa3bIBalOT CXOXUMOCTH Ipoliecca 6onee GhICTPYIO,
yeM B MeTone 3einens. BoiOpaHHOe 3HayeHUe IapaMeTpa
w=4/3 oka3ajoch OJIM3KUM K ONTUMATLHOMY O =0,.
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I'maBa 2.
‘lI/ICJIEHHO}_E PEINIEHUE
YPABHEHUN

B mkonbHOM Kypce MaTeMaTHKH M3YydaioT JIMHEeHHBIE U
KBaJpaTHble YPAaBHEHHUS, KOPHU KOTOPBIX MOTYT OBIThH HalJAEHEbI
Mo U3BeCTHBIM ¢opMynaM. CyecTBYOT TakKe GOpPMYIbl IS
pClIeHHS YpaBHEHUH TpeThed M 4eTBEPTOW CTEICHEH, OJHAKO
OHHM CIOXHBI U HeyIOOHHBI IS IMTPaKTHIECKOro npuMeneHus. Ha
X OOCYXICHWU OCTAHABJIMBATBHCA He OyaeM. Eciau paccMarpu-
BaTh HeanreOpauyeckue ypaBHEHHS, TO 3a1ada YCITOXKHSICTCS €Lle
oosbure. B aTOM Ciyyae MONY4UTh JUISS KOPHEW OTBET B BHUIE
(opMyJI, 3a PENKUM UCKIIOYEHHUEM, HE ylaeTcs.

B ycaosusix, korna GopMmynsl «He paboTaloT», KOIJla pacCyu-
THIBaTh HA HUX MOXHO TOJIbBKO B CAMBIX NPOCTEHILMX CIy4asix,
BAXKHOE 3HAUEHUE IPUOOPETAIOT YHUBEPCANbHEIC BHIYMCIUTENL-
Hbie anropuT™bl. UX MHOro, ¥ OHM AOCTAaTOYHO Pa3HOOOPA3HBI.
Ecnu 3anucarh ypaBHeHUE B BUIE

f(x)=0, (1)

TO 3TH IrOPUTMBI 0OBIYHO HE HAKJIaAbIBAIOT HUKAKMX OTpaHu-
YeHHM Ha KOHKPETHBIA BuJ PYHKUMM f{X), a mpenrogaramor
TOJIBKO, YTO OHAa 00namaeT CBOMCTBAMMU TUIA HEINPEPHIBHOCTH,
IupPepeHIUPYEMOCTU U T.1.

B 2T0i1 rnase 6yayT paccMoTpeHbl Tpu anroputMa. OHH oc-
HOBAHBI Ha Pa3HBIX MAESIX, KaXAblA U3 HUX 00NagaeT orpeneseH-
HBIMHM JTOCTOMHCTBAMM M HEXOCTATKAMM, [IO3TOMY B KOHIIC [Ja-
Bbl OYIET UHTEPECHO CPABHUTH MX MEXAy COOOIA.

2.1. METOJ BWUJIKH.
TEOPEMA O CYIIECTBOBAHNM KOPHA
HEIIPEPBIBHON ®YHKIHUU

Meton BUNKH ¥ €TO IIPUMEHEHUE K AOKA3aTeNbCTBY GyHIa-
MEHTAJILHON TeOpeMbl 0 CYUIECTBOBAHUU KOPHs ¥ QyHKLMU f(X),
HETIpEPBIBHON Ha oTpe3ke [a, ] M mpUHMMalOUied Ha ero KOH-
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11ax 3HaYeHUS Pa3HBbIX 3HAKOB, MOAPOOHO pa3dbupaloTcd B Kypce
MaTeMaTHueckoro aHanusa. HecMoTps Ha 3T0, KOHCIIEKTUBHO U3-
JIOXHMM €r0 BHOBb, [TOCKOJIBKY 0€3 METONa BUJIKH KapTHHA YUC-
JIEHHOTO pellleHUs] YpaBHEHU ObUTa OBl HETIONHOM.

TeopeMa 0 cymecTBOBAHMH KOPHS HeNpepPhIBHOH (DYHKuHH.
Ecau gynxyus f(x) Henpepwigna Ha ompeske [a, b] u npunumaem
HA e20 KOHYAX 3HA4EHUs PA3HbIX 3HAK08, MO HA IMOM ompe3Ke Cy-
wecmeyem no kpaiineii mepe 00ux Kopenv ypasHenus (1).

Ilpenmnonoxum s onpeneeHHOCTH, 4To GyHKIUA f(x)
NPUHUMAET Ha JIEBOM KOHIIe OoTpe3Ka [a, b] oTpuLaTebHOE 3HA-
YeHWE, Ha IPABOM — IOJIOXUTEIIbHOE:

f(@)<0, f(b)>0. (2)

Bo3sbMem Ha oTpeske [a, b] cpenHioo Touky &=(b-a)/2 u BH-

yricauM B Helt 3Hauenue ¢yHkuuu f(§). Ecim f(€)=0, To yT-
BEPXIEHUE TEOPEMBl JOKA3aHO: MBI HAIITKM Ha OTpe3ke [a, b]
TOUKy ¢=&, B KOoTOpoi dyHKIuA f(x) obpanaercst B Hyab. [Ipu

f(€)=0 mocTynuM cnenyomum o6pa3oM: pacCMOTPUM IBa OT-

peska {a,&] u [§, b] 1 BEIGEpEM OAMH U3 HUX, HCXOIS U3 YCIIO-

BU#A, YTO PYHKIHUS f(X) HAa ero JIeBOM KOHIle JOJKHA OBITh OT-
pUIIATENIbHOM, HA TIPABOM — ITOJOXUTEIbHOM. BHIOpaHHsIi oTpe-

30K 0003HAYUM [al, bl] Ilo mocTpoeHuIo

fla))<0, f(f)>0.

IToBTOpUM OIMMCAHHYIO TIPOLENYPY: BO3BMEM Ha OTpE3Ke
[al,blj cpenHioo TouKy & =(b —a;)/2 ¥ BHIYMCIUM B Heit
snauenue Gynkuuu f(§;)). Ecnu f(§;)) = 0, To mokasarenscTso
Teopembl 3akoH4eHO. Eciu ke f(§))#0, To CHOBa paccMOTpUM
nBa otpeska [ay, &) | u [§), & ] u BElGepeM TOT, Ha JIEBOM KOH-
e Kotoporo GyHKIuUA f(Xx) oTpUIaTeNbHA, & HA [IPABOM — I10-
NoXxuTenbHa. BeiOpaHHbIA 0Tpe3oK 0603HaYUM [az, b2] o no-
CTPOCHHIO

f(a)) <0, f(b)>0.
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byaem mpomosrkaTh 3TOT npouecc. B pesyabrate oH auM00

oBopBeTCS Ha HEKOTOPOM wmiare # B cuay toro, yro f(§,)=0,

aubo OymeT MpoAcKaThCs HeorpaHudeHHO. B nepsBom ciayyae
BOIIPOC CYLIECTBOBAHUS KOPHS ypaBHeHHs (1) pelicH, mo3ToMy
HaM HYXHO pacCMOTpeTh BTOpOH ciaydaid. HeorpanuyeHHoOeE Mpo-
JOJKEHHE Mpolliecca JaeT NoCaeI0BaTebHOCTh OTPE3KOB [a, b],

[al, bl] [az, b2:| ,e.. DTH OTPE3KH BIOXEHBI IPYT B ApYyra — Kax-

JBIH HOC]ICIIYIOLLIX/IP'I OTPE30K IIPUHAINCKHUT BCEM HNPCABIOYIITUM!

@y S8y, <by S0, (3
npuYeM
@) <0, £(b,)>0. @)
HHHHI’I OTPE3KOB € BO3pACTAHHEM HOMEPaA 1 CTPEMSATCA K HYIIO!
lim (5, ~a,)= lim 2% =0, )
e nos 27

PaccMoTpuM JieBBIe KOHLBI 0Tpe3koB {a, }. Cormacuo (3)

OHHM 00pa3yloT MOHOTOHHO HEYOBIBaIOUIYI0 OrPAHUYEHHYIO I10C-
JIeJOBATENBHOCTE. Takas MocieAoBaTeIbHOCTh MMEET Mpees, Ko-
TOpbI MBI 0003HaYMM YEPE3 C|:

lim a, =¢. (6)
N—roo

ITo TeopeMe o nepexojie K MNpeiesiy B HepaBeHCTBaX

¢ <b, (7)

Terrepb PacCCMOTPUM IIPaBBIE KOHIIbI OTPe3KOB {b, }. Onu 06-

Pa3yloT MOHOTOHHO HEBO3PACTAIOLIYIO OrpaHHYEHHYIO ITOCNIER0-
BaTEJILHOCTh, KOTOpas ToXe uMmeeT fipefes. OO003HAYUM 3TOT
npeest 4epes ¢y:

lim b, =c,. (8)

H—>c0
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CornacHo cootHomeHusiM (3), (6)—(8) mpenmensl ¢ U ¢,
YIOBJIETBOPSIOT HEPABEHCTBAM &, < (| £ ¢ < b, | U, CIIENOBATE/IbHO,

6-¢<bh,—a, = . )

Taxum 06pa3oM, pasHOCTb ¢, —¢; MeHblle JT060ro Hanepes 3a-
JaHHOTrO 4ucia. BTO 03HAYaeT, 4To ¢ —¢ =0, T. €.

G=¢g=C¢C (10)

HaiineHHast ToYyka ¢ MHTEpECHA TeM, UTO OHAa SBSETCS
€MUHCTBEHHOU 001Iel TOUKOM IJIs1 BCEX OTPE3KOB INOCTPOCHHOU
nocjenoBatebHOCTH. MICNonb3ysi HEMpepBIBHOCTE (PYHKIINH f(X),
NOKAXEeM, UTO OHa ABISIETCSl KOPHEM ypaBHEHUS (1).

Me1 3Haem, yto f(g,)<0. CoracHo onpeaeieHUIO Hepe-

PBHIBHOH YHKIMHY ¥ BO3MOXHOCTU TIPEAEIbHOTO ITepexona B He-
paBeHCTBaxX, UMeEeM

f(¢)=lim f(a,)<0. (11)

A—ro0

AHanoru4Ho, y4uteiBasg, yto f(8,) >0, nony4aem

f(e)=lim f(bn)zo, (12)
M3 (11) u (12) cnenyer, yTO
f(e)=0, (13)

T.6. ¢ — KopeHb ypaBHeHus (1). TeopeMa gokasaHa.

Ipo1iecc MOCTPOEHUS MOCASIOBATEIBHOCTH BJIOXEHHBIX CTSI-
HBAIOIINXCH OTPE3KOB METOIOM BWIKHM SIBNsAETCS 3hdDEKTUBHBIM
BBIYMCIUTEAbHBIM AJITOPUTMOM pellieHust ypaBHeHus (1). Ha n-m
[1are rmojyyaem

a,<c<bh,. (14)

DTO OBOWHOE HEPaBEHCTBO NOKA3bIBALT, YTO YHUCJIO 4, ONpCIC-
JIIET UCKOMBIH KOpPEHb ¢ C HEJOCTATKOM, @ YUCJIO bn ~— C U30BIT-
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KOM, C O11MOKOM, He MpeBBIINAKUIEH ANUHY OTpE3Ka [an, bn].
Ilpy ypennueHUH # OLIHOKA CTPEMUTCS K HYJIO 110 3aKOHY reo-
METPUYECKO IIporpeccuy co 3HaMmeHarteneMm g = [/2. Ecnu 3ana-
Ha TOYHOCTb €, TO, YTOOBI €€ JOCTUTHYTh, [IOCTATOYHO CIENATh
YHCIO HIAroB N, yIOBIETBOPSIIONIEE YCAOBUIO

N>log2%f‘—. (15)

To, yTo mpoueaypa OTHICKAHUS KOPHST OCHOBAaHA HAa MHOTOKpAT-
HOM JC/€HUH MCXOOHOro OTpe3Ka [10M0j1aM, OMNpaBAblBACT BTO-
pOc Ha3BaHWE METOJA — METOI GUCEKIIUMU.

TeopeMa u MeTon ee I0KA3aTeNbCTBA CaMu M0 cebe He 1no-
3BOJISIIOT OIpeNenuTh 00Ilee YUCO KopHeH QyHKIMH f(Xx) Ha OT-
pe3ke {a, b]. OnHako ecau GYyHKUUS f(X) HE TONBKO HENpPEPbIB-
Ha, HO ¥ guddepeHunpyeMa, TO TOMOMHUTEILHOE €€ UCCIeN0-
BaHUE C MOMOIIBK NMPOU3BOJHOW MOXET BO MHOTHX Cly4asix
PEIIUTE U 3TOT Bollpoc. Hanmpumep, Mpu 3HAKOOIPeaeIe HHOM
TIPOU3BOJAHOM QYHKUUA f(X) ABISETCS MOHOTOHHOM Ha OTPE3KE
[a, b], mo3ToMy KOpeHb Yy Hee MOXeT OBITh TOJNIBEKO OJMH.

3agaua 1. Paccmompems na ompeske [0, 1) ypasenenue

f(x)=x-cosx=0. (16)

{llokazamo, umo oHo umeem eGuUHCMEEHHBIE KOpeHb, U Haumu e2o
npUbAUNCEHHOE 3HAYEHUE C NOMOWbIO Memooad GUAKU.
B nanHoM ciiyyae

f0)=-1<0, f()=1-cosl>0, (17)

f(x)=1+sinx>0, 0<x<]. (18)

Hepagencrea (17) rosopsr o ToM, 4ytO ypaBHeHue (16) Mmeer
KOpHH. YCI0BHE MOHOTOHHOCTU (yHKUMH f(x) (18) o3HauaerT,
YTO KOPeHb eMUHCTBeHHbIA. Pe3ynbrarsl, CBI3aHHEBIE ¢ 12-Kpar-
HBIM AeneHueM oTpeska [0, 1] mononaM, npuseneHs! B Taba. 2.1.
OHH onpedeIsiioT KOPeHb ¢ TOYHOCTBIO g= (1/2)12 <0,00025 .
M cKOMBIN KOpEeHBb ¢ MPHHALIEXUT OTPE3KY

[0,739013671875, 0,739257812500].
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Ot16paceiBasg 3HAKM, JexXallMe 32 MPeIe/IoM JOCTUTHYTON TOYHO-
CTH, TTOJIYYIHM

0,73901 < ¢ < 0,73926.

I'padux dyukuuu (16), WLTIOCTPUPYIOLIME pa3oOpaHHBIA IIPH-
Mep, IpMBeReH Ha puc. 2.1.

05+

Puc. 2.1. Ipagux giynxyuu f(x)=x-cosx

2.2. METOJI UTEPAIIMHA
(MeTOA moOCJeAOBATENbHBIX NPHOIHKEHMI)

PaccMOTpUM ellle OOMH YUCASHHBIA METOM pElIeHUs YPaB-
Heduit. [IpeAnonoxuM, 4TO ypaBHEHHE MOXHO 3aIIMCATh B BUJIE

x=(x). (19)
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Bo3pMmem NPOU3BOJBHYIO TOYKY Xy M3 obnactun OIIpEACIICHUA

bynkumn ¢(x) ¥ GyaeM CTPOMTH MOCIENOBATEILHOCTE YMCEI
{x,,}, oIpeneIeHHbIX C TOMOLIBIO PEKYPPEHTHON (hopMyIbI

Xn41 = (p(xn)‘ (20)

ITocnenoBartenpHOCTD {Xx,} Ha3bIBaeTcst umepayuonnoii. Ilpu ee
HM3y4YEeHMH BO3HUKAIOT JABA BOMPOCA:

1. Moxcro au npoyecc nocmpoenus nocaedosamenvrnocmu {X,}
npodoaXcams HeoepaHuveHHo, m.e. 6yoym au 3mu Hucaq npuHao-

nexcams obnacmu onpedesenus gynkyuu ¢(x)?

2. Ecau umepayuonnas nocaedosameavrocms (20) beckoneu-
Ha, mo kak eedym cebs ee 4AeHbl NPU 1 — oo !

OtBeT Ha 00a BOIpOCA JaeT CJEAYIOLIAs TeopeMa.

TeopeMa 0 CX0AMMOCTH HTEPANMOHHON IOCJIEI0BATEIBHOCTH.

IIycmb ¢ — Kopens ypasnenus (19) u nycmo gynkyus ¢(x) ydos-
nemeopsiem Ha ompeske [c—38,c+8] ycaoeuro Jlunwuya ¢ kow-
cmanmoii L <1

2= nl=lo(xy) - o(x)|s Lx, ~x| ¥x, xy e [e=8,c+8]. (21)

Toe0a npu awbom evibope X, Ha ompeske [c—3,c+8]| cywecmay-

em becKoneuHas umepayuonnaa nocaedogamenvrocms {x,} (20),
cxodawasca K kopHio ypaexernus (19) x =c. Imom kopeHv a643-

emcs eduncmeeHHbM Ha ompeske [c—38, ¢ +8].
HanmoMHUM U3BeCTHBIN GaKT U3 MATEMATUUYECKOrOo aHATH3A:
BBINIOJIHEHHME ycinoBus Jlumuvua (21) Oyner 3aBeoMo odecrieye-

HO, €CJT¥ TIPEAIOJIOKUTh, YTO (GYHKIUMs @(X) MMeeT Ha OTpe3Ke
[c-8, c+3] HenpepriBHYIO NPOU3BOAHYIO ¢'(X), MOAYIH KOTO-
pOif MEHBINE EIUHHUIIBL: {(p'(x)f <m<1. B aTOM ciiyyae COTacHO
dopmysie KOHEUHbIX TIpupateHuit Jlarpanxa OyaeMm UMETh

2= n|=]0' (€) (% - x )| < mly = | (22)

MBI IOJTyYUJIM HEPABEHCTBO ¢ KOHCcTaHTo# Jiunuuua L =m.
ITocne aToro 3aMedaHus MmepeineM K J0Ka3aTelbCTBY Teope-

MbL. Uncio ¢ sBisieTcs KopHeM ypasHenus (19), tak uro ¢=¢(c).
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Bo3bMeM IPOM3BONIBHYIO TOUKY X, Ha OTpe3ke [c—5, c+8]. OHa
OTCTOMT OT TOYKM ¢ He BoJiblue 4eM Ha O ]xo —c| <9.

Beruvcnum X =@(X; ). Tlpu 3TOM Gynem MMeTb

|x —c|=1(p(x0)—(p(c)|sL|x0—c[SLS. (23)

HepaBencTBo (23) nokaselBaeT, YTO TOYKA X; MPUHAMIEKMUT OT-
pe3ky [¢-3, c+38] u pacnionoxeHa B1MXe K TOUKe C, 4eM Xy-

I[1ponomkuM nocTpoeHUe WIepalOHHON NOCAEA0BATEIbHO-
ctu. Bouneanm x, =¢(x,) . pu atom

%~ =,(p(x])—(p(c)| < Llx —d<I?|xy - < 1%

Touka x, TOXe NPUHAVIEXUT OTPe3Ky [c~ 3§, ¢ +8] u pacronoxe-
Ha Ommxe K Touke ¢, 4yeM x;. Ha BTOpO#i MTepaumu Mbl OISITH
NIpUOIU3WIHCE K C.

[To MHAYKUMHU IeTKO I0KA3aTh, YTO BCE MOCHCAYIOUIMUE UTE-
PAalMHU TAKXKE CYLIECTBYIOT U YIOBIECTBOPAIOT HEPABEHCTBAM

|x, — < L7|xy - | < LS. (24)
Orcrona cneayer, 4To

lim (x,-c)=0, 1. limx, =c. (2%
N—yco N—>oo

HaMm ocraeTcsl 10Ka3aTh, 4TO KOPEHb X = ¢ ABASETCA €IUH-
CTBEHHBIM pelueHueM ypaBHeHus (19) Ha orpeske [c—8, c+8].

JeHCTBUTENBbHO, MPENIONIOXUM, YTO CYIIECTBYET ellle OAUH KO-
peHb X =c¢;:

q=0(¢), c-8<¢ <c+d. (26)

[Mpumem c; 3a Hynesoe npubaukenue u 6yaeM CTPOUTH MTEpPa-
UMOHHYK nocieaoBareasHocTh (20). C yuerom (26) nosyuyum
x,=cy;, n=0,1,2,... C npyroit CTOpoHBI, II0 JAOKa3aHHOMY
lim x, =c, T.e. ¢; = ¢. HuKakux Ipyrux peuieHui, Kpome x =,

n—yoo
YPaBHCHHE HA pacCMaTpyvBacMOM OTPE3KE HE MMCECT.
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JloxasaHHas TeopeMa MMEET IPOCTOoit cMbIca. Bynem roso-
puTh, yT0 QYHKIMS ¢(X) OCYUIECTBIAET OTOOPAXEHUE TOUKHU X

oTpeska [c~3, c+38] Ha Touky y=¢(x). Paccmotpum mapy To-
YeK X, X, ¥ ux obpassl y;, y,. Ycnosue Jlunmmuua (21) npuso-
IUT K TOMY, 9TO PAacCTOSHHUE MexXay 00pa3aMy OKa3BIBAETCS
MEHBbIIE PACCTOSTHUSI MEXIY UCXOTHBIMU TOUKAMH, T.€. 0TOGpa-

XKCHHE Y —’—‘(P(X) ABCTCSA CXKMMAaIOIUM. KOpeHb C — HEIIOABHX-

Hast TouKa orobpaxeHus: ¢=@(c). B pesyasTaTe KaXublil [ar B
WTEpAIIMOHHOM I[IPOLIECCE, CXKUMAsA pacCTOSHHE, NMPUOIMKaeT
OYEpENHYIO UTEPAIINIO K KOPHIO.

IleHTpanpHasg uaess MeTOdAa UTEpALIMI — CXMUMAIOIIHE OTO-
OpaxeHus — SIBIseTCA BecbMa obiuei. Hanmpumep, oxHo U3 no-
Ka3aTeJbCTB TEOPEMBI CYLIECTBOBAHHS M €TUHCTBEHHOCTU pelie-
HuA 3aga4yu KoM 1is1i 06bIKHOBEHHBIX AUMPEepeHIIHATbHBIX
YpaBHEHUH OCHOBAHO Ha METOAE [OCHAeHOBATEILHBIX PUOIHXKE-
HUH B YCJIOBUSIX, KOIIa AEHCTBYET MPUHLIUIT CXUMAIOIUX OTO-
Opaxenuil. 11 MHOTHX CIOXHBIX HEJIMHENHBIX 3a/a4 ITPUHIIATT
CXUMAIOIIUX OTOOpPAXEHUHN OKA3BIBAETCS OCHOBHEIM METOIOM
HCCAENOBAHUS.

3agava 2. 3anucams ypasnenue (16) ¢ euoe

X=CO0SX 27

U Haiimu npubauxdceHHoe 3HAYeHUe e20 KOPHA MemodoM umepayui.

B nanHOM cnydae @(x)=cosx, ¢’(x)=-sinx. Ha orpeske
[0, 1], Ha XOTOPOM pacHoOJIOXeH KOpeHb ypaBHeHus (27), ans
MOJYJA NMPOM3BOIHOM CIIpaBeIIMBa OLEHKA (p’(x)| <sinl<0,85.
OHa obecrneynBaeT BHINOIHEHUE YCIOBUA JIMITUIMIIA ¢ KOHCTaH-
toit JIummmuua L = 0,85,

Pe3ynbTaThl BBEIYMCIACHHM [0 peKyppeHTHOH ¢opmyne
X,.] =COSX, NaHbl B Tabnx. 2.2. 3a HyjIeBOe NPUOIMXKEHHUE BBIO-
paHa cpelHssl TouKa orpe3ka xy=0,5. i1 ynobecTa aHanuaa
HUTEPALIMOHHOM MOCIIETOBATEIBHOCTH €€ WIEHBI PACIIOIOXEHHI 110
IBa B CTpokKe. B pesynbrate 00pa3oBajvcCh CTOJAOLBI YICHOB C
YEeTHBIMM ¥ HeYeTHBLIMH HoMepaMu. CpaBHHBAsI MX MeXIY CODOI,
BUIMM, YTO YETHBIC YIEHBEl MEHBIIE HEUETHBIX. UTEPAIIMOHHAS
IOCJIEA0BATEIbHOCTh «CKA4YeT» TO BBEPX, TO BHM3. C BO3pacTa-
HUEM HOMEpa YETHBIC YICHB! NOCIETOBATEILHOCTH BO3PaCTaIoT,
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Tabnuna 2.2

n Xon Xon+1

0 0,500000000000 0,877582561890
1 0,639012494165 0,802685100682
2 0,694778026788 0,768195831282
3 0,719165445942 0,752355759422
4 0,730081063138 0,745120341351
5 0,735006309015 0,741826522643
6 0,737235725442 0,740329651878
7 0,738246238332 0,739649962770
8 0,738704539357 0,739341452281
9 0,738912449332 0,739201444136

a HeyeTHhIe yOBIBAIOT, MpUOIMXKASICh APYT K Apyry. Taxkoe mogse-
JIEHUE TIOCIeNOBATeIBHOCTH 03HAY4eT, YTO KOpeHb YpaBHEHUS
JIEXUT MeXAY HUMH. YeTHbIE YWIEHBI JA0T €ro 3Ha4eHue ¢ He-
JIOCTATKOM, HEUYETHBIE — C U3OBITKOM. JTO MO3BOJISIET JIETKO KOH-
TPOJIUPOBATH TOYHOCTh, JOCTUTHYTYIO TOCE JIIOOOro 4ucia ute-
paluii; NOrpeuIHOCTh HE NPEBBIIIAET PA3HOCTH MEXAYy Hocie-
JTHUM HEYETHBIM M YEeTHBIM WieHaMHU. MBI OCTAHOBHJIM IIPOLIECC
BBIMHCIEHUH Ha 19-#1 urepallud H MOXEM Haucarh IJIs KOPHS
¢ IBOVIHOE HEPABEHCTRO

Xy =0,738912449332 < ¢ < x;9 =0,739201444135

uin, otOpacheiBas JIMLIIHKE NeCATUYHbIC 3HAKHU,
0,73891<¢c<0,73921.

Takum 06pa30M, YJICHBI HTCpaHYIOHHOﬁ nmocnea0BaTe/JIbHOC -
TH X3 U X19 ONPENCTAIOT ¢ C HEAOCTATKOM H € H3OBITKOM C T10-
IPEIIHOCTLHI0, KOTOPasi HE NMPEBBIMIACT PAZHOCTH X;q9 — X)g:

£< A19 =x19 "xlg <0,0003

TouHocTs, mocturHyras nociae 19 urepanuii, npUuMEpHO COOT-
BETCTBYET TOYHOCTM 12 miaroB merona Buiikd. Ilpuumnza Ttakoro

63



pazniuyus sicHa. B 0boux MeTogax morpenrHocTh yObIBAET 1O 3a-
KOHY TeOMETpUYECKOH nporpeccuu. i MeTONa BUJIKK 3HaMe-
HaTesb nporpeccuu pasen 1/2. OH He 3aBUCUT OT BUAA (PyHK-
uuy f(x). Jlnsg MeTona utepalmii 3HaMeHaTe b [IPOrPECCHU PaBeH
koHcraHTe Jlummuua. B paccmarpusaemom mpumepe L =0,85.
[ToaTOMY CKOPOCTH CXOTUMOCTH METOJIa UTEPAlVi OKA3hIBAETCS
HUXE CKOPOCTU CXOAMMOCTH METOAA BHJIKU. MeTon MTepanuit
HMEeT IPEUMYIECTBO MEepe]l METOJIOM BWIKU B CKOPOCTH CXOIH-
MOCTH ToJbKO Tnpu L < 1/2.

2.3. METO/I KACATEJIbBHBIX (meton Heiotona)

Meron KacaTenbHBIX, CBA3aHHLIA ¢ MeHeM HruioToHa, SIB-
JifeTCs OJHUM M3 Haubojee 3¢h(EeKTUBHBIX YUCIEHHBIX METOIOB
peureHust ypasHenuii. Maes metona oueHs npocrta. Ilpeamnoso-
XUM, 4yTO QYHKIHS f(Xx), UMeoIllasl KOpeHb ¢ Ha OTpe3ke [a, b],

IuddepeHIIMpYEMa Ha 3TOM OTPE3Ke U €€ NPOU3BOAHAas f'(x) He
oOpamraeTcss Ha HEM B HYyJlb. BO3bMeM MPOU3BOJLHYIO TOUYKY
Xy € [a, b] u 3anmumiem ypaBHeHHMe KacaTelbHOMN K rpaduky yH-
Kuud f(x) B 3TO# TOUKe:

y=[)+ ) (x - xq)- (28)

I'paduku GyHKUNK U ee KacaTeJbHOU OIM3KH OKOJO TO4Y-
KM KacaHusi, TI03TOMY €CTECTBEHHO OXMAATH, UTO TOYKa X Te-
pecedeHus KacaTeJlbHO! € OChblo OYAET pacIioioXeHa HeAIeKOo
oT KOpHA ¢ (puc. 2.2). Ing onpeneneHUs TOUKA X; UMEEM ypas-
HEHHE

FO)+ f ) (% - x) =0,

COrlIaCHO KOTOpOMY
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Puc. 2.2. ITocmpoenue nocaedogamenvrnocmu {x,}
no Memody KacamensHbix

IToBTOPHM MpoOnEIAHHYIO MPOLEAYPY: HANUILIEM YpaBHEHHE
KacaTeJIbHOH K rpaduKy QyHKUMH f(x) B TOUKE X| M HaWNeM WA
HEE TOYKY TIEPECEUEHHUST Xy C OChIO X (CM. puc. 2.2):

/(%)

f'(x)

TIpozxonxas 9TOT mpouece, MoayYaeM I10CIeN0BATENbHOCTD {X,},
OMNpeaeNeHHYIO C TOMOUIBIO PEKYPPEHTHON (DOPMYJIHI

X2=xl—

=x, - /{ ,((x"). (29)
X,)

Ilpu ee uccienoBaHUHM, KaK U NPH HCCIEJOBAHUM ITOCACHOBA-
tenbHOCTH (20) MeTOMA UTEepalvii, BO3HUKAIOT JBa BOIIPOCA.

1. Moxcno au npoyecc gvivucaenus uucea {x,} no pexyppenm-
Holi popmyse (29) npodoamcams HeoepanuyenHo, m.e. 6yoym au
amu yucaa npuxadaexcams ompesky |a, bl?

2. Ecau npouecc (29) beckoneuen, mo xak sedem cebs nocie-
dosamensHocmy {X,} npu n-—oo?

Xn+l
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Ilpr aHanu3e 3THUX BOIPOCOB NPEAIIONOXKUM, YTO KOPEHD
X = ¢ IBAsACTCS BHYTPeHHEH TOYKOM oTpe3ka [a, b], a byHkums
f(x) aBaxawl HEMpephIBHO TU(depeHUpYyeMa HA JAHHOM OTpe3-
Ke, MPAYEM €€ MPOU3BOIHBIE YAOBIETBOPSIOT HEPABEHCTBAM

|/ )| zm>0, |f(x)|<M, xela,b] (30)

Cnenyetr oGpaTUTh BHUMAHUE HA TO, YTO B HEPABEHCTBAX BEIM-
YMHA m JaeT OLEHKY MOAYJIA NEPBON NPOU3BOAHON f'(x) cHHU-

3y, a BenM4rMHa M — OoUeHKY MOJY/Isl BTOPOUM MTPOU3BOAHON f(x)
CBEpXY.

TeopemMa 0 CXOAMMOCTH MeTO0Ja KacateJbHbIX. Eciu ynkuus
f(x) ydosaemsopsem copmyrupoeanusbim ycaosusm, mo Habdem-
ca makoe &: 0<d<min(c—a, b—c), umo npu awbom evibope Ha-
¥a1bHO20 npubauxcenus X, na ompeske [c—8,c+8]c|a, b] cywe-
cmeyem OecKOHeuHas umepayuonHas nocaedosamenvrhocms (29) u
ama nocaedoeamenbHoCms CX00UMcs K KOPHIO C.

B cuny npennionoxenus: o quddepeBIMPYyeMOCTH (BYyHKIIMH
f(x) ¥ HepaBEeHCTBE HYIIO ee IMPOU3BOAHON ypaBHeHHe (1) 3KBU-
BAJIEHTHO Ha oTpe3Ke [a, b] ypaBHEHUIO

x=¢(x), (31)

rae @(x)=x-f(x)/f'(x), TaK 4TO KOPEHb X =C MCXOLHOTO

YPaBHCHUS SIBJASETCS OJAHOBPEMEHHO KOpHEM ypaBHeHus (31).
HccnenyeM BO3MOXHOCTb OTBICKaHUSI 3TOI0 KOPHS C [OMOIUBIO
METOIA UTEpaLMi.

BBIYHCIMM M OLIEHUM [TPOU3BOAHYI0 GyHKuuU ¢(x) (31):

() =7 () () 1)/ (x)
(£ (@) 32

¢ (x)=1-

¥ (o) s 2517 () (33)

Terepb BOCTIONB3YEMCSI HETIPEPHIBHOCTLIO BYHKILIMK f(X) U ee pa-
BEHCTBOM HYJIIO B TOUKe x =c¢. Bo3pMeM e= m2/ (2M) . Ins nan-
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HOTO € MOXHO yka3arh takoe &: 0<d<min(c—a, b—c), 4to
st Beex xe [c~8, c+38] OydeT BBITOIHATHCS HEPABEHCTBO

|7 ()= £ (e)=|f (x)se=m*/(201). (34)
YuurwiBas 3TO, MOJy4acM OKOHYATCJIbHYIO OLEHKY MPOHU3BOAHOM:
lo'(x)|<1/2, c-8<x<c+8d. (35)

B coorBercTBMM C pe3yabraTaMH NMpeabIIyIero naparpacda
HepaBeHCTBO (35) o3HayaeT, yTo ypaBHeHHe (31) MOXHO peuiaTh
METONOM HTEPALIMiA: TP J1060M BBIOOPE HYJNEROTO MPUOIDKEHUS
Ha OTpe3Ke [c—3&, c+8] cymecTByeT GeCcKOHEUHAs IOCNENI0Ba-
TeapHOCTh (20), cxomgmasicd K KopHIO x =c¢. HaMm ocraercs
TOJBKO 3a3METUTh, YTO UTEPALIMOHHOH I10CIEI0BATENBHOCTRIO IS
ypaBHeHMs (31) gBNgeTCa IOCHEROBATEIbHOCTD (29) MeTona Ka-
caTeNbHBIX.

TpeGoBanue 6IU30CTH HYJIEBOI'O MPUOIHXEHUS K UCKOMO-
MY KOPHIO X = ¢ ABJIAETCA CYIIECTBEHHBIM /I METOAA KacaTeb-
Hbix. Ha puc. 2.3 usobpaxen rpaduk Toit xe dpyHKIMH f(X), 4TO
M Ha puc. 2.2, 0HAKO X BLIOpaHO Jalblle OT KOPHA X = C, YEM

yi

////////////////////////////

X
xo X

/

N

Puc. 2.3. Cayuaii, koeda npoyecc nocmpoenus nocaedosamensviocmu (X,
06pbisaemcs u3-3a nAoX020 8bi00pa HyAe8020 NPUOAUICEHUA
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B IIEpBOM ciiy4ae. B pesynbTaTe mociie mepBoro Imara mojy4yaet-
Cst TOYKA X;, KOTOPast He MPUHAIUIEXUT UCXOIHOMY OTDE3KY [a, b,
U TIPOLIECC TTOCTPOCHUS PEKYPPEHTHOM MOCIEAOBATEIBHOCTH 00-
phiBaeTcsi. TakuM oOpasoM, ISl [IPaBUIIPHOIO BEIOOpa HY/IEBOIO
npubanXeHUst HyKHO elle N0 Hayaja pacyeToB 3HATh 00JIACTh
JIOKaJIU3aUMU UCKOMOro KOpHS x = c¢. B cnydae Heob6xomumMocTu
€€ MOXHO YTOYHHUThH € IIOMOIIBIO HECKOJNBKMX 1IArOB IIO0 METOmy
BWJIKHM. 3aTPYAHCHUS, CBSI3aHHbBIE C IMPEABAPUTEILHEIM HUCCAENO-
BaHUEM YpPABHEHWUS, BIIOJIHE OKYIIAIOTCS BBICOKOM CKOPOCTBIO
CXOAMMOCTH METOJa KacaTe/IbHbIX.

3anava 3. Haiimu npubauxcennoe 3Ha4eHue KOPHA YDABHEHUsA
(16) memodom xacamenvibix.

PexyppenTHas opMyna MeTola KacaTelbHBIX MPUHUMAET B
JAHHOM cJTydae BHI

Xy =y = (36)
l+sinx,

BribepeM, Kak ¥ I METOAA MTEpallMii, B KauyeCcTBe HYJIEBOrO
npubmuxeHus xy = 0,5 U noacyurtaeM cienyonme npubInxke-
HUsI. Pe3ybTaThl BHIYMCICHMI NprBeneHsbl B Taba. 2.3. MBI BU-
MM, 9YTO, HAYUHAs ¢ HoOMepa 1 = 1, mocne oBaTebHOCTb YOBI-
BaeT, NpubIUXasich K KOpHIO x =c cBepxy. Ilocne uerBeproro
1iara Mpolecc «OCTAHABIMBAETCSI»; TIATasi UTepaLUs NaeT TOT Xe
pe3ynbrar. [IpryrHa 3TOro SBICHHUS 3aKITIOYAETCS B CJEIYIOHIEM.
Pacuetsl Benytcst ¢ 12 necaruyHbIMM 3HakKamMu. Korma norperni-
HOCTB OKa3bIBaeTcsi MeHblite 10712 cTaHOBUTCS HEBO3MOXKHO Y/IO-
Tabnuua 2.3 BUTb PA3HULY MEXIOY X, U X, 11,

JIEXallylo 3a IpeaesiaMy OIuG-

n X, KW OKPYIJICHUS.
IIpuBeaeHHBIII  MpUMeEp

0 0,500000000000 MMOKA3bIBAET OYEHBb BBLICOKYIO
1 0755222417106 CKOpPOCTb CXOIMMOCTH METona
’ Hriotona. ITocae aAByx 1maros

2 0,739141666150 Mbl IOCTHIJIHM ToyHOCTH 104,
3 0,739085133921 3TO JIyyllle pe3yabTaToB, KOTO-
4 0739085133215 pble OBUTH MOJYYECHBI METOIOM
BWJIKM Ha JAEBSTOM llIare M me-

3 0,739085133215 TOOOM UTEpAlIMiA Ha NCBATHA-
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uatoM niare. Ilocse YeThipex 1IaroB NOTPENIHOCTL B Onpeaese-
HMM KOpHS coctasuna 10712,

3anaya 4. Paccmompems ewuucaenue Ja kak 3adauy peuie-
HUS YpasHeHus

x2-a=0 (37)

6 obaacmu x > 0. Hanucamv oasn evruucaenus kophs ypasHerus (37)
X=~a umepauuonuyio nocaedogamenpbHocms no Memody Kaca-
menvubix. Borucaums ¢ ee nomousio 2 .

PexyppentHas cdopmyna MeTona kacaTeapHbIx (29) mis ypas-
HeHus (37) NpUHUMAET BUA

R St | (Y (38)

ntl T n T 5T

2x, 2 X,

OHa onpenesyisieT MOHOTOHHO YOBIBAIOLIYIO TTOCIEIOBATEIBHOCTD,
CXOMSIIYIOCS K va CBEpXY.

IlepeitneM Ko BTOpOH 4acTH 3ajaHus. HamoMHHM, 4TO

V2 = 1,414214 . Beibupasa xy = 2, caenaeM HECKOIBKO MTEpalui
o dopmyie (38):

x0=2,
X1=1,5,
{3 4
=12, 2021 416666,
2 2(2%} !
x5 = (7220 1 414016,
2112 17

TpeTbst UTEpALHst OTPeAesieT 2 ¢ MOrPEIHOCTBIO A = J2- Xy =
=-0,000002 . Pacyer mo dopmyne (38) MHOro mpoiie BEIUUCIE-

HUA \/E 10 IIKOJIBHOMY &JIFOPUTMY ITOCAENOBATCIBHOTO ONIPEIAC-
JIEHUA JCCATUYHBIX 3HAKOB.
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2.4. 3AKIIOYUTEJIBHBIE 3AMEYAHUSA

Mbl mo3HAKOMIIMCE C TPEMSI METOIAMM YMCIEHHOIO pelile-
HUA YPAaBHCHUM, Hapsay C HUMM CYLIECTBYIOT €UI€ HECKOJIbKO
METOJ0B, Ha KOTOPHIX MBI HE OCTAHABJIMBATUCH. CUTyauus, KOTI-
[1a OJHY U TY X€ MaTeMaTH4YecKyI10 3a1a4y MOXHO pemarhb ¢ Io-
MOIIBIO Pa3HBIX METONOB, ABNSIETCA HOBOJLHO THIMHYHON. B Ta-
KHX CJTy4asiX €CTECTBEHHO BO3SHHMKAeT HEOOXOMUMOCTb CPABHEHMS
MX MeXHy Coboi.

Ilpu oneHke 3¢ PeKTUBHOCTH YHMCIECHHBIX METOIOB CYILE-
CTBCHHOE 3HAaUYECHUE UMEIOT pa3IMuYHbIe CBOMCTBA: 1) yHUBEpCAIb-
HOCTB; 2) HpOCTOTa OPraHU3allMM BBIYMCIMTEIBHOIO Mpoilecca U
KOHTPOJIst TOYHOCTH; 3) CKOPOCTH CXOMMMOCTH.

ITocMOTpUM C 3TOW TOYKH 3pEHMS Ha pa30OpaHHBIE METOIBI
pEeUIEHUsT YpaBHEHUH.

1. Haubonee yHHUBepCANIBHBEIM SABISETCS METON BWIKHU: OH
TpeOyeT TONMLKO HETIPePHBHOCTH DYHKIUH f(x). [Ba Opyrux me-
TOAAa HAKJIaAbIBAIOT OoJjiee KECTKHE OorpaHudeHus. Bo MHOrux
CAYYasix 3TO IPEUMYLIECTBO METOAA BUJIKH MOXET UMETh CyLIE-
CTBEHHOE 3HauYyeHHE.

2. C TOYKM 3peHHs OpraHU3alMy BEIYHUCIUTEIBHOTO IIPOLIEC-
ca BCe TPH MeTolIa O4eHb MpOcTh. OIHAKO U 3[eCh METON BUII-
KU 00J1a7aeT ONpeacieHHMHU IIPEUMYIIECTBAMHU: BBIYUCICHUSN
MOXHO HaYyMHaTh ¢ Joboro orpeska [a, b}, Ha KOHIIaX KOTOPO-
ro ¢pyHKIM f(x) TpUHUMAET 3HAYEeHMs pa3HbIX 3HaKoB. [Ipouecc
OyZIeT CXOOUTHCS K KOPHIO YPaBHEHUS, IIpUYEeM Ha KaXOOM Liare
OH J1aeT IBYCTOPOHHIOK OLIEHKY, IO KOTOPOU JIEFKO KOHTPOJIH~
pOBaTh AJOCTUTHYTYIO TOYHOCTh. CXOOUMOCTH X€ METOIA UTEPa-
LIMHA ¥ KacaTeJIbHbIX 3aBUCUT OT TOr0, HACKOJbKO YAAYHO BBIO-
paHO HyJIeBOE MPUOIMXEHHE.

3. Haubonpie#i CKOpPOCTBIO CXOAUMOCTH 00agaeT METOXN
KacaTeabHbIX. B ciyyae, korna moxcyer 3HauyeHUH GyHKUMHA f(X)
CJIOXEH U TpeOyeT CYIIEeCTBEHHBIX 3aTPAT MAIIMHHOTO BPEMECHHU,
3TO MPEUMYIIECTBO CTAHOBUTCS OMNPEICHASIONIMM.

HTtak, MBI BUIMM, YTO OTBET HA BOTIPOC O HAUJYYIIEM YUC-
JICHHOM METOJle pelieHUs] ypaBHeHUH HeomHo3HadyeH. OH cyle-
CTBEHHO 3aBMCHT OT TOTO, KaKylo JOIOJHHUTENbHYIO HHbOpMa-
o 0 QYHKUUH f(X) MBI UMEEM U B COOTBETCTBUM C 3TUM Ka-
KHM CBOMCTBAM MeETONA NpUAdeM HaUOOJbIIee 3HAYEHUE,
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I'nasa 3. )
INPUBJINXKXEHUE ®YHKIIMU

ITycts Ha oTpeske [a, b} onpeneneHa HekoTopas (QyHKIIMA
y = f(x), ooHaKo noyiHasg uHGopMauus o Heil HeaocTynHa. U3-
BECTHBI JIMILB €€ 3HAUYEHUs B KOHEUHOM YMCNIE TOUEK X,, X,---» X,
3TOTO OTpe3Ka, KOTOphle 6ydeM CYHTATh 33HYMEPOBAHHBIMU B
MOpPSAKE BO3PACTAHUA:

A< Xy <X <. <X <Xy <. X, <h (N
TpebyeTcs 110 M3BECTHBIM 3HAYEHHUSIM
y[=f(xi)’ i:07 1,“-: n) (2)

«BOCCTAHOBUTB», XOTsI ObI NMPUOIMKEHHO, UCXOAHYIO (PYHKUIUIO
y = f(x), T.e. IOCTpOUTH Ha oTpe3ke [a, b] dyHkuMwo F(x), 10-
CTATOYHO OJU3KYI0 K f(x). OyHKUMO F(X) NPUHATO HA3BIBATH
uHmepnoaupywoujeil, TOUKU X=Xy, X=Xy,...X=X, — y31aMU UH-
meproAsyul.

TTono6OHble 3agaYyu YaCTO BO3HMKAIOT HA MPAaKTUKE, HAMPHU-
Mep npu 00paboTKe IKCIEPUMEHTANBHBIX JAHHBIX, KOra 3Haue-
HHE MEpEeMEHHOM y, 3aBUCAILICH OT X, U3MEPSIETCS B KOHEYHOM

uMcie ToueK ;¢ y; = f(x;), i=0,1, ..., n, uau npu pa6ote c Ta6-

JINYHBIMH QYHKLMSIMH, €CIY TPEOYeTCS BEIYUCINTEL y = f(x) NpHU
3HAYCHUSIX apryMeHTa, He COBIIAJAIONIETO HU C OOHUM U3 Tab-
JTUYHBIX X;.

TocTaBneHHbIN BhILE B 001IeH (hopMe BOIIPOC O NpUbIMKe-
HUM QYHKUHWHA ABISCTCA NOCTATOYHO CMOXHBIM. CyHIEeCTBYET He
ONUH TIOAXOM K ero pemteHnio. OrpaHuumMcs M3IOXEHHEM TPEX
Haubosee pacrpoCTPaHEHHBIX METOIOB.
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3.1. MHTEPIIOJMPOBAHUE

3.1.1. Knaccuyeckas NOCTAHOBKZ 3334
MHTEPHOJHMPOBAHUS

BriGepem HekoTOopylo cucremy GyHkuui ¢y(x), ¢(x),...,
9,(x), 3amaHHBIX Ha oTpe3ke [a, b}, u Gynem cTpouTh F(x) Kak
UX JMHCHHYI0 KOMOMHALIUIO:

F(x)=Y ¢g;(x), A3)
i=0

1€ YMCHOBbIE KO3IPGUIUMEHTH ¢;, i =0, 1,..., n, moanexar on-
peIeNieHUIO COIJIACHO YCIOBHSM

F(xj)=f(xj), j=0,1..,n 4)

PaBeHcTBa (4) npencraBisiioT cobOi CUCTEMY IMHEWHEIX anreo-
PanYECKUX YPaBHEHUN OTHOCUTENBHO KOIQPHULUEHTOB C; :

n
Y o(x)=f(x;), =0,1,...,m,
i=0

HJIM B Pa3BCPHYTOM BHAC!:

Co®o(Xg) + €91 (xg) +...+¢,0,,(x5) = [ (xg),
P (X)) + ¢y (X + ...+ ¢,0,() = f(x)),

: (5)

cPo(x,) + 0 (x,) +...+c,0,(x,) = f(x,).

Hns roro 41066 KO3dduuueHtr ¢;, i =0, 1,..., n, MOXHO

OBLIO OIIPEAECTUTh, U IIPUTOM €IMHCTBEHHBIM 00pa3oM, HeobXxo-

JUMO M JOCTATOYHO, YTOOBI OMpPEACTUTEND TOJNYYEHHOU CUCTe-
MBI IMHECWHBIX YPABHCHUM OBLIT OTJIMYEH OT HYJNA:

9o(xg)  01(x) ... (Pn(x())

As ‘Po(:xl) q’l(:xl) (pn(xl);éo_ 6)

(90(.xn) (pl(.xn) (pn(xn)
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Onpenenenue. Cucmema gynkyuit ¢,(x), i=0,1,..., n, ydos-
AEMBOPAIOWAS NPU PUKCUPOGanHbix 3Hayenusx x;, j=0,1,..,n,
yeaosuro (6), Hasbieaemces weOblue8cKoll.

OueBUIHO, YTO UIS OJHO3HAYHOM pAa3peliMMOCTH 334ayu
WHTEPITONUPOBAHUS B KJIACCUUYECKOH TTOCTAHOBKE HEOOXOAMMO U

AOCTAaTOYHO, YTOObI cHcTeMa GyHKIMA @, (x), i=0,1,..., n, Obna

yebniieBcKo. Toabko Takue cucteMbl QYHKUMN U OyaeM HcC-
I10JIB30BaTh B 3TOM riaBe. HeoOXOOUMEIM yCNOBHEM TIPHMHAITIEXK -

HOCTH cucTeMsl QyHKImMiA @;(x), i=0,1,..., n, K YeOBIICBCKOH

SIBIISIETCS WX JIMHEHHAas He3aBUCHMOCTh. OAHAKO 3TO YCIIOBHE HE
SIBIIETCH JOCTATOYHBIM. HaanMep, 1A CUCTEMBI U3 OBYX JIMHEH-~

HO HE3aBUCUMBIX QYHKIMHI @q(x)=sinx, ¢;(x)=cosx c y3namu

HHTEPIOJAIHUHN Xy = 0, X; =T OIpCIC/IUTEb

_sinxo 08 X _10 1

=0
o

~lsinx;  cosx,

¥ JaHHas cucTeMa DYHKUMH NMPU BHIOPAHHBIX 3HAYEHUAX Xy U X,
HE SBISIETCS YeOBIIEBCKOM.

3.1.2. HHrepnoaMpoBaHHe NMOJTHHOMAMH

Ilpu mocrpoeHuu uHTeprnonupyloweit yHkuuu F(x) B BUIe
(3) dyskuMK ©;(x), ecTeCTBEeHHO, BHIOMPAIOTCS! TAKMMH, YTOORI
UX BBIYUCIIEHUE OBLIO NPOCThIM. B 4aCTHOCTH, IUIUPOKOE PACIIPO-
CTpaHEHME TIOJYYUIIO HHTEPIIOJUPOBAHUE C ITOMOIIBIO CTEIEH-
HBIX QYHKIIMH:
() =1 g ()=x @,(0)=x2,..., ¢,(x)=x".

B aToM cayuae mHTepnoaupyomas GyHKUUS PeaCTABASET CO-
DOl NMOJMHOM CTEIEHU A:

F(x)=PF,(x)= icixi @)
i=0

C HEM3BECTHBIMU Ko3(duumentamu ¢;, i =0,1,..., n.
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CornacHo paccMOTPEHHO BbIle 001IEH CXeMe [TOCTPOeHUs
HHTEPNONAUpPYIOLIEH QYHKIMU, clieayeT HoTpeboBaTh, UTOObI KO-
3¢pUIMEHTSI ¢; ¢ y4eToM (7) yLOBIETBOPSUIA CHUCTEME JIMHEHHBIX
YPaBHEHHUU

n
i=0

OnpenenuTteneM 3TOHA CHUCTEMEI ABJSETCHS OMNpeeuTe/Nb BaH-
nep-MoHna:

2
1 x x5 - x5
1 x, x* ... x!
A= : :1 :1 : :l ZH(xi—xj)'
S o i
1 x, x2 Xy

B Hauem ciy4ae 3TOT OIPEIeAUTeNb OTIMYEH OT HYJIs, TIOCKOb-
Ky, coriacHo (1), Bce y3/ibl MHTEPIIOJIMPOBAHHUS PA3IHYHbl MEXTY
coboit. Utak, UHTEPIONMPOBAHUE C IOMOUIBIO TIOTUHOMOB IIPU
CAeNaHHBIX B HA4aJe [JaBbl IPCATIONOXEHUSIX BCEra OCYLIECTBHU -
MO, U MPUTOM €OUHCTBEHHBIM 0OPa3OM.

3anaya 1. Jlocmpoums auneiinniii noaunom F(x)=cy+¢x no
3G0aHHbIM Y31GM UKMEPNOAAUUU X < X| U COOMBEMCMEYIOUUM UM
aHauenuam gynkyuu yo = f(xg) u y;=f(x)-
JluneitHas cucTeMa ypaBHEHMUIA 1UTS OTIpeleNeHUs ¢y U ¢; B
JAaHHOM CJIy4ae MMEeT BHIT
G +oxy = (%),
CO +C1xl =f(x1)
Onpenenutenb 3TOH CUCTEMBI paBeH A =X — Xy # 0. Pewus cu-
CTEMY, MOJIYYUM

c _xlf(xo)—xof(xl)_ c _f(xl)“f(xo)
0= N
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CrenoBaTesibHO,

xlf(xo) ng(xl) f(xl) f(x())

Pl() Xy — X Xy — X
1770 1740

)

IepenuineM 3TOT TOTMHOM B HECKOJIBKO Ipyroit dopMe, Belme-
B f(xy) u f(x) B KaYeCTBE MHOXMTEJIEH:

XXO

B(x)= f(x()) + f(xl)

1 X1 -

(10)

T'eomerpyueckuii 06pa3 uuTepnonupyomei pynkimu A (x) ~
MpsIMast, IPOXOASIAS Ha IUIOCKOCTH (X, y) 4epe3 TOUKM ¢ KOop-
IHHATAMH (xo, yo) u (xl, yl). YpaBHeHHe 2TOH MpPSIMOH, Haps-
ay ¢ (9) u (10), MOXHO Mepenucarbh B BUAE

f&x)-f (xg)(
X~ Xy
M3 naHHOro npuMepa BUIHO, YTO BCETHA CYIIECTBYIOT pa3-

JIMYHbBIC 3KBUBAJICHTHBIC MCXIY coboid (I)ODMLI 3aIMUCHU UHTEPIIO-
JIAHUOHHOI'0O IIOJIMHOMA, yIIOGHbIe B pa3IMYHBIX CHUTYALUAX.

y=HR)=1(x)+ xX—x)- (1D

3.1.3. TlocTpoeHse HHTEPHOJIANMOHHOTO MOJIMHOMA
B opme Jlarpanxka

W HTEPITONAUMOHHEIA TTOTHHOM MepBoi creneHH (9) MBI Tio-
CTPOMJIM, pellasi HAIpSAMYIO CUCTEMY IBYX YPaBHEHUM C ABYMS
HEU3BECTHRIMU — K03dduumeHTamu ¢y U ¢;. OOHAKO PenTh Ta-
KUM Xe oOpa3om cucremy (8) npy IMpPOU3BOIBLHOM 1 TEXHUYEC-
KH o4eHb cioxHo. [Iponie 310 caenath ¢ MOMOIIBIO CIEI[HANb-
HBIX METOAOB, YUHTHIBAXOLIMX OCOOEHHOCTH JaHHOM 3amauu. Pac-
CMOTPUM OJMH M3 TAKMX METONOB, NpUHaanexamux JarpaHxy.

IlpencraBuM UCKOMBIi monuHoM B, (x) B BUIE

P0=Y f(x)0, (), (12)

i=0
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rae Q,;(x) — TMOIMHOMBI CTETIEHU N, «OPMEHTUPOBAHHbIE» Ha

TOYKHA X; B TOM CMBICIE, 4YTO

0, 0= T i
(x) = : #1,
™ Lox=x. (13)
Taxue OJIWMHOMEL JIETKO ITOCTPOUTL!
J=n{x—x.
0,;(x)= (%) (14)
j=0 (% =%;)
J#i

WX B pa3BCPHYTOM BHIEL.

(x—x ) x-x)..(x-x,)

0 = e )=y (g = %)

o (x=xg)...(x=x;_ )x—x;,1)...(x=Xx,)
0ni(x) (x; = X))+ (% = X X = X)) (x5 = x,) (15)
0. (x)= (x=xp)(x=2x)..{x-x,_;)

d (xn—xo)(xn—xl)‘..(xn—xn_l)'
Wuorna Ham Oyner ynoGHo 3anuceiBaTh Q, ;(x) B BUIE

(x-xg)...[1]...(x-x,)
(x; = xg)..[i].. (% - x,)

0,,(x)=

N3 (12) wu (13) o4eBHIOHO, YTO MOCTPOEHHBIN ITOJUMHOM
B,(X) ne#cTBUTENBHO ABIAETCS MHTEPIONAUMOHHBIM ITOJTMHO-
MOM /sl QYHKUMM y = f(x) Ha CETKEe C y3naMu Xy, X|,..., X, .
Ero npuHSITO Ha3bIBATh UHMEPHOAAUUOHHBIM noAuHOMOM B GopMe

Jlarparxa. DTUM MMOOUYEPKUBAETCS, YTO BO3MOXHBI ¥ IPYTHE 3K-
BUBAJIEHTHBIE [IPEACTABICHUS MHTEPNOJSLIMOHHOTO MMOJMHOMAa

P (x). C onHMM U3 HUX MBI MO3HAKOMHUMCS B CIIENYIOLIEM pa3-
nene.
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B 3akumoyeHre OTMETHM, YTO U3 TpeX Pa3IMYHBIX TIPeICTaB-
JIEHAH MHTEPIIO/SILIMOHHOTO TIOJIMHOMA ITepBoit ctenenu (9)—(11)
dopmyna (10) gaer ero 3anuce B popme Jlarpanxa.

3anaua 2. Hanucams unmepnossyuoHHbIE NOAUHOM 8MODOIL
cmenenu Oi PYRKYUN Y = SIN X MO ee 3HAYeHUSIM 8 mpex MOYKAX.
X =0, x; =n/6, xy=n/2. Boruucaums c nomouypro 3mo20 noau-
HOMa npubnuxcenHoe 3HaveHue curyca @ mouke x=m/4, cpasHums
HOAYHEHHBIL pe3yabmam ¢ MOUHbIM 3HAYEeHUeM CUHYca U nodcvu-
mamb nozpewrnocms R, (n/4).

Bocnonb3yemcest [uis 3andcH 11ojldHOMa dopmynoit Jlarpan-
xa (12). B paccmarpuBaeMoM ciydae Y, =sinx; =0, noatomy B
¢opmMyJie OCTAaHYTCS TOJIHKO JIBA CIAraeMbiX, COOTBETCTBYIOIHAX
TOYKaM X; M X,. B pesynbrate moayuum

lx[x_g] x(x_g] :
X T

132(x)=E i + — =—1;2~(—2~—3x). (16)
E(“EJ E[iJ

Ilepeiinem K BLITIOTHEHHIO BTOPOM YacTH 3aJaHus. BelYHCIHUM C
FIOMOLIbLI0 MHTEPNOSILIMOHHOrO nojanHoMa (16) npubnuxeHHoe

SHAYCHHS CHMHYCa B TOUYKE X = ’n',/4 U NIOACYUTACM NOrpeCIIHOCTD:

11 ) 1 11
P22 RIZE|=—-2220,0197<0,02.
2(4] 6 2[4j 2716 ) (17

Ha puc. 3.1 npuBeneHs! 1 cpaBHeHUS rpaduxu GyHKIHM
sin x (cruiouiHast TMHMA) U P, (x) (WITpuxoBad JIMHHL).

3.1.4. HMurepnonsumoHubiii nomuom B ¢opme HploToHa

HHTepnonsuuoHHbld noauHoM B hopMe Jlarpanxa, HeCMOT-
pst Ha CBOE M3SHIECTBO, HEYIOOEH ANst BRIMMCIEHHUH TEM, UTO NIPH
YBEJTMYEHHUH YHCIIA Y3J0B UHTEPIOMSILUA TPHXOIUTCS IepecTpa-
UBATh BECh [TOJIMHOM 33HOBO.

IlepenvineM UHTEPNOMAIMOHHBIN MOJMUHOM JlarpaHxa B
MHOM, SKBUBAJICHTHOH dopme:
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1 ————

-T/6 6 /3 2

Puc. 3.1. Cpasnenue epaguxoe ynxyuu y =sin x (CHAOWHAA AUHUA)
U UHMEPnOAARUOHH020 nosunoma P, (x) (wmpuxosas aunus)

Pn(x)=PO(x)+Z(P,-(X)—P,-_l(x)), (18)
i=1

rae P(x) — nonuHomsl JlarpaHxa cTeneHu i <n, COOTBETCTBY-
I0IIME Y3/1aM MHTEPIIONUPOBAHUA X, X;,..., X;. B uacTHOCTH,

Fy(x)= f(x3) — monuHOM HyneBOU CTereHH.
HomuxoMm

0,(x)=F(x)- B_;(x) (19)

HMeeT CTeNEHb [ U IO MOCTPOeHHUI0 0o0pailaercst B HyNIb IIPU
X=Xy, X=X),..., X=X;_|, TIO3TOMY €0 MOXHO NpPEACTaBUThH B
BHIIE

Q;(x)=A;(x-xgHx—x)..(x=x;_1), (20)

rae A; — 4ucaoBo# KO3pPUUUEHT IIpK x!. TlockonbKy P_(x) He
CONEPXMT CTENEHHU I, TO A; IPOCTO COBranaeT ¢ KoapduuneH-
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ToMm npu x' B noauHome F(x) . CornacHo (12) u (15) ero Mox-
HO 3anycaTh B BUlE

A=Y A 1)
k=0 @k,
rae

O i = (% =00 ) (% = X1 ) (5 = X ) (X - %) (22)

IIpu sTOM
Ag = f(x). (23)
®opmynsl (19) 1 (21) MO3BOJAIOT HANMMCATL PEKYPPEHTHOE CO-

OTHOIUEHHE A7 MONMHOMA P, (x):

P (x)=P,_ (x)+ A4, (x~-x)..(x—x,_) 24)

Bsipaxasi aHa1OrM4HbIM 06pasoM mo MHAYKuMK P, (x) yepes
P, 5(x), P,_,(x) yepes P,_3(x) u T.i., mOIy4aeM OKOHYATE/b-
HyI0 (opmyny s noauHoMa P, (x):

B (x)=Ag+ Aj (x=xp )+ Ay (x =X )(x =% ) +...
+A,~(x—xo)...(x—x,-_l)+...+An (x—xo)...(x—xn_l). (25)

IIpeactapnenue (25) ynoOHO 4151 BEIYMCIHUTENS, TTOCKOJIBKY
VBEJIMUEHME 1 HA eAUHHULY TPeOYEeT TONMbKO NOOABIEHMS K «CTa-
pOMY» MHOTOWIEHY OAHOIO JOMMONHUTEAbHOTO cjaraemoro. Ta-
KO€ IpeICTaBIeHHE UHTEPIIONALIMOHHOTO nonuHoMa P, (x) Ha-
3BIBAIOT MHTEPNONSIUOHHBIM NOAUHOMOM B opMe HrploToHa.

W3 Tpex 3KBUBaJCHTHBIX IPENCTABACHUI MHTEPIOSILUOH-
HOTro noavuHoma nepsoit crerenu (9)—(11) dopmyna (11) maer
ero 3anuch B ¢opMme HpioToHa.

3anaya 3. Hanucame unmepnoasyuoHHbli NOAUHOM 8MOpOl
cmenenu 8 gopme Hviomona das ghynkyuu y =sin x no ee 3xaue-
Huam 6 mpex moykax: Xy =0, x;, =n/6, Xy =n/2 (cm. 3a0auy 2).
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CormacHo ¢opmyle (25)
Py (x)=4, +Alx+A2x[x—%]. (26)

KoahpuureHTs B 3TOM pa3ioXeHHH BBIYUCISIOTCS 110 dopMy-
nam (21) u (23):

18 6 3

6
Ay=0, 4= ( ) 4, = It T (27)

IMoncrapnsis HaljeHHBIe 3HAYEHUA KO3DGUIIUEHTOB B QOPMyITY
(26), moayyaeM

(x)_—x~-3i‘-(x_g]_.n_2(72“ 3 ] (28)

ITepBoHavyanbHbie BHIPAXEHUS UIS WHTEPITONSIIMOHHOrO MOJIMHO-
Ma B ¢popme Jlarpanxka u Hpl0TOHa pasnuyHbl, HO OKOHYATE/b-
HbIE OTBETHl, €CTECTBEHHO, COBIIAAAIOT.

3.1.5. [lorpemHOCTs MHTEPHOJMPOBAHMSA

IToctaBum BOIIPOC O TOM, HACKOJIBKO XOPOIIO UHTEPITIOIALIN-

OHHBIN nonuHoM P, (x) npubnauxaer dyHKUMIO f(X) Ha OTpe3-
Ke [a, b], T.e. monbITaeMcs OLIEHUTH NMOTPEIIHOCTD (OCTATOYHBIM
YIeH):

R (x)= f(x)— P(x), xe [a, b]. 29)

Cpa3y K€ OTMCTHUM, 4YTO IO ONPEACICHNIO HHTCPIIOJALIHOHHOIO
IMONUHOMA

R(x)=0, i=0,1,.,n, (30)

TIO3TOMY pedb UAET 00 oueHke R, (X) Mpu 3HAYEHUAX X#X; .

st Toro 4TOOHl 3TO CAENATh, CIEAYET BBECTU JOMOJHUTEIb-
HO NPEeANOoNOXEHUE O IIaakocT GyHKUMH f(x). JornycTuMm, 4To
f(x) iMeeT HempepsIBHYIO (# + 1) MpOM3BOAHYIO Ha OoTpe3Ke [a, b).
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B cuny (30) R,(x) MOXHO IIPEACTaBUTb B BUIE
R,(x)=w, (x)r,(x), (31
rae ®,,;(x) — nonuHoM (n + 1)-it creneHu:
®,,1 (0 = (x—x ) (x=x)...(x—x,). (32)

3adukcupyeM MPoU3BOIbHOE 3HAYEHHE x€ [a, b] U paccMoTpUM
BCIIOMOTATENbHYIO (DYHKIIMIO OT NEPEMEHHOMN ¢

gt =)~ B (1)~ v, (Or,(x),

33JaHHYIO Ha OTPe3Ke [a, b] U colepXalryro NepeMeHHYIO X B Ka-
4yecTBe Mapamerpa. B cuny cBoero onpegeneHust GyHkuus g (7)
o6si3aHa obpaliaThCcsa B HYJIb B y3/iaX UHTEPIIOJUPOBAHUS IIpH

t=X; W, KpOMe TOrO, IIpH ¢ =X, T.e. KaK (PYHKIIUs aprymesra f
OHAa 3aBeIOMO UMeeT (1 + 2) HyJs:

g(x)=0, i=0,1,...,n g(x)=0. (33)

Ecin xe [xo xn], TO BCE 3TY HYJIM TAKXe JIeXaT Ha OTpe3-
Ke [xo, xn]. Ecnmu x<X,, To 3TH HyIH, BOOOLIE ToBOps, NpH-
HAILIeXaT OTPE3KY [ X, X, |, @ eclM X> X, , TO OHU HAXOMATCS HA
oTpesKe [xo, x]. OObequHAS 3TH TPH CIydas, CKaXeM, 4TO yKa-
3aHHbie Hy1M GYHKIMM g (f) MpUHamIexar oTpesky [o, B}, rae
a=min(xy, x)2a, B=max(x,, x)<b.

CorjlacHO M3BeCTHOM Teopeme Poisi MOXHO yTBEpXIaTb,
YTO IIPOM3BOAHAS g'(f) MMeeT 1o KpaiHeit mepe (n + 1) Hynb Ha
ortpe3ke [o, B] (3TH Hy/IM mepeMexaroTcs ¢ HY/ISAMHU caMoi (YHK-
uun g(f)). losropsas 310 paccyXxaeHue, 3akjiodaeM, yto g ()
UMeeT 10 KpaiHel Mepe n Hyneid Ha otpeske [o, B], g7() —
(n—1) nynp u, HakoHeu, g("D () obpamwaercs xors 6b OAMH
pa3 B HyJb B HEKOTOpO# Touke t=E&e[a, B, T.€.

gD E) = fDE) - POHDE) - (n+ Dr, (x)= 0.
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YuuteiBas, 4to (n+ 1)-a npousBoaHasl MOAMHOMA CTEINEHU 7
TOXIAECTBEHHO PaBHA HYJIO, II0JTY4aeM, YTO

(n+1)
r,,(x)%ﬁ, telo, B, (34)
U COOTBECTCTBCHHO
(n+1)
R,,(x):fzﬁ_lgﬁ'_)mm(x). (35)

®opmyna (35) He TO3BOJsIET BHIYUCINATD MTOTPEUTHOCTD, I1O-
CKOJIBKY TOYHOE 3HauyeHue aprymenTta § Ham HeusBecTHo. Om-
HaKO C €€ [MOMOLUBIO NMOrPEIIHOCTb MOXHO OLICHUTE;

Mn+
R, (0] < i o (9 (36)
rae
et = 0 [FCDGO[s max [FDG). o (37)

O6cynum ponb nonuHoMa ®,,,(x) (32) B oueHke (36). Ha
OTpE3Ke [xo, x,,] oH umeet (n + 1) HyJb, a ero 3HaYeHHI MeX-
Iy 3TUMH HYJISIMHW CPaBHHUTEJbHO HEBEJWKH, HO KOTAA TOYKA X

BBIXOIUT 3a IIpedesibl OTpe3Ka [xo xn] M yIaIseTCcsi OT TOYKH Xy
BJIEBO MJIM OT TOUYKHM X, BIIPaBO, OLEHKa (36) yxyamaeTcs U3-3a
OercTporo pocra GyHKUMHU |®, ((X)]. DTO XOpouo BUAHO Ha
puc. 3.2, rae B Ka4ecTBe NpUMepa npupeneH rpacduk GyHKUUHU
wy(x) ¢ KOpHHMH$x0=—3/2, x ==1/2, x,=1/2, x3=3/2:

wy (x)=(x? - 9/4)(x2 - 1/4).

Ee Hauborbliee 0 MONYIO 3HaYeHHE Ha OTpe3ke [-3/2, 3/2]
paBHO ennHuLe. OQHAKO yXe B TOUKaxx = £2 3a [PeAeaMy OT-

pe3ka MOJTMHOM ®4(X) NPUHUMAET 3HaYeHHE
(1)4(i 2)=105/16 = 6,5625.
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Puc. 3.2. Ipagux ¢ynxyuu w,(x)=(x2 ~1/4)(x2 -9/4)

M3 cxa3aHHOro MOXHO CAeNaTh CISAYIOIUH BeIBOL. Ecau
Xe [xo, xn] , TO MHOXHTENb |®,,1(X)| He oOecHeHBaET OLEHKY
(36). Takoit ciay4ait Ha3BIBaIOT COOCTBEHHO MHTEpIIONsIuue f(x).

ITpOTHBOTIONOXHBIN CIy4ald, KOTJa TOUYKA X JIEXUT BHE OTPE3Ka,
Ha3BIBAIOT FKCcTpanoisuueil GyHkuuu f(x). OTMedeHHas BbILIe

0COOEHHOCTh NOBENEHUS NOJIUHOMA ©, ;(X) pe3KO yxXyamaeT

oueHKy (36) npu 3kcrpanoasauuu. IToaToMy Ha HpPaKTHKE IKCT-
panosiuM N36eraloT WK OrPAaHMYHBAIOTCS MHOTOYIEHAMH He-

BBICOKO¥ cTefieHHd (n = 1, 2), koraa poct byHkuMH |®, ()| He
HACTONBKO KPHUTHYEH.
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3anava 4. Hanucams Maxcopanmuyio ouexky 04a noepeuHoc-
mu (36) npu eviMucieHUU RPUBAUNCEHHO20 3HAYEHUA SIN X 6 mouKe
X=7/4 ¢ nOMOWbI0 UHMEPNOASLUOHHOO NOAUHOMA 8MOPOL cme-
nenu Py(x) (16). Cpasnums ee ¢ nozpewsrocmyio (17), nodcuuman-
HOU HenocpeocmeeHHo.

®opmyna UTs IOrpeltHoCcTH (35) MpUHUMAET B JAHHOM CIIy-
qyae BUI

n

P
R2(ijé(—cosé)(%[%j—cosénsz Osésg.

OHa npaBHIIBHO OTIPENEIsAeT 3HAK MOTPEITHOCTH, HO He T03BO-
JISIET BBIYMCIIUTD €€ BEJIMYMHY, ITIOCKOJIBKY 3HAaYEHHE apryMeHTa

& HeuspecTHO. YTOOBI MOMYYUTH MAXOPAHTHYIO OLIEHKY ITOrpEIi-

HocTH (36), HYXXHO 3aMeHUTb cos& Ha ero Haubosplliee 3HAYE-
HHUEe — eIuHuly. B pesynnrare GyneM UMeETh

by 3
Ry~ |£5<0,027.
4 1152
DTa OLEHKA COrjacyercsl ¢ BeJIMYUMHOMN morpeinHocTH (17),
BHIMHUCIICHHOM «B J100».

3.1.6. O cX0AHMOCTH MHTEPHOJSIHHOHHOTO NpoHecca

ITocTaBuM BOTIPOC: OYIYT JIM CXOAUTHCA MHTEPIIONAIIMOHHBIE

nonuHOMBl P, (x) X uHTepnonupyemoit GyHKuuM f(x) Ha OTpe3-

Ke [a, b] npu HeorpaHUYEHHOM BO3PaCcTAHUM YUCJIA Y3J0B H?
YropsaxoyeHHOEe MHOXECTBO Touek X;, i =0, 1,...,n (1), Ha-

30BeM CETKOW Ha oTpe3ke [a, b] ¥ oOO3HAUMM Isi KPaTKOCTHU

Qn . PaCCMOTpI/IM ITOCJIEAOBATCIIBHOCTD CETOK € BO3pacTalOIUM

YUCIIOM Y3JIOB
QO:{X(()O)}, Q, = { (1) x(l)} ___,Qn={x(()n),xl(n)__.x§1n)}’.__

Y OTBEYAIOIIYIO €# IMOC/IeAOBATENbHOCTh MHTEPIOMSIIMOHHBIX
noauHoMoB P, (x), MOCTPOEHHBIX 1ist PUKCHPOBAaHHOMN Herpe-
pBIBHO# Ha oTpe3ke [a, b] dyHkuuu f(x).
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NHuTepnonssuMoHHBIA mpoiiece aias GYHKIMUA CXOAMTICS B

TouKe X«€[a,b], ecnu cyurecTByeT npenen hm P () = f ()
Hapsiny ¢ 06bI4HOM CXOOMMOCTBIO 4acTO paCCManHBaeTCH CXO0-
IMMOCTD B Pa3lIMyYHbIX HOpMax. Tax, paBHOMEPHAs CXOIMMOCTD
Ha oTpe3ke [a, b] o3HadaeT, uTo max {f(x) P,(x)| >0 mnpu
n—>oec. [

CXOAMMOCTb WIHM PacxoIuMOCTh HHTEPIOIAUMOHHOTO TIpO-
1Iecca 3aBHCAT KaK OT BEI6Opa MOCIeI0BaTeNbHOCTH CETOK, TaK

¥ OT rjaakocT ¢pyHkuuM f(x). Ecnu f(x) — uenasg aHanuTudec-
Kast (pyHKIMSA, TO PU ITPOU3BOJILHOM PACIIONIOXEHUM Y3JIOB Ha

oTpe3ke [a, b] MHTEPHONANUOHHBINH MHOrouneH P, (x) paBHO-
MEPHO CXOAUTCA K f(X) IpU 7 — oo.

IlonoxeHune pe3ko MeHSIETCS, ECJIM IPOU3BONHBIE DYHKITUK
Pa3phIBHBI HJIM HE CYHIECTBYIOT B OTHENbHBIX TOYKax. Hampumep,
mns dyHkunu f(x)=|x| Ha otpe3ke [—1, 1], MOKpbITOM paBHO-
MEDHOM CETKOM y3/10B, 3Ha4eHMs P, (X) MEXIY y3JaMH HHTEp-
TIOJISIITUM HEOTPaHMYEHHO BO3PACTAIOT MPH 1 — oo . BMecTe ¢ TeM
JUUIs 3alaHHOM HernpepHBHON GyHKIMHU f(x) 3a cdeT BhiOOpa ce-
TOK MOXHO JOOUTBCS CXOAMMOCTH, IIPUTOM PAaBHOMEDHOH Ha
[a, b]. OnHaKo MOCTPOMTH TAKHUE CETKH IOBOJBHO CJIOXHO, H,
FJIABHOE, TAKUE CETKHM «UHAMBUIAYAJbHBI» JUISl KAXKAOH KOHKPET-
HOH (YHKIUMH.

Ecnu 3ameTHTh JOMOIHUTENBHO, YTO 00BEM BBIMHCICHUI TIPH
[IOCTPOEHUH UHTEPHOSIIMOHHOTO MOJIMHOMa OBICTPO HApacTaeT ¢
POCTOM 1, TO CTAHOBHUTCS IOHSTHO, YTO HAa MPAKTHUKE BBHIMUCIH-
TeTH U30EeraloT IMoNb30BAThCA UHTEPIOJSUIHOHHEIMHU TTOIMHOMAaMHU
BBICOKOH cTeneHW. BmecTo atoro B ciyyae HEOOXOAMMOCTH TIPH
OONBHIMX 3HAYCHUSIX MCIONB3YETCS KYyCOYHO-IIOJMHOMMABHAS
HHTEPIIOJAIIUS, KOTOPYIO MBI 06CynyM B pa3n 3.2.

3.1.7. HHTepnoisAuHOHHBIH MOJIMHOM DpPMHTA
PaciuupuM 1oCTaHOBKY 3aa4M 06 UHTEPIONsALUU. PaHee rona-
rajioch, YTO B y3/1aX MHTEPIO/SLMHU 3aJaHbl TONBKO 3HAYEHMs HyH-
kuuu f(x). Iycts Teneps B yanax x €a, b], k=0, 1,...,m, cpenu
KOTOPBIX HET COBIMANAIONIMX, 3aNaHbl 3HayeHus dyHkuuu f(x;) u
ee npoussonsix [ (x,), i=1,2,..., N, -1, no (N ~1)-ro mo-
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psaKa BKIIOYMTENbHO. YKcaa Ny IIpU 3TOM Ha3bIBAIOT KPAMHOC-
muio y3aa X, B xaxnoi Touke x;, TakuM 00pasoM, 3agaHo N, Be-
JIMYYH:

£, ) fY D).

B o6uieid cTOXHOCTH Ha BCEH COBOKYIHOCTH Y3JI0B

Xgs Xq5e-e5 Xy M3BECTHO Ny+Ny+..+ N, BEIMYMH, 9TO HaeT

BO3MOXHOCTb CTaBUTb BOIIPOC O NMOCTPOCHMHM nonmHoma H,(x)
CTENIEHH

n=Ny+..+ Ny -1, (38)

YAOBICTBOPAIOLIETO TpeGOBaHI/IHM

HO(x)=fO0x,), k=0,1,...,m, i=0,1...,N, -1.  (39)
Takoil MOJTHHOM HAa3bIBAETCI MHTEPIIONSLIHOHHEIM TOJTHHOMOM
BOpmura g dyskuuy f(x). PaccMOTpeHHBIN paHee BapUaHT I10-

CTPOCHUS MHTCPIIOJALIMOHHOI'O ITOJIMHOMA Pn (x) 110 U3BCCTHBIM

3HaYeHUAM QYHKIMH f(X) B y3/IaX HHTEPIOSLUH SIBISETCSA Ya-
CTHBIM CJIy4aeM TOCTPOEHHUS ITOJTMHOMA DpMUTA IPU YCIOBUH,

4TO BCE y3ibl mpocthie: Ny =1, k=0,1,...,m.

JlokaxeM, YTO UHTEPITOJIAIMOHHEIN OTMHOM DPMMTA CYLIe-
CTBYET M SIBNIACTCS €AMHCTBEHHbIM. IIpencTaBUM ero B CTaHmap-
THOM BHJE!

H, (x)=ay+ax+...+a,x".

Haure yTBepxiaeHue OyneT crpaBelJIMBO, €CIM II0Ka3aTh, YTO
KO3GPUUHUEHTHl @, 4y,..., 4, ONPEACNAIOTCS U3 ycnoBui (39), u
MPATOM E€IWHCTBEHHBIM 00pa3oM. YCIOBHS IIPEACTABISAIOT CO-
00l CHUCTEMY JMHEHHBIX alredpandecKMX ypaBHEHUM OTHOCH-
TENBHO 3TUX KO3(PPULIHEeHTOB, IMPUYEM YKCIO YPABHEHUI paB-

HO YMCIy HEM3BECTHBIX, @ UMEHHO: Ng+ N +..+ N, =n + 1.
PaccMOTPUM COOTBETCTBYIOIIYIO OOHOPOAHYIO CHCTEMY

HY (x.)=0, k=0,1,...,m, i=0,1,..., N, - 1. (40)
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Vpasnenus (40) npocto yKaselBarT HA TO, YTO YMCJIA X; ABJIS-
IOTCS KOPHSIMU [OJMHOMA I—{n(x) KpaTHOCTH N,. Mpl BHauM,

TakKuM 00pazoM, 4TO MOJMHOM ﬁn(x) HMeEEeT, C YYETOM KPaTHO-

cru, He meHee Ny+ N, +..+ N =n + 1 xopHeil. [Tockonbky

ero CTeNeHb paBHA A, TO OH JAOJIXEH TOXIECTBEHHO PABHSATHCS
HyJ1f0. DTO 03HAYaeT, UT0 dy=a =...=a, =0, T.c. OAHOPOAHAA
cucteMa ypaBHeHHH (40) ©UMeeT TOJBKO TPHBUAJIBHOE pEUECHUE.
Orcroma cneayer, 4To HeoqHOpoAHas cucreMa (39) npu mobdoi
MpaBoil YacTH pa3peliuMa, U IMIPUTOM €IWHCTBEHHBIM 06pa3oMm.

Uccnenopanue NOrpelIHOCTH HHTEPIIOIUPOBAHUS TOJTUHOMA
dpmuta R (x)= f(x)- H,(x) TOYTH TOCTOBHO IMOBTOPSIET MPO-
BEJICHHOC PAHEE MCCICIOBAHUE A/ IOJMHOMA C TIPOCTHIMH Y3-
JIaMH X, B KOTOPBIX 3a1aHbl ToJIbKO f(x;). JlocTtaroyHo npeacra-
BUThH R, (x) B BUIE

R, (x) =1, (x)o,,,(x), (41)

rae

m
?

Opet (0= (x=x9)" (=3 (- x,) "

n+l=Ny+.. .+ N, (42)

U paccMoTpeTh (QYHKIIHIO
g()=f()- H, (1)~ r,(w, ().

[Mpumensist Teopemy Posnst K yHKIMK g (f) U ee IPOU3BOA-
HBIM, C YY€TOM KPAaTHOCTH KODHEH B y3/1ax [ =Xx; U YCJIOBH:
g (x) = 0 npunem x dopMmye

A ()

S0 Hy (=L

®, 1 (x), (43)

KOTOpast 110 cyuiecTBy IoBropser ¢opmyay (35). C ee noMoibio
MOXHO HaIlUCaTh OLiEHKY Thra (36):

Mn+1
(n+1)!

IR, ()] < 0,41 (0], (44)
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rme M,,, — MakCUManbHOE 3Ha4YeHME MOAYyNs (QYHKUUH

f ("+1)(x) (37). 3nech nomHoM ®, (x) (42) sBasiercst 06o0UIe-
HUeM monuHOoMa (32) Ha cirydaid KpaTHBIX KOpHEH.
IlocTpoeHue nonmuHOMa DpMUTA B OOLIEM Clydae IIpU HIpo-
M3BOJIBHOM YUCJIE Y3JIOB U UX KPAaTHOCTU IIPUBOIHUT K JIOBOJIBHO
IPOMO3AKUM BHIpAXEHUAM U penko ucnonsdyercs. [TostoMy or-
PaHUYUMCS JBYMs IPUMEpPaMH, BCTPEYAOIIMMHCS Ha ITPAKTHKE.
Ilpumep 1. [Hocmpoums unmepnonsyuoHHbIL NOAUHOM Fpmu-
ma 0aa @ynukuuu f(x) RO U3GECMHBIM 3HAYEHUAM 8 Y3iax

fx)=fis k=0,1,...,m, u snauenuro f'(x;)=f; 6 odonom u3
Y3108 X =X;.

Crenens nonuHoma H,(X) B JaHHOM Ciiyuae paBHa m + 1.
bynem uckary H,  ,(x) B Bune

m (x-xp)..[k]..(x~x,) [ x—x;
H =
me1(X) %fk(xk-xo)...[k].--(xk—xm) Xp =X
#/

+

(x=xp)...[J].-(x=x,,)

+[ 10 (x=x, )](xj ~xg) LT, %)

3pech BEIPAXEHHs, CTOSIIUE ITOA 3HAKOM CYMMEI, CYTh OOBIYHBIE
COCTaBIsIOIIME MoAWHOMa B (Qopme JlarpaHxa B y3jax
X, k#j, «yCUNEHHBIE» NOIMONHUTEIBHBIMU MHOXHUTEISIMU
{(x-x g ) /(xk -X j) . CnaraeMoe, OTBe4aloliee KpaTHOMY Y3y X =X,
BBIIE/ICHO OTAEJIBHO Kak 0co6oe. [ToCTosIHHAsE O; MOMIEXHUT OIl-
peneaeHuIO.

U3 crpykrypst H,,,(x) Bunno, uro H, ()= f,
k=0,1,..., m. HaiineM npousBogHyIO H,’,Hl(xj) B y31€ X =X;.
CrnaraeMpie, CTOSIIIIME TI0]] 3HAKOM CYMMBbI, COAEPXKAT MHOXUTE-
b3’ (x—x-) , ¥ MOTOMY MX [POM3BOJIHbIe 0OpaNalOTCs B HYJb

J
npu x =x;. Takum oGpasom,

H;n+1(xj):

I o+ ! + 1 +.+ L +oL. (45)

e R —x. X ,
*j~%o Xjm X1 XX j " Xm
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Hns cobmonenus tpeGosanus H, i (x j)= f j’ chenyeT MOJOXUTh

o =fjf—fjA., Ije 11s1 KpaTKOCTH 0003HAYEHO

Ajz ! +...+ ! + L +...+ ! . (46)
xj—xo xj~x-_1 x-—x-+1 xj—xm

Hrak,

<+

H, (%)= ka (x_xo)"'[k]--~(X—xm) X-X;

=0 (x ~x)...[k].. (O —x,) | % - X;
k#j

, (x-xp)...[J]- - (x-x,) (47)
1+ (- 1A (x=x))] G, —xg)_..[j]...(xj “x)

Hpumep 2. HHocmpoums unmepnosayuoHHbli ROAUHOM Dpmu-
ma Oaa @yukyuu f(X) 6 cayuae, Ko2da 80 6cex y3nax UHMEPHO-
asyuu X, k=0,1,..., m, 3a0ans 3navenun gyuxyuu f(x)=f; u
ee nepeoil npoussodnoil [ (x.)= fy .

B nanHom cnydae N, =2, k=0,1,..., m, nosromy creneHs
nonumHoMa H,(x) pasHa 2m + 1. 3anuuieM MCXOAHBIA TONTHHOM
B BUIE

H2m+1(x):

m RS 32
ZZ[fk'ka(X—xk)] (=) [k ) (48)
k=0

(%, —xO)2 k] (g —xm)z'
Ilpencrasnenue (48) yno6HO TeM, 4YTO aBTOMaTHUYECKH BEHI-

NONHATCA ycnosust Hy, () =/ .

Ilpy BbIUMCIEHUM MPOU3BOAHON MoJNuHOMA (48) B y3ne
X =X, CJA€AyeT y4ecTh, YTO BCE CjaraeMbie CyMMBI, KpOMe cja-
raeMOro, OTBEYAIOILETO CAMOMY Y31y X, JAIOT HyJE€BOH BKJAJ B
MPOM3BOIHYIO B 3TOM TOYKE, TO3TOMY

H 1 (O6) =
2 2 2 2 ,
= fi +...+ + +..+ +oy = fr
Xk —Xp X = X1 X = X4l Xp — Xg
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OT1cwona
o = fi =2/ A

rae yucna A, onpesensorcs Gopmymnoi (46). Takum obpa3om,
pelIeHUEM TaHHOM 3a7a4u SIBISCTCS TTOJTMHOMOM DpPMHUTA!

H2m+1(x):
& . ~ (x=xp)? .. [k]..(x~x,,) 49
—lcz:‘z)[fk+(fk 2kak)(x Xk)J(Xk—x0)2...[k]...(xk—'xm)2.( )

3anava 5. Ilocmpoums noaunom Bpmuma emopoii cmenenu
H,(x) Ona ¢ynxyuu sin x no caedyrowum dannvim: sin0=0,
sinn/2=1, sin'n/2=0. Buuucaums ¢ nomowspr0 3mozo HOAUHOMA
npubauxcennHoe 3Hauenue cunyca 6 mouke x=mn/4. Haiimu no-
ZDeWHOCMb, CPABHUMDb ee C NOZPEUIHOCMbIO, KOMOPYH Odem uHmep-
noasyuonnsili noaunom Py (x) (16) 3adavu 2, u ¢ meopemuuecxoii
oyenkol nozpewrnocmu (44).

31ech MBI UMEEM 3alady, KoTopasi B o01eM BUie Obiia pa-
306pana B nipuMepe 1: cornacuo (49) ysen x; = 0 aBnsgeTca npo-
CTBIM, a y3e1 X; =n/2 — ABYKpaTHbMM. B 3Tom ciyuyae B hop-
Myne (47) cyMMa, COOTBETCTBYIOIIASA MPOCTHIM y371aM, CBOAUTCS
K OIHOMY CJIAraeMOMYy, KOTOpO€ B CHJTy HYJIEBOIO 3HAYEHHs CHU-
Hyca B Touke xy = 0 obpawaercst B Hynb. Bropo#t 4ieH B dop-
Myse (47) COOTBETCTBYET KpATHOMY KOpHI0 Xx; =7/2 . Iloacras-
JiSISl CIOJIa COOTBETCTRYIONIEE 3HAYEHUE CUHYCA U €r0 MPOU3BO/I-
HOM B OTOM TOYKE, a TAaKXKe 3HaueHMe KoapduumenTa A =2/x,
byneM UMeETh

2 n)|2x 4

H = 1—‘— - _— — .

2 (%) [ n(x 2]} = 2x(%) (50)

Brrancium 3HayeHue noauHoma H,(x) B Touke x=7n/4 U
NOJCYUTAEM TIOrPELIHOCTD:

3 I 3
Hy 2 1=2, R L |===~2=-0,04282. 51
[5)5 s o
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Teopernyeckas ¢opMmyna IS HOTPEIIHOCTH {43) IpUHUMAET B
MaHHOM CITy4ae BHI

71',3 T
Rz[ ):—(—cos&)m{ ):—cosﬁﬁ, Osisi. (52)

OHa IMpaBHUJIBHO ONpEACIACT 3HAK NOTIPCIIHOCTH U IIO3BOJISIET
Hanucarthp i1 HEC MaXXOpPaHTHYIO OLIEHKY

o3 <5

Bra olieHKa comacyeTcd ¢ BeJWYHMHOM norpeiuHocty (51), moa-
CYMTAHHOM «B JIOO».

IIpu noacyere NMPUOTHXEHHOTO 3HAYEHHUS C MTOMOIUBIO T10-
nuHoMa Dpmuta H,(x) (50) B Touke x=m/4 MBI HOIYyYHIH
norpelHocTs (51), Moaynb KoTopoi 6oyee 4eM B 2 pa3a NpeBbI-
maet norpewHocTs (17) nonmuroma P (x) (16). Yrobel NOHATS

——<0,081. (53)

0,5 ’
7,
/,
V'
i Z,
v/
v/
T 0 T | | Fae
-6 / 6 w3 2
V4 —4
/
7/

7 -0,5

S

Puc. 3.3. Cpaenenue epaguxos @yrkuuu y = sin x (CHAOWHAA AUHUA)
U unmMepnoAsuUonHoeo noaunoma H,(x)
(wmpuxoeas AUHUA)

91



MPUYMHY TAKOIO PACXOXAEHMS, PACCMOTPUM pHuC. 3.3, Ha KOTO-
poM TIpuBejieHbl Tpaukyu GyHKUUN sin x (CIUIOLIHAS JIMHUS) U
H,(x) (wtpuxosas auHus). CpaBHUM €ro ¢ puc. 3.1, Ha KOTO-
poM u3oGpaxeHsl rpaduky QyHKUMK sin x u monuHoMa P (X).
M3-3a HyneBoro 3HayeHus: npoussomHoit Hj(X) B Touke
x=m/2 rpaduk noiuHoMa H,(x) KayeCTBEHHO 6OJBIIE MOXOX
Ha rpaduk cuHyca, yeMm rpadux monuHom P (x). Onnako pa-
BEHCTBO IONMHOMA P, (Xx) CHHYCY He TONBKO B IDAHMYHBIX TOY-
Kax oTpeska [0, n/2], HO M BO BHyTpeHHeM TOYKe x=7/6 IpH-
BOIOUT K TOMY, 4TO noiuHoM P (x) mpubnikaer CUHyC Ha OT-
peske [0, n/2] nyuwe, yeM nonuHOM H, (x). 310 XOpOLLO BMIHO
npu cpaBHeHuH puc. 3.1 u puc. 3.3. Tloacuer norpeuiHocreit (17)
u (51) B Touke x=7/4 gBiasgercsa JONOJTHUTEIBHHIM TOMY IIOJ-
TBEPXKICHHEM.

3.2. HUHTEPIIOJUPOBAHUE CIUIAMHAMH

YBeJIMUYEHUE CTCIEHH MHTEPIIOLMOHHOIO HOMUHOMA MOXKET
0Ka3aThCsl HEBHITOJHBIM M3-33 ObICTPOro pocTa 00beMa BhIYMCIIE-
Hu#. K ToMy Xe Hajieko He Bceraa OHO NPUBOIUT K MOBBIIICHUIO
TOYHOCTH. BO BTOpOI# monopuHe XX BeKa C MOSBACHUEM KOMIIb-
I0TEPOB U Pa3BUTHEM COBPEMEHHOM BBIYMCIUTEIBHOM MaTeMaTH-
Ku npu oOpadorke GoJbIInX TaGAKUII ITONYYU/Ia PA3BUTHE HOBAsI
UIesi — CTPOUTDL NPpUONMKeHUe (PYHKIMUH C TOMOIIBIO KYCOYHO-
MIOIMHOMHUAIBHOM HHTEPIIONSIIIMH C UCTIONB30BAHHEM IIOJIMHOMOB
CpPaBHUTENBHO HEBBICOKMX cTeneHed. Hambosiee ynoOHBIMU OKa-
3aIUCh MOMMHOMEBI TPEThEH CTeNeHU. Takue KOHCTPYKUMU [10JTy-
YUJIM Ha3BaHUE Kybuueckux cniaiinos.

3.2.1. OnpenejieHne KyOM4ecKoro ciuiaiHa

Ilycts Ha oTpeske [a, b] 3anaHa dynxuusa y = f(x). Paccmor-
pHUM CETKY Y3JIOB

a=xy<X<x)<..<x,=b (54)
¥ 0003HAYMM 4epe3 PACCTOSHUE MEeXIY CMEXHBIMU Y3IaMU:
h=x-x_1, i=1..,n (55)
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Onpenenenne. Hazoeem xybuueckum crnaaiivom Gynkuuu
y=f(x), xela, b] na cemxe (54) gynxyuro S(x), ydoesemeops-
FOWLYI0 YCAOBUSIM:

1. Ha xaxcdom ompesxe [Xi—b x:’i pyrkyua S (x) asasemcs
ROAUHOMOM mpembell cmeneHu. ,

2. Qyuxyus S(x), ee nepeas S(x) u emopas S’(x) npous-
800Hble HenpepbiHbl Ha ceemenme |a, b].

3. S(x,-)zf(x,-)=fi, i=0,..,n

4. Ha xonuyax ceemenma |a, b] ¢ynxyua S7(x) ydosiemsops-
em ycaosuaym S*(a)=S"(b)=0.

3ameuaHue. Ha koHmnax cermMeHTa [a, b] MoryT ObITh 3a-
JaHbl B IPUHIUIIE U APYTHE YCIOBUS, Hanpumep: S'(a)=A,
S’(b)=B.

CripaBeiMBa clenylollasl TeopeMa.

Teopema. Cywecmsyem edurcmeennbiii cnaatn S (x), yooesem-
goparowuli ycaoguam 1—4.

Mgl IpoBefieM KOHCTPYKTHBHOE 0KA3aTeILCTBO 3TOH TEO-
pPEMBI.

3.2.2. DopMyIHpOBKA CHCTEMBbI YPABHEHHiH
g xo3thHunenToB KyOHueckoro cniaiHa

CaeneM 3aiayy TMOCTPOEHUSA CIUIAHHA K OTHICKAHUIO KO3d-
(PUIMEeHTOB YIIOMSIHYTBIX MOJIMHOMOB TPETheH CTEIIEHHM HAa KaX-
IOM M3 OTPE3KOB [xi_l, xi]. JInst 3TOTO COMOCTaBUM OTPE3KY

[x,-_l, x,-] noauHoOM S;(x), s yao6CTBa 3aNMCaHHbIN B BUJE

. d
S(x)=a,+ bi(x—xi)+%(x—xi)2 + L x-x)?,

56
xe[xl-_l,xl-], i=1,...,n (36)
IIpu 3T0M OuYeBUAHO, YTO
! 9 2 57
S{(x)=b +c1-(x—xi)+—2—(x—xi) , (57)
S/(x)= ¢;+d(x-x;), (58)
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TakK 4YTO
Six)=a;, Sj(x)=b, Six)=¢. (59)

Jig BeITOJIHEHUS TPeOOBAHUS -3 B y3j1aX HHTEPIIONAUMHM C HO-
MepaMmu i = 1,..., n CIeoyeT MOJOXUThH

al.zf(xi):f}, i=1...,n (60)

Tpebysl HeNpepBrIBHOCTYU CIUIaiHa B y3nax x;, i=1,..,n—1,
Y BBHIIIOJTHEHMS ycioBus 3 nipu i = 0, mony4yaem

Si(xi_1)=f;-_1, i=1,...,n, (61)

AN
¢ 2. 49 3 :
fl-+bi(x,-_1—xl-)+5(xl-_1—xi) +€(xi_1—xi) =fi., i=L..,n

BTO paBEeHCTBO MOXHO ITEPEIHCATh CICAYIOMMM 00pa3oM:

i

. R =fi-fiy, i=l..,n (62)

bh; %hﬁ +

YcaoBue 2 OTHOCUTENBHO HENPEPHIBHOCTH IIEPBOM MPOHU3-
BOIHON S(x) B y3nax x; i=1,...,n—1, IpUHUMaET BUX

Si’(x,'_1)=s,"_1(xi_1)=bi_1, i=2,..,n, (63)

N IIPUBOIHUT K COOTHOWMCHHUAM

H

d.
bi"cihi_+7lhi2 =b_p, i=2,..,n

583058

c.h —

[

d.
?lhl?:bi—bi_l, i=2,...,n (64)
AHa0TMYHBIM 00pa30M YCJIOBUS HEIPEPHIBHOCTH BTOPOM [IPO-
U3BOOHOU S7(Xx) B Tex Xe y3iax

S_) =8 (5 ) =¢1, i=2,..,n, (65)
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03HAYAIOT, YTO
dh=c—cq, i=2,..,n (66)

HaKOHeH, AOTIOJTHUTENBHBIE I'PAHHYHLIC YCJIOBUA 4 namor
eille [Ba YpaBHEHHUS:
{S{(XO)ZSI”(a)=C1 —dlhl :0, 6
» ” 7
S1(x,)=S1(b)=c, =0. (67)

B urore Mbl MOJYYHUIH 3AMKHYTYIO cucreMmy (62), (64), (66),
{67), cogepxauyio B CyMMe 3xn AMHEHHBIX YPAaBHEHUH U1 OTBIC-

KaHusd 3n HEM3BECTHRIX: b, ¢;, d;, i=1,2,...,n

3.2.3. Penykuusa cHCTeMbl

Yno6Ho popmanbHO BBECTH €ILE OFHO HEUIBECTHOE ¢y, IMO-
JIOXKYB TIPY 3TOM, YTO OHO PaBHO HYJIIO, U IEPBOE YpABHEHUE B
(67) nepenucars B BUAe djiy =c¢;—¢y, T.€. B HopMe, aHAIOrUY-
Hoi1 (66).

Teneps ypaBHeHus (66) u (67) ecrecTBEeHHO NPEeICTABUTH B
€OIUHOOOPA3HOM BHUJE:

dh =¢

1

-G i=1,2,...,n, (68)

COZO, an(). (69)

OOpar¥M BHUMaHKE Ha TO, YTO U3 CHUCTeMbI (68) MOXHO BBI-
pasuTh BCEe KOIMPULIMEHTHI d; 4epe3 pasHOCTH ¢; —¢;_y, & 3aTeM
13 cucTeMsl (62) BBIPA3UTh 4Yepes ¢; U ¢;_; KO3hGULIMEHTH ;.
IMoxacTasasia ronyuyeHHble BHIpaXeHUs B (64), TPUXOOUM K CHUC-
TeMe JIMHEHHBIX YPABHEHUI AJA ¢;

1 2 1
§Ci—2hi-1 +§Cf-1(hf—1 +hf)+§cihf =
=2 fimJ i Jia L i=23,...,n (70)
h; hy
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CaBurasi “HJEKC | Ha SIUHUILY, TTOJYYaeM CHUMMETPUYHYIO (op-
My 3amucH ypaBHeHHU (70):

: hi +1 hi

hycioy + 2R+ By ) + By = 6[];“ “d_fih ]
(71)

i=1,...,n-1.

Kpome toro, cornacHo (69)
¢ =c, =0, (72)

Cucrema (71) comepxut (n — 1) ypaBHeHue ¢ {(n— 1)-ii He-
U3BECTHOM: Cj, Cy,..., C,_|. BEAMYUHBI ¢y U ¢, ONMPENETEHH A0-

MOJHUTENBHBIMU cooTHOIIEHUAMHU (72). Eciu cetka (54) paBHO-
MepHasi, T.e. ;= h = const, To ypaBHenus (71) npuHUMaIOT OCO-
OEHHO MPOCTOH BUA:
fi1—2fi+ fin
h2 '
dns ypaBHeHUI cucteMbl (71) BBIIIOTHEHO YCIOBUE AMAro-
HajibHOrO mpeobnamanus. OTciona clenyer CyeCTBOBaHUE U
€IMHCTBEHHOCTDb penieHus 3anayy (71), (72). 3Hast BeIMYKHBI C;,
MOXHO PacCYMTAaTh OCTATBbHBIE KO(DOHUILIMEHTH! criaiHa 1o dop-
MyJlaM

¢ +ac +cyy =6 (73)

d="—=Lj=1..,n, (74)

1 |
bi =5hici __6—

fi-fiq .
h%dﬁ%, i=l,...,n, (75)

i

3aBEpUIMB TCM CaMBIM ITOCTPOCHHC CIUIaiiHA. TeopeMa JNOKa3aHa.

3.2.4. 3ameyanue 0 pelieHHMH CHCTEMbI

YpaBHeHust (71) UMEIOT TaK HA3bIBAEMYIO TPEXTOUYEYHYIO
CTPYKTYPY, OOLIMUA BHI TaKUX CUCTEM

Ay +Cy+Biyg=F, i=1,2,...,n-1, (76)
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COOTBETCTBYET CUCTEME JIMHERHBIX YPABHEHUM C TPEXIUArOHAb-
HOU MaTpuueit T Ansg omnpeldeieHUs BEKTOPa HEM3BECTHBIX

Y=Y 0Vey):

Ty=F,
rae
c, B, 0 0 0 0
1 B F,
A4, C, B, 0 0 0 F
ro|0 45 G B 0 0 LB
(78)
0 0 0 0 4,, C,, Foy
HpI/I 3TOM JIETKO BHIECTH, YTO B HANICM Cliy4dac
C|>|4|+|B], i=1..,n-1, (79)
ITOCKOJIBKY
C=2h+h.), A=h, Bi=h,,. (80)

Kak 0bl10 moka3aHo B I'l. 1, pelieHUe MOAOOHBIX CUCTEM
3(hdeKTUBHO OCYINECTBIAETCS METOAOM TIPOTOHKH.

3anaua 6. Paccmompems gynxyuro y= f(x)=3* na ompeske
[—1, 1] ¢ ysaramu unmepnonayuu x;=-1, x; =0, x, =1. Hocmpo-
ums Kybuueckui cnagiin. Halimu e2o 3nauenue npu x=1/2, m.e.

eviucaume npubauncenno 3. ITodcuumams noepewinocms.

B paccmaTpuBaeMoM Cilydae UMEEM PAaBHOMEPHYIO CETKY C
maroM 2= 1. ¥ Hee onHa BHYTPEHHSAS TOUKA X; U JABE IPaHUy-
HblE — X g U X;. Cuctema (73) cBOAMTCS K ONHOMY YPaBHEHHIO
OTHOCMTENIbHO KO3 (MULIKEHTA ¢), KOTOPOE C YYETOM AOTOIHHK~
TEJIbHBIX COOTHOLUEeHU (70), onpenensioiMx HyJIeBble 3HaUeHUs
KO3(DOULMEHTOB ¢y U ¢y, MPUHUMAET BUIL

4c1=6[%—2+3} (81)
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Takum obpa3om, B Hauieit 3agaye ¢y =0, =2, ¢,=0. Oc-
TaTbHbIe KOIGMGUIMEHTH CIutaiiHa Haxonarcst mo ¢opMyaam (60),
(74), (75): ay=1, qy=3,dy=2,d)=-2, by=4/3, b,=7/3. Te-
[I€Pb MOXHO BBITHCATh KYOMYECKME MTOJUHOMBI, OIIPEIESIONE
CIUJIalH:

Sl(x)=1+%x+x2+%x3, -1<x<0,

S(x)=
Sz(x)=3+%(x~1)—é—(x—l)3, 0sx<l.

(82)

Jlerko npoBepuTh, YTO MOCTPOECHHAS TAKUM 00pa3oM GyHKIIUS
S (x) HempepBIBHA BMECTE € TIepBOM M BTOPOIA ITPOU3BOTHBIMHU BO
BHYTPEHHEH y3710BOM Touke x = (.

B 3axi1royeHre BHIYUMC/IMM 3HAYEHUE CIUIAHHA B TOUKE X = 1/2,

T.C. IIOACYHUTAEM HpPI6JIPI)KeHHO \/§Z

ﬁ:S{%J:%, e=J§—1§=-0,142949. (83)

3HayuTeNbHAas MOTPELUTHOCTh 00YCNOBJIeHa MIpeXae BCero 00ab-
myM mwaroM A= 1. OnpeneneHHy0 POJIb UIPAIOT TAKXE YCIO-
Bus 4:

§7(=1)=8"(1)=0. (84)

Btopast mpousBogHas paccMaTpuBaeMoit GyHKIMU f(x)=3*

B TOUKax x=+1 B HyIb He obpamaercs, T.¢. ycnopue (84) maer
0 Hell ucKaxeHHy uHbopManuio. Ecau yyecTs mpu nocrpoe-

HUM CIUIAHHA MCTHHHbIE 3HayeHuss GyHkuuu f7(X) B TOukax

1, TO TOYHOCTH ANMIPOKCUMAIIUY YAYYUIUTCS.

3.2.5. CxoauMOCTh M TOYHOCTh HHTEPHOHPOBAHUSA
CIIaiHAMH

Ilpu obcyxneHun 3¢pHeKTUBHOCTH YUCICHHOIO METONA B
MEPBYIO o4Yepeasb o0palarnT BHUMAHUE Ha JIBE XapaKTEPUCTUKH.
1. Meaosue cxodumocmu memoda (cxodumocms) — pedb UIET
0 MHUHUMAaNbHBIX [10 BO3MOXHOCTU OIPaHHYEHUSAX, TIPU KOTOPHIX
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npubIHXeHHOE PellleHHe 3a1a4u CTPEMUTCS K TOYHOMY pelie-
Hu1o. CXOMMMOCTh 03HAYAET, UTO JaHHBIM METON B NIPUHLIMIIE
MO3BOJIAET HAWTH PELIeHHe 3aJa4H C o000 CTENEeHBI0 TOYHOC-
TH. ‘

2. Cropocmes cxodumocmu (moyHOCMb) ~ 3TO XapaKTepUCTHU-
Ka GJIM30CTU MMPUOIMXKEHHOTO PelIEeHUs K TOYHOMY (XapaKTepu-
CTHKA CKOPOCTH YOBIBAHUS MOIPEIIHOCTY) NPH HEKOTOPBIX AO-
IIOJIHUTENbHEBIX orpaHHueHUsIX. [IOCMOTPUM, KaK penialoTcsl 3TH
BONPOCHI B TEOPUH cIuTaifHOB. Mrak, Ha cermente [a, b] 3amaHa
dbyHkuug f(x) v OCTpoOeHa ceTKa

Aa=Xy <X <Xy <..<X,=b; h=x-x;_,>0.
BreneM B paccMOTpeHUE BENMYUHY

h= max A;. (85)

1<i<n
IMpuBeneM Oe3 m0OKa3aTe/bCTBA IBE TEOPEMEL.
Teopema 1. [Tycms f(x) nenpepsigra Ha ceemenme [a, b], moe-
oa daa moboeo €>0 moxmcno ykazame 8(c) >0 maxoe, ymo npu

ar06oii cemke, yooeaemaopsaiouieli ycaosuro h<3, cnpasedaugo He-
pasencmeo

|f(x)-S(x)|<e, vxela, b], (86)

unbimu caoeamu, S,(x) npu h— 0 pasrnomepro cxodumcs K Henpe-
puierol gynkuuu f(x).

Teopema 2. ITycms f(x) umeem na ceemenme [a, b] wemsipe
HenpepbigHbIX NPOU3BOOHBIX U JONOAHUMEALHO YOOBAEMEODAEM YCAO-
guro f*'(a)= f"(b)=0. Toeda umerom mecmo Hepagencmea (oyenxu):

|f(x) -S| s M4h*, vxelab], (87)
|f/(x)~ 8" (x)| < Myh3, Vxel[a,b), (88)
|/7(x) - S"(x)| < M k2, Vxelab], (89)
M, = gl’agﬂf“)(x)!. (90)
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3.3. METOJl HAUMEHbBIIINUX KBAIPATOB

Meton HauMEHBINMX KBAaapaTOB ObLI IpelioxeH 'ayccoM U
JexannpoM B koHue XVIII — nauane XIX Beka B CBSA3M € Npob-
JleMoii 00paboTKU 3KCIEPUMEHTANBHBIX JaHHBIX. B 3TOM Cilyyae
3a1a4a MOCTpoeHUsl (PYHKLIMK HENpepbhIBHOTO apryMeHTa 110 KC-
KpeTHoi uHdopmauuy (1), (2) xapakTepu3yercsl IByMs OCODEH-
HOCTSIMH.

1. Yucno Toyek Xx; B KOTOPBIX INPOBOAATCH HU3IMEPEHHUS,
OOBIYHO OBIBAET JOCTATOYHO GOJIBIIKM.

2. 3nauenus GyHKUUH y; (2) B ToUKax CeTkH X; (1) ompene-
JISIIOTCS TIPUOITIMXEHHO B CBSI3M C HEM30EXHBIMU OLIMOKAMH U3-
MEPEHHUSL.

C y4eTOM 3TUX OOGCTOATENLCTB CTPOUTH PYHKUMIO J(X) B
BUAE CYMMBI OOJIBINOTO YMCiIA ciaraeMsix (3) U noOMBaThECS ee
TOYHOIO PABEHCTBA B TOYKAX CETKHM BEJMYHMHAM Y; KaK 3TO Je-
JIaJIoCh TIpU MHTEPIIONUPOBAHUM, CTAHOBUTCS Heleecoodpas-
HBIM.

B MeTone HaMMEHbBIIMX KBaapaToB alllpOKCUMUDYIOIIas
GYHKIHSA Y(X) HLIETCSH B BUE CYMMEBI, aHANOTH4YHO# (3), HO co-
IepXauieii CpaBHUTEJILHO HEGOIbIIOe YUCIIO CaraeMbIX:

F()=Y a0,(x), m<n, oD
k=0

B YACTHOCTH, BO3MOXEH BapMAHT m < .

IIpenronoxum, 4To MBI KaKHM-TO 00pa3oM BEIOpaiv KO3(¢-
GMLMEHTHI @y, TOTAA B KaXIO#W TOYKE CETKM X; MOXHO INOACYHU-
TaTh MOTPELIHOCTh

m
k=0

CyMMa KBaJpaToOB 3TUX BEJUYWH HA3BIBACTCS CYMMAPHOI
K6adpamuHHoi nozpeutHoCnbHo:

EDREDWIEWRNENE (93)

i=0 i=0 k=0
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OHa JaeT KOJIMYECTBEHHYIO OLEHKY TOT0, HACKOJBKO DIU3KH
3Ha4eHHUs GyHKUMU F(x) (91) B TOUKAX CETKM K BEIUYMHAM ;.

Mendas 3HayeHus Ko03¢GPULMEHTOB ay, 6yaeM MEHSThH IO-
rpeliHOCTD J, KoTopas aBjisercsd ux ¢pyHkuueii. B pesynwrare ec-
TECTBEHHO BO3HUKAET 3aavya Haumu makoii Habop Kosgpuyuen-
moe ay, npu KOMmopbix CYMMApHAA K6aopamu4nas nozpewrocms J
0KA3bi6AeMcs MUHUMANLHOU.

Oyuknuo F(x) (91) ¢ HabopoMm Koa3pPULHEHTOB, YIOBJET-
BOPSIIOIIMX 3TOMY TpeGOBAHHIO, HA3BIBAXOT HAUIYYIIUM TIPHO/IH-
KEHHEM [0 METONY HauMeHbIIUX KBaIpaToB.

TTocTpoeHre HaUNy4IHero MpubJIMXEHUs CBOIUTCS K KJIac-
CHYECKOM 3ajaye MaTeMaTHYeCKOro aHanu3a 00 IKCTpeMyMe
DYHKUMM HECKOJBKUX [TEPeMEHHBIX. MeTon pemeHns: 3Toi 3a-
nmagau u3pecteH. HeoGXOQUMBIM YCIOBHEM 3KCTPEMYyMa SIBISIETCS
PaBEHCTBO HYJIIO B DKCTPEMAaNbHON TOYKE BCEX MEPBBIX YACTHBIX
ITPOM3BOAHBIX paccMaTpuBaeMoil ¢yHkuuu. B ciayqae (93) sto
naeT

23 -3 ae e ()=0, 1=0,1...m (94)

9, i=0 k=0

OcTaBuM WIEHHI, COdEPXAIUUE @y, CIEBA U IIOMEHSAEM B HUX
MTOPSIAOK CYMMHPOBAHUS IO HHAEKCAM i U k. UneHEI, cogepxa-
miue y;, epeHeceM Haripaso. B pesynbrate ypaBHenus (94) npu-
MYT BUJ

m
> Y =b, 1=0,1.., m, (95)
k=0
e
n
Yie = Z‘pl(xi)(pk(xi)’ (96)
i=0
n
by =3, 0,0¢)y; (97)
i=0

MBI onyYmau cucTeMy TUHEWHBIX anredpanvyeckKux ypaBHe-
HUit (95), B KOTOpO¥ poJib HEU3BECTHBIX UIPAIOT UCKOMBIE KO-

abhUUMEHTBl PA3NoOXeHUs ay, 4y,..., a,. Iucna ypaBHeHUH U
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HEU3BECTHBIX B 3TOH CHCTEME COBIIAJAIOT U paBHHEI (m + 1), Mar-
puua K03(GGULIUEHTOB CUCTEMBI [ COCTOUT M3 JIEMEHTOB Y,
KOTOpEIe onpeaenstorcsa ¢dopMyioit (96). Ee Ha3sIBalOT Mampu-
yei Ipama mna cucreMsl QyHKUIUH Qy(X), 9;(X),..., ¢,,(x) Ha
cetke (1). OrmetuM, yTo Matpuna ['paMa sABISIETCS CUMMETPHY-
HOM: JUIst ee AMEMEHTOB, corlacHO (96), cripaBeyIMBO PABEHCTBO
Yi = Yyg- dMCHa by, cTOAME B IpaBoO# YacTH ypaBHeHMH (95),
BBIYUCIAAIOTCS O GopMyne (97) 4epe3 3HAYEHUS y; CETOYHOH
byukuuu (2).

Ipeanonoxum, yto GyHKUUU @y(X), @;(x),..., @,(X) BHO-
paHbl TAKMMHU, YTO ONPEAEIUTE]b MaTpUlUbl I'pama oTiuYeH OT
HYJIST:

A=detT #0. (98)

B atoMm cityuyae rpy 1060 ITpaBoil YaCTH CUCTEMA HMEET AMH-
CTBEHHOE pellieHNe

@y, 4y,..., Gy, 99)

PaccmotpuM Hapsny ¢ HabopoMm KoadoduimeHTos (99), no-

JIY4EHHBIX B pe3ysibTaTe peieHus cucteMsl (95), noboit npyroit

Habop KO3(ULHEHTOB ay, ay,..., d,,. [IpencraBum uucna a; B
BUIE

a =50 +Aaqy, q =8 +Aq,..., a, =a, +Aq,,

(Aa0)2+(Aa1)2+-~-+(Aam)2>0 (100)

M CPaBHUM 3HAYCHUS CyMMapHOM KBaJpaTMYHOU MOrpPEIIHOCTHA
J nnst pyskuuii F(x) (91), noctpoeHHBIX ¢ moMoubio koaddhu-
uueHToB (99) u (100).

KsBanpar norpemtHoct# B ToYKe x = X; A1t GpyHKUuM F(x)
(91) ¢ xoadpdunuerTamu (100) MOXHO 3aruMcaTh B BUAE

. 2
5 :{yi oA +Aak)(pk(xi)} =

k=0

2 . 2
:{[J’i -2 Ek@k(xf)]— 2 Aoy (xi)} :[J’i -2 akq’k(xi)] -
k=0 k=0 k=0
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m m m 2
‘Z[J’i‘zak@k(xi) [ZAal(pl(xi) + 2 Age (x) |- (101)
k=0 1=0 k=0

3nech B CpellHEM CjlaraeMOM MBI 3aMEHMJIM B OJHOM M3 CyMM
MHIEKC CYMMHMPOBAaHUS kK Ha [, UTOOBI HE UCIOAB30BATh OJMH H
TOT X€ MHAEKC B ABYX pa3HBIX CyMMax M UMETh BO3MOXHOCTb
MMEPEMHOXHUTD UX MOYWIEHHO.

Ana nonydeHuss CyMMapHOM KBaJApaTHYHOI IOrpellHOCTH
HYXHO IIPOCYMMHPOBATh BuipaxeHus (101) ma 5;’- 10 UHIEKCY I.
ITepsrie cnaraembie He cogepxaT Ag,. Mx cymMa naer norpeiu-
HOCTb J, BBIUMCIIEHHYIO 119 MyHKIUU (91) ¢ KosdhHIHeHTaMHA
a,. (99).

PaccMOTpHUM TeIleph CYMMY BTOPBIX CJIAaraeéMbIX, KOTODbIE

3aBUCHT OT Ag; JTUHEHHO:

- 2%{[)@ - éﬁk(pk x; )][ﬁ Ago;(x;) }:

=0

_‘ZZA"I{E.";‘PI(X Z Z k(xi)‘Pl(xi)}=
k=0 =0

1=0 i=0

(102)
= “22 Aay{b - 2 @ Y y=0.
/=0 k=0

311er MBI IOMECHAIN MECTAaMH INOPATOK CYMMHPOBaAHHMA U BOC-
MOJIb30BAIHCH TEM, YTO KOI(DDUIIMEHTEI 4 YIOBIETBOPSIOT CU-
creme ypaBHeHu# (95). C yyerom (102) 6yneM uMeTh

I8 i 103
=J (dy,ay,...,q, )+ Z Y Aaqpor(x) | > J (@y,a,,....4,) (103)
i=0\ k=0
®opmyna (103) nokaseBaeT, yto GyHKIMA F(x) (91) ¢ xo-
apdunuentamu g (100), momydeHHBIMU B pE3yJIbTaTe PEIICHUSI

ypaBHeHU (95), neiicTBUTETbHO MUHUMU3UPYET CYMMAapHYIO
KBaApaTU4YHYIO norpemHocTs J. Ecau B3sTh 110001 Apyroy Ha-
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6op kosdhdunuerros (100), ornmmunsiii or (99), TO, CorjacHo
¢dopmyne (103), x morpetuHocTn (&), 4y,. .-, ,,) K06aBUTCS 110-
JIOXHUTEIBHOE CIaTaeMoe U OHa YBETUIHTCS.

Hrak, 4ToOHI ITOCTPOUTDh HauiIyyliee mpubmmxenue (91) ce-
toyHo# ¢dyHkuuu (1), (2) no MetToay HaMMeHbIIMX KBaJApaToOB,
HYXHO B35ITh B Ka4eCTBe KO3(MOUIMEHTOB Pa3/loKeHHS a; pele-
HHUE CHCTeMBbI JUHEUHBIX ypaBHEHUH (95).

3agaua 7. Cemounas ¢ynxyus 3adarna maba. 3.1.

Tabnuua 3.1
i X; Yi
0 0,0 0,95
1 0,5 1,54
2 1,0 2,04
3 1,5 2,46
4 2,0 2,95

Ilocmpoumsb aunetinyio QyHKyuio
F(x)=ay+ax, (104)

Komopas daem 0as Hee Hauay4uiee npubauxcenue no memody Hau-
MeHbUWUX K6adpamos.

B paccmaTpuBaeMoM ciydae umeeM: n =4, m=1, ¢y(x) =1,
¢,(x)=x. JIna onpenenenus xoapHULUMeHTOB gy U @) COCTABUM
cucteMy ypaBHeHwmii (95). Diementst Yy (I=0,1, k=0,1) marpu-
upl I'paMa Beryucisiored no dopmyne (96):

4
Yo,0= 2, o) 9o(x;) =5,
i=0

4
Yo1="T10= 2 0olx) 0 (x,)=3,
i=0
4
1= Z 01(x)o1(x;)=7,5.
i=0
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Yucna by n by, crodiuve B NpaBoil 9acT¥ ypaBHeHUH (95),
HaxoauM 1o dopmyae (97):

4
by =Y. 0o(x;)y; =9,94,
i=0

4
b = z<p1(x,~)yi =12,4.
i=0

B pesyabtate cuctemMa (95) MpMHHUMAET B paCCMaTpUBaeMoOM CITy-
4ae BUI

Say +5a) =9,94,

Saq +7,5a =12,40. (105)

Onpenenurens cucteMsl (105) A =12 5«0, MO3TOMY CHCTe-
Ma MMeeT eIMHCTBeHHOe pelueHue &, =1,004, @ =0,984. B pe-
3YJILTATe MBI IIOJIY9aeM CIIEAYIOLIYVIO JTMHEHHYIO allpPOKCUMAaUHNIO
paccMarpuBaeMoii TaGIUYHOH (DYHKLIMHA

F (x)=1,004+0,984x. (106)

Teneps, koraa ¢pyHkuus (106) nmocTpoeHa, MOXHO IHOACYH-
TaTh NOTPEILHOCTL aNMPOKCHMAIIUM B TOUKAX CETKU:

Si =y;—(1,004+0,984x;), i=0,1, 2,3, 4.

B pesynbrare mojyuyaem
8y =-0,054; 8, =+0,044; 8, =0,052; §; =-0,02; &, =-0,022.(107)

OtMeTnM, yTo HaubOIbIIAA 10 MOJYJIIO IIOTPEIHOCTh JOC-
TUraetcst B Touke x = 0: |3,/ =0,054 >8;l, i=1,2,3,4.

B saxsoueHue caenaeM BaxHoe 3aMedaHue. OOBIYHO ObIBa-
€T M3BEeCTHA TOYHOCTh €, ¢ KOTOPOM 3a7a10TCsl 3HaueHus (pyHK-
uuu y; Hanpumep, ecnu peus uaer 06 3KCHEPUMEHTANILHBIX JaH-
HBIX, TO OLIMOKAa B ONpEIe/IEHUN y; 3aBUCUT OT METOIMKH ITPO-
BEACHUS U3MEpPEHUI U TOYHOCTH IIPUOOPOB.

ITpennonoxuM, 4To B pazobpaHHOM IIpMMEpE YMCIa y; 3a-
JaHbl ¢ TOYHOCTBIO €= 0,1. B 3TOM ciIy4ae MOCTpOeHHAas JuHeli-
Hasi QYHKIHSA COTIacyercs ¢ AOCTYITHOW HaM wHdoOpMauuei o

¢yHKUUK ¥(x): norperHocTH (107) 1o Moayao He MPeBBIIIAIOT €.
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B pe3ynpTaTe MOXEM YTBEPXKIATh, UTO B IIpeAe/iaX TOUHOCTH 3a-
JaHus TabnuIbl 3aBUCKMOCTD ¥ OT X MOXHO IIPUHSTH TUHEHHOH.
BT0 BUIHO Ha puC. 3.4, rae mokasaHsl Touku (X;, y;), co-
OTBETCTBYIOIKE paccMaTpUBaeMoi Tabauue. st KaxXaoi U3 HUX
yKa3aH [loBeputenbHbId uHTepBan y; —0,1<y<y, +0,1, B npeze-
Jlax KOTOPOTO MOXKET PeaJibHO HaXOMUThCA 3HAUeHUe QYHKUHU
¥(x;) ¢ y4ETOM TOYHOCTHU 3aJaHMs BeIU4MHH ;. Ilpamas, onu-
ceiBaeMasi (106), Besne MPOXOTUT BHYTPH JHOBEPUTEIbHBIX UHTEP-
BAJIOB, YTO NMOATBEPXIAET CACTAHHBIN BbIIIE BHIBOI.
PaccMmoTrpuM Tenepb NpOTUBOIONIOXHbBINA ciiydait; OynemM cuu-
TaTh, YTO BEJMYMHBI y; 3alaHbl C O6osee BHICOKON TOYHOCTHIO
£=0,01. TIpx TaKol TOYHOCTH ITOCTPOEHHAs JIMHEHHAS alIIpPOK-
cumanms (106) He cormacyeTca ¢ MJAHHBIMM TaOJUIBI: IOTPEL-
HOCTh anfnipokcumauuu (107) npepriniaer no Moaynwo €. B atoM
cJIy4ae HYXHO JIN0O YBEJIHMYUTH YHUCIIO WICHOB B Pa3lOXEHUU
¢yHkuun F(x), 106aBuB K TUHEHHOH (DYHKUWHU KBAXPATUYHBIN

YJIeH a2x2, Au60 3aMEHUTh CUCTEMY GYHKIMH @ (X), MO KOTO-
PBIM BeleTCs pa3jioXeHHUe, Ha KaKylo-HUOYIb APYIYIO.

¥y
3

0 N ! . | . | : 1
0 0.5 ! 1.5 2 x

Puc. 3.4. CpasHenue 3navenuti yynxyuu, npugedennol ¢ mabauye,
u aunetinod gyuxyuu F(x) = 1,004 + 0,984x. 3navenus y; =f(x,;) 3adansi
¢ nogpewrocmoio €= 0,1
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I'nasa 4.
YUCIEHHOE UHTETPUPOBAHUE

4.1. ®OPMVJIA HBIOTOHA-JEUBHUIIA
U YMCJIEHHOE NHTETPUPOBAHUE

M3 Kypca MareMaTu4eckoro aHajin3a Bbl 3HAKOMEI ¢ BBEIYHC-
JIEHHEM OIIpeleIeHHbIX HHTETPAJIOB ¢ MMOMOIIEI0 (opmynel Heio-
ToHa-JIeiOHMLa:

b
I=[f(x)dx=F(b)-F(a), (1)

rae F(x) — nwobas neppoobpasHas MOABIHTErPaIbHON QYHKIIHU
f(x) Ha orpeske [a, b]. Popmyna HrioToHa-JIeiOHULIA UTpaeT
BaXHYIO POJib, YCTAHABIUBAA CBA3b 3aJaYU ONMpEISTCHHOrO UH-
TErPUPOBAHUA C 3amaveil OTHICKAHMSA NepBooOpasHoU (¢ 3amayei
HeompeaeIeHHOTO uHTerpuposaHusd). OHa MO3BOJISET BHIYUCHATD
HHTErpabl OT 2JIEMEHTAPHBIX (DYHKIIUI, 1epBOOOPa3HBIE KOTO-
PHIX TOXE SIBJISTIOTCS 2JIeMEHTADHBIMH GyHKUHMsMK. HanpuMmep,

2
& inx?=In2. Q)
1% '

OJHako cyniecTByeT MHOTO MPOCTHIX PYHKIMH, nepBoobpa3Hbie
KOTOPBIX HE BBIPAXAIOTCA depe3 2jeMcHTapHble MyHKIUU. B
KayeCcTBe IIpUMepa MOXHO NMPUBECTHU Takue QYHKIIUHU, KaK e ¥
uny sin x/x. g HUX ONUCAHHBIN CIIOCOO BBHIYUCIEHUS OTIpese-
JIEHHBIX UHTerpanoB HenpumeHuM. @opmyna Herorona-JlehtHu-
1a He TO3BOJISIET TAKXKE BBIYUCIATH UHTErpaibl OT PYHKLUUHA, KO-
TOpBIe 3amalTcs rpadukoM unu tadmuiei. MHBIMU clioBaMu,
OHA HE NaeT obIlero, yHUBEpCATbHOTO METOIa HaXOXIEHMS OIl-
peAeaeHHOro UHTErpajla OT NPOU3BOJIBHOU QYHKUMHU f(X) 110 ee
3HAYEHUSIM Ha OTPe3Ke [a, b], T.€. He SIBNSETCS AJITOPUTMOM pe-
HIEHUS] paccMaTpMBaeMOil 3aMayH.
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YHuUBepCaTbHbIE AJITOPATMBI BBIMMCACHHUS OIIpEeNe/IeHHBIX
UHTETPAJIOB MAI0T (GOPMYJibl YUCIEHHOFO UHTETPHPOBAHUS HITH,
KaK UX OOBIYHO HA3BIBAIOT, K8adpamypHsie opmyast (GYKBAILHO —
topMynbl BeIUMCIeHUS Mnolnaneit). KsagpatypHeie HOpMyib
UMEIOT BUA

b n
1=Jf(x)dx=zcif(xi)+Rn- ()

i=1

3neck TOYKU X, € [a, b] Ha3bIBAIOT y31aMu, KOIDGUIUEHTH ¢; —

BC€COBBIMH MHOXHTCISIMU UM BECAMH, BEIAYHUHY Rn — OCTarTro4-
HBIM YJICHOM HMJIM NIOTPEIIHOCTHIO. Yansl ¥ Beca HOIIﬁldpalOTCSI
TaKHUM o6paaoM, YTOOBI BEINOJTHSIOCH IpeacIbHOC paBEHCTBO

lim R, =0, Tax 4ro
n—reo

n
lim Y ¢, f (x)=1. 4)
N-—yo0
i=1
CyTb 3tOrO TpeOOBaHUSA 3aKmo4aeTcs B cieayiomeMm. Eciu B
¢dopmyne (3) npeHe6peys OCTATOYHBIM YJIEHOM R, TO TOJYYUT-
¢ npubINXEHHOE PABEHCTBO

b n
I=If(x)dxz§{cif(xi). (5)

Ycnosue (4), KOTOPOE HA3BIBAIOT CXOOUMOCMbIO, TIO3BOJISIET Cle-
NaTh TOrPeNIHOCTD B paBeHCTBE (5) MeHble moboro Hamepen 3a-
JMAHHOT'0 YUCJIA 332 CYeT BhIOOpa N0CTATOYHO OONbIIOro A. Takum
00pa3oM, OTKPHIBAETCS BO3MOXHOCTb BBIYUCIHTH HHTETpan [ ¢
no6oit Hanepea 3aaHHOU TOUHOCTBIO IO 3HAYEHUSIM PYHKIIUU
f(X), B34TbIM B pa3sHBIX TOUKAaX X; OTpe3Ka [a, b]. Yem BhIIE Tpe-
foBaHUE TOYHOCTH, TeM OOJIbILIE CllaraeMbIX ClleyeT YAepXUBaTh
B cymMMe. 3a TOYHOCTh OPUXOAUTCS TUIATUTH YBeIUYeHHEM 0bObe-
Ma BBIYHUCIICHHUIA.

3ameqanue. [Toacraensas B dopmyny (3) dyukuwmio f(x) = 1, noay-
JaeM

(b—a):éci+Rn.
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O06p19HO BecoBbIe KO3D@PULUMEHTE] ¢; TOAONPAIOTCS TaK, YTOOb! BBITNIOI-

n

HSIOCH paBeHCTBO (H-a) ZZC:" T.e. YTOOBl MPU HMHTErPUPOBAHHUM
i=1

KOHCTaHTBI PABEHCTBO (5) GbLIO He NPUOIMXEHHBIM, 4 TOYHBIM.

B cnenyroummx naparpacgax 3Tof rj1aBel Mbl OGCYIHUM METO-
Jbl TIOCTPOEHMS KBaIpaTyPHHIX POPMYN M C pa3HBIX CTOPOH pas-
bepeM npobrieMy OLIEHKH UX TOYHOCTH.

4.2. KBAIPATYPHBIE ®OPMYJIbI
NPAMOYTOJIBbHUKOB, TPAITEIINMH,
CUMIICOHA

4.2.1. Ksaapartypubie GopMyibl IPAMOYTOJbHHKOB,
Tpaneuuii, CHMIICOHa H MX O0COOEHHOCTH

C xBagpatypHeIMu (QOPMYJIaMH IIPSAMOYTOTBHUKOB, TPAare-
umit, CUMIICOHA BBI yX€ BCTPEYATUCh B KYPCE MaTeMaTHYECKO-
ro aHalIu3a, [M03TOMY MX BHIBOJ OYIET M3/10XEH KOHCIEKTUBHO.

Bo3bMeM IPOU3BONBLHOE LENOE YHCAO 1 U pa3o0beM OTPe30K
[a, b], no XOTOpOMY BeleTCs] UHTErpUPOBAaHHE, HA # PABHBIX OT-

pe3KoB MHHO A =(b-a)/n ToukaMu
x;=a+ih, 0<i<n (6)

HIIH JNAJIbHEHIIIEro HaM TakKe MOHAmo0saTCst CPCIOIHHUEC TOYKY 3THUX
OTPE3KOB:

& =a+(i-1/2)h, t’;ie[xi_l,xl-], 1<ign )

Wnes eeiBoma GopMynbl MPIMOYTONBHUKOB OYeHB MPOCTA.
locTpouM ¢ HOMOLIBIO TTPOBEASHHOTO Pa30HeHUs] MHTErPAbHYIO
CYMMY, B KOTOPOH 3HaueHHsS QYHKUMU f(Xx) J1sT KAXKIOro OTpe3-
Ka [xl-_l, xl-] BBIYUCIISIOTCS B ero cpeaHeit Touke §; (7):

b— n
P =223 /(%) (8)
i=1
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HpI/IHI/IMaH BO BHUMAaHHUE TO, YTO MHTEIpajlbHas CyMMa OacT
HpI/IGHI/DKeHHOC 3HaA4YCHHMC UHTCrpasia, MOXHO HalluCaTh

I=P +a,. €))

B xBanparypHoit dopmye (9) yanamu sisitorest Touku &; (7),
BCE BECOBBIE MHOXMTEJIM ONMHAKOBEI U PaBHHE h = (b- a)/n. dna

0CTaTOYHOTO WIeHA BBEACHO CIENMAaJIbHOE 0003HAYCHUC o, .

@opmMyrry (9) Ha3bIBAIOT (GOPMYNIOH IIPIMOYTOIbHUKOB. [Tpu-
YYHa TAKOTO HA3BAHUS MUMEET MPOCTOM reOMETPHYECKUI CMBICIT.
Benuyuna P, (8) npencrasnsieT coboit cyMMy ILIOMIANEH MpsmMo-
YTOJIbHUKOB ¢ OQMHAKOBEIMHA OCHOBAHUSIMHU h = (b-—a)/n M BBI-
coramu f(§;) . OHa anmPOXCUMHUPYET C TOYHOCTHIO A0 O, TIO-
Iags KpUBOAMHEAHOM Tpanenuu, COOTBETCTBYIOIIER UCXOMHOMY
uHTerpany (puc. 4.1).

Hnes BeIBoza KBampaTypHEIX dopMyn Tpanenuit 1 CuMIico-
Ha uHas. OHa 3aKIII09aeTCSI B TOM, YTOOBI COTIOCTABUTE ITOXBIH-
TerpaibHOU QyHKuMU f(x) 61m3Kyto et pyHkumio g,(x), KOTO-
PYI0 MOXHO IIPOUHTETPUPOBaTh, U MPUOIMXKEHHO 3aMEHUThH HUC-
KOMBIM HHTEerpan / HHTerpajoM oT 3Toil GYyHKIIUH.

PaccmoTpuM, Kak JaHHas WAes peaiM3yeTcs IPU BBEIBOIE
opmyasl Tpanernuit. B 3TOM caydyae B KayeCTBe alllIPOKCHMYPY-

y

Puc. 4.1. Teomempuueckas unmepnpemayus
DOPMYNbL NPAMOYZONBHUKO8
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omeld GyHKIUU g, (x) GepeTcs KyCOYHO-JIIMHEeWHAs QYHKLIMSL.
Ha kaxnoMm u3 4acTUYHBIX CETMEHTOB [x,-_l, x,.:| OHa 3anaercs

dopmynoi
0= 1 () LS Gy

Xe [xi_l, xi], 1<i<n

(10)

B rpanuyHBIX TOYKaxX OTpe3Ka X=X;_; U X=X; GYHKIMA.g,(X)
IIPUHHAMAET T€ Xe 3HaYeHus, 4To U PyHKums f(x):

g )=/ (xi1)s &) =1 (%), (11)

T.€. OHA OCYILIECTBIISIET KyCOUHO-TMHEMHYI0 UHTEPITOIIUI0 PyH-
Kuuu f(x) Ha orpeske [a, b} (puc. 4.2).
BrruuciuM HHTErpa:

[ guoac= | {f(&-1)+£(—x")—_,fic"‘—l)(x—:q_l)}dx=
X1 X1 (12)

=§(f(x,-_1)+f(x,-))-

a x, x, x, x, x, b

Puc. 4.2. Ieomempunecxas unmepnpemauus @opmyasvt mpaneyui
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DTOT pe3yNnbTaT UMEET MPOCTON reOMETPHYECKHMI CMEBICH: (UTYpa,
OrpaHUYEHHAsS CHHU3Y OTPE3KOM [xi_l, x,-:| OCH X, CBEPXY OTPE3KOM
npsamo# (10), ¢ 60KOB BEPTUKATbHBIMU MPSAMBIMU X=X; | H
X=X; , IPEACTABJISAET COOOM TpaneLMmIo, TUIOIAabL KOTOPOH Orpe-
nensiercs hopmynon (12).

HWnrerpan or pyukuuu g,(x) 1m0 BceMy OTpesKy [a, b} aB-
Jigercs cyMMol uHrterpanos (12):

b n %
T,=[g,(0)dx=Y, | g,(x)dx=

=lx )
- (13)
B P @ S ()4 S ()t (50)+ 3 SO}
OH pgaer npuOIHXEHHOC 3HAYCHUC MHTErpania [ :
b
I=[f(x)dx=T,+B, (14)

B xBanpatypnoit popmyne (14) ysnamu ABNSI0TCS TOYKH X; (6).
Bce BecoBbie k03hDUIIMEHTHI, KPOME IBYX, OMUHAKOBEI U paB-
HH h=(b—a)/n, a BecoBble KOahdUUMEHTH TIpH i=0 1 i=n
HMEIOT B/IBOE MeHblIMe 3HadeHusi. [IIsi OCTaTOUHOTO WieHa BBE-
feHO cneuuaibHoe obosnavenue B,. Popmyny (14) HasbiBalOT
Kkeadpamyproi gopmyaoii mpaneyuii. C To4HOCTBIO 0 B, OHa BbI-
paxaeT IIomans KPUBOMIMHEWHOM Tpamnel, COOTBETCTBYIONIYIO
uHTerpany I, yepes cymmy iomnanei tpaneuui (12) (cm. puc. 4.2).

®opmyna (8) s BenuyKMHbI P, U3HAYATBHO CTPOMIIACH KaK
uHTerpanbHas cymma. Ilpu BeiBoge ¢opmyasl (13) nng Bennuu-
Hbl 7, NOHATHE MHTETPAJIbHOW CYyMMBbI HE UCTIONB30BanoCh. On-
HaKo TeIepb, Korjaa dopmysa yxe MojiydyeHa, BUOIHO, YTO BEIH-
yyHy T, TOXE€ MOXHO HMHTEPIIPETUPOBATh KaK MHTErPAJBLHYIO
cyMMmy. UToOBl yOeqUTLCS B 3TOM, PACCMOTPUM pa3bUeHHe OT-
pe3ka [a, b] Ha yacTuuHble oTpe3ku Toykamu &; (7). OHo naer
n+ 1 otpesok. /IBa KpaitHux [a, 51] U [én, b:l UMEIOT JUTUHY h/2,
a octaiabHble — h. BriGepeM mis o6pa3oBaHUS UHTETPANbLHOM
CYMMBI Ha KpallHMX OTpe3kax 3HayeHUs QYHKUMU f(X) B TOIKAX
au b, a na ocranbHbix oTpeskax [§;, & ] — snadenus dyux-
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UMM f(x) B Ux cpeannx toukax x; (1<i<n-1). ObpasoBaHHas
TakUM 00pa3oM UMHTErpaibHasi CyMMa COOTBETCTBYET BHIPAXEHHIO
(13) nns T,

BriBoJl KBaapaTypHo# (opMynsl CHUMIICOHA pa3BHUBAaET OIMH-
CaHHBIA NOAXOX Aanbuie. Tenmephb A AlIPOKCUMALIUU (PYHKIIMU
f(x) mcnonb3yercs He KyCOYHO-JIMHEHHOE, a KyCOYHO-KBaapa-
THYHOE MHTEPIIOJIMPOBAHHME.

ByaeM CYMTATh K YETHBLIM U CIPYITIMPYEM OTPE3KH [x,-_l, xi]
napamiu: nepsas napa [a, x;|,[x, x, |, Bropas napa [ X35 %3],

[x3, x4] ¥ T.A. Jns Kaxmoro ABOHHOTO OTpesKa | Xz, 2, X j]
MMOCTPOUM MHTEPNOJSLUOHHBIN TOJUHOM BTOPOH CTENEHM B
¢dopme JlarpaHxa, MPUHUMAIOIMIA B Y3J1aX X);_ ), X1 X
3HadyeHUs QyHKIMK f(x). B pe3ynrbTare Mony4yMM anipoKCUMHU-
pylowyro GQyHKUHMIO g,(x) Ha oTpe3ke [a, b} B BUAE KyCOYHO-
KBaAPaTUYHOU (QYHKIIHU:

X-%  W(x—%;
gn(X)=f(X2j_2)( 1221( J)_+_

) 2N

(x=x2,0) (X~ X2,.)
242

+/(%25) ’
(15)
xe[xzj_2, x2j], 1<j<n/2.

[TpouHTerpupoBaB oNMHOM BTOpoO# crernedu (15) no orpes-

Ky [xzj_z, xzj] , TTIOJIY4YUM

| andr= g{f(xwz)*“f()%j—l)*f("u 7= ?—:,f‘ (16)
X2j-2

Wnrerpan ot ¢pyHkuuu g, (x) 1o BceMy OTpe3ky [a, b pa-
BEH CYMMe MHTETPAJIOB
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% " b-a
S ] =20 ra)+47(5)+

J=lx;

+2f(x2)+...+2f(xn_2)+4f(xn_1)+f(b)}. (17)

b
S, = [ 8, (x)dx =

(HanmoMHMM, 4TO YMCJIO A JOMXKHO OBITh 0653aTENBHO YETHBIM. )
Benuuuna S, (17) naet npubnavkeHHoe 3HaYeHUE MHTerpana /:

b
I=[f(x)dc=S5,+7, (18)

Yanamu xBagpatypHoit ¢opmyssl (17), kak U GOpMyIbl Tparie-
uuit (14), aBnsioTcs ToYkH X; (6). BecoBbie KOIQ@PULIMEHTH B Y3-
Jiax C YETHHIMM M HEYEeTHHIMM HOMEpaMM MMEIOT pasHbIe 3Haye-
Hud. JIns ocraroyHoro wieHa BBedeHO o6o3HaueHue Y, . Dop-
Myna (18) HasbiBaeTcst keadpamyproi gopmyaoii Cumncona.

Ipencrasnenue (17) s S, xak u npeacrasnenue (13) ans
T, Taxke MOXHO pPacCMaTpUBaTh KaK MHTETPATIbHYIO CyMMY.
st ee MOCTPOEHMS HYXHO pa30uTh oTpe3oK [a, b] Ha (n + 1) 4a-
CTAYHBIA OTPE30K C NTOMOIIBIO X BHYTPEHHUX TOUYEK:

Mj1 =Xy 1 =23, Ny, =2, +2K/3, 1< j<n/2,  (19)
N JBYX I'pPaHHUYHBIX TOUYCK!
Mo=a M My =b. (20)

B pesynsTaTe Momy4yaloTCsS OTPE3KH [ni_l, ni], 1<i<n+1, pas-

MHYHOM AnuHBL. JIBa KpaitHux oTpeska [a,m | u [n,, b] ume-
10T JUIMHY #/3; OTpe3KM, B LIEHTPE KOTOPBIX JIEXAT TOYKMU X; C
YETHEIMH HOMEPaMH, — AIMHY 2A/3; OTPE3KH, B LIEHTPE KOTO-
PBIX JIEXaT TOUKHM X; C HEYETHBIMU HOMEPAaMHU, — JUIMHY 4h/3.
s nocTpoeHHUs WHTErpaTbHOW CYMMbI, COOTBETCTRYIOLIEH
JAHHOMY pa3OHeHUI0, BO3bMEM ISl KPAHKMX OTPE3KOB 3HAYEHUSI
(bynkuuu f(x) B Toykax a ¥ b, s OCTANLHBIX OTPE3KOB — 3HA-
deHue PYHKUUHU f(X) B UX CPENHUX TOUKaX Xx; B pesyipTare mno-
JIYYUM HHTETPANBHYIO CYMMY B BuAe BeIpaxeHus (17). Pasunie
JAUHB YACTUUYHBIX OTPE3KOB IPUBOAST K CBOCOOPA3ZHOMY Yepe-
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IOBaHUIO KO3 (PULIUEHTOB B BUAE ABOEK, YETBEPOK M CAUHHII B
KpaHUX TOYKaXx.
3akanyuBas obcyxaenue dopmyin (13) wia T, u (17) ona S,
VCTAHOBUM MOJIE3HYIO IS AATbHEHIIEro CBSI3b MEXAY 3TUMH
BeTMYMHAMH:
4 1
Snngn’ng/z- 2))
3xech 7;,/2 — cymma (13) ¢ BOBOE MEHBUIMM YMCIIOM CJIaraeMbIX
M COOTBETCTBEHHO BIBo€ GonbiuMM maroM. biaromaps sTomy
npH ee 00pa3oBaHUM B KaYECTBE Y3JI0B MCIONB3YIOTCS TOYKH X;

(6) TonbKO € yeTHEIMH HOMepaMH. TTockonbky B popmyne Cumn-
COHAa n pennonaraercs o613aTeJJbHO YETHBIM, TO 1/2 — LieJoe

YHCII0, TAK YTO BBHIPAXCHUC ];1/2 OIIpenecICHO.

CoorHomuenne (21) nposepsieTcst «B 100». U3 (13) cnenyer,
9TO

ST =502 @)+ 47 (%) 441 (1) 4 44 (5,.)
+41(x,)+ 2/ (B)};

%Tn/z =b—3;£{f(a)+2f(x2)+...+2f(xn_2)+ f(b)}.

BrlyuTas Temeph BTOPYIO CTPOKY M3 IEPBOM, MOMydaeM pa-
BeHCTBO (21).

4.2.2. CxoIHMOCTb H TOYHOCTb KBAJAPATYPHLIX (opMyH
NpPAMOYIOJBHHKOB, Tpaneuuii 1 CuMicoHa

Iocne Toro xak Mbl YCTAHOBWIM, YTO Benu4uHm P, T,, S,
ABNAIOTCA MHTETPAbHBIMU CyMMaMH, NpobiaemMa CXoIuMoCTU
PacCMOTPEHHBIX METONOB YUCIEHHOTO MHTETPUPOBAHUS PEIIAET-
cs1 aneMeHTapHo. X cxogMMocCTbk MMeeT MeCTO ans moboi uH-
TerpUpyeMoil pyHKIHH:

limao, =0, lim#F =1, (22)
H~—o0 Nn—o oo
limB, =0, lim7,=1, (23)
A —>o0 N300
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limy, =0, limS, =1 (24)
n—oo n—roo
BTOT BHIBOJ SIBNISIETCS MPSAMBIM CJIEACTBHEM OIPEACNEHUS UHTET-
pPUPYEMOCTH.

IIpenensHele cooTHouieHus (22)—(24) nOKa3bIBAIOT TIPUH-
LUITAAIBHYIO BO3MOXHOCTb BEIYKUCIEHUS UHTETpaia OT NPOU3-
BOJBHOM MHTErpupyeMoil QyHKHUM KaXAbIM U3 TPEX METONOB C
Mo00# TOYHOCTBIO € 3a CYET BhIGOpPA JOCTATOYHO OONMBIIOTO /7 U
COOTBETCTBEHHO Majloro wara h=(b-a)/n.

ITocne obuiero BrIBOKA O CXOTUMOCTH METONOB MepeiieM K
0OCYXIEHHIO OCHOBHOTO BOIIPOCA, CBSI3aHHOTO C OpraHu3alueit
PEabHOTO BHIYUCIMTENBHOTO NPOLIECCA: KAKMM HyXHO B3SITb 7,
4YTOOBI JOOUTECS NPU BBIYUCICHUH MHTErpajia Hy>XKHOW TOYHOC-
. OTBeT Ha Hero TpebyeT aHajiM3a OCTAaTOYHBIX WieHoB. [Ipu
3TOM Ha (QYHKIHIO f(X) MPUXOAUTCS HAKJIAABIBATD JOTIOJIHUTEIh-
HbI€ OrpaHUYEHHMsI, BHIXOASAIIME 3a PAMKH NPENINoIoXeHUs 00
HHTETPUPYEMOCTH.

HauneM ¢ o0cyxneHns 0CTAaTOYHBIX WIEHOB B KBAaIPaTYPHBIX
dopMynax NpsAMOYTOJBHUKOB H Tpaneuuii. IIpennonoxum, uro
dyHk1Ms f(x) ABAXABI HenpepeIBHO nuddepeHHpyeMa HA OT-
pe3ke [a, b]. B xypce MaTeMaTHYeCKOrO aHAIM3a IIPU 3TOM TIpef -
MOJOXEHUH YCTAHABIUBAIOTCH (GOPMYHABI

X.

| h3 .
XJ f(x)dx:f(ﬁi)h+ﬁf (ni), (25)

xi : : 3 .
,,f f(x)dx:wh_% (), 06)

i-1

iyi(d n; u n;* — HEKOTOphIE TOYKH OTpe3Ka [:xi_l,xi]. Cyle-

CTBOBaHME TAKHMX TOYEK IapaHTHPOBAHO, HO MX TOYHOE IMOJIOXKE-
HHE HEU3BeCTHO [3—5].

CyMmupys paseHcTBa (25) u (26) no i, monydaem GopMyJIbl
(9) u (14) co cnexylOMMMU BEIPAXEHUSAMH UIST OCTATOMHBIX 4JIE-
HOB:
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B& .o
=§Zi=21f (n), @7)
BE e
XS ) (28)
PaccMOTpuUM CyMMBbI
WY £() w S 09)

i=1 i=1

@Dyskinsa f"(x) MO MPEeANOJOXEHHIO HENPEPbIBHA U, CleJ0Ba-
TEJIbHO, HHTETpHpYEMa Ha oTpe3ke [a, b]. C yuyeToM 3TOro 3aMe-

YaHUA BHIpAXeHUS (29) MOXHO paccMaTpUBATh KaK UHTETpasib-
b

Hble CYMMBI U1 HHTETpaja J ["(x)dx. Orciona cneayeT BBIBOA:

a

n b
lim £Y, f(n; )= [ f"(x)dx=f"(b)-f"(a), (30)
n-—oo i=1 a

n b
lim £Y f*(n;")=[ /" (x)dx = f'(b) - f*(a)- (31)
Nn—>o0 i=1 2

IlpeneneHbie paBeHcTBa (30) u (31) MO3BONAIOT 3amMcaTh OCTA-
TOYHBIE WIECHBI KBaApaTYPHHIX (POPMYJ NIPSAMOYTOJIbHUKOB U TPa-
neuui B BUAE

ocn=;1—17(A+un), (32)
B = n%(Bw) (33)

TIC
PRUSIRVIBIIn )Y (34
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(b a) i J'f’(x 7 — oo, (35)
i=1

(ba

B=——={f"(8)-/"(a)}, (36)

(b a) >
Vo= hZf( )jf(x)dx =0, now.  (37)

®opmyisl (32) v (33) BBLIEISIOT B OCTATOYHBIX YWICHAX [JIABHBIE
ciaraeMsie A/n? u B/n?, KOTOpbIE NIPH BO3PAaCTAHMM /1 CTPEMST-
¢ K HYMO Kak n~2. BaxHo MoaYepKHyTh, 4T0 KOIDOHLUEHTHI
A (34) u B (36) or n He 3aBucAT. [JONOJTHUTENBHEIE ClIATaeMBIE

u,/ n’ u v,/ n? SBJIAIOTCH GECKOHEYHO MAIBIMU GoJiee BHICOKO-
ro nopsiaxa. Eciv umMu npeHeOpeys 110 CPaBHEHHUIO C INTaBHBIMHU

clara€MbIMH, TO ITOJY4YaTCa NPOCTHIC ACUMIITOTHYECKHE IIPEA-
CTABJICHHUA OCTATOYHBIX WICHOB:

~An? u B, ~Bn2. (38)

Hx oTHOCHTENEHAs TOYHOCTh BO3PacTaeT IIPY YBEIUYCHHUU N.
Tenepp MOMYyIUM APYTHE IPEACTABICHHUS OCTATOYHEIX WiIe-
HOB. Y3 Kypca MaTeMaTHYeCKOT0O aHaliu3a M3BECTHO CIIEAyIOulee
YTBEpXIEHHE.
Jlemma. Ilycth (bymcmm ¢(x) HernpephiBHA Ha OTpe3Ke [a, b]
U NYCTh X{, Xy,..., X, — HEKOTOPbIE TOYKHM 3TOro orpe3ka. Torma
Ha oTpe3Ke [a, b] HalimeTcsi Takasg TO4Ka T, 4TO

li<f>(x,~)=<p(n)~ (39)

WHBIMHU cl0BaMU, CpefHee apuPMETUISCKOE 3HAYEeHUH Herpe-
pPHIBHOH (GYHKIIMM B HECKOJBKMX TOUYKAX OTpe3Ka [a, b], paBHO
€€ 3HAYEHHIO B OJHOM M3 TOYEK ITOTO OTPE3Ka.

IIpuMeHsist 3To yTBepXaeHHe K cymMam (27) u (28), nmony-

4aeM Apyroe€ npeacTaBlICHUE OCTATOYHLBIX YIECHOB O, U ﬁn
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3
b_‘a ” * *
ocn_—.%an—z)—f ("), as<w'<b, (40)

- (b-a)’
P = 1212

Dopmynst (40) u (41) He IO3BOIAIOT BBIYUCIUTD OCTATOYHBIE
WIEHBl: CYILECTBOBaHME TOYEK m* M m™* Ha oTpedke [a, b] ra-
PaHTHPOBAHO, HO UX MOJIOXeHWEe Hen3BecTHO. OgHaKo 3T dop-
MYJIBEI MOXHO HCITOJIb30BaTh IJIS OLEHKU OCTATOYHHIX YICHOB.
ITycts M3BECTHO YUCIO M,, KOTOPOE ABJIAETCA MAXOPAaHTOM JUIS
BTOPOH INMPOU3BOIHON byHKIMH [ (X):

(), asn™<b (41)

| ()< M,, a<x<b, (42)
Toraa paseHcTBa (40) u (41) MOXXHO 3aMEHHTb HEPABEHCTBAMHU
3
(b—a) M,
ST 43
ol <=2 (43)
<029 My (44)
neoer

IIpu 3a7aHHOH TOYHOCTU € OHM IO3BOJAIOT ONPERCIUTH YUCIO
Y3JIOB B, KOTOPO€ HYXHO UCIIOJb30BATh IIPU BBIMMCICHMH HMHTET-
paja mo paccMaTpUBaeMBIM KBagpaTYPHBIM (opMyiaM.

B cnyyae, korma BTopas npou3BogHasd GyHKUMH f(x) ABIS-
€TCS 3HAKOOIIpeAe/JIeHHON Ha oTpe3ke [a, b], dopmynnl (40) u
(41) Mo3BONAIOT ONMpPedeaUTh 3HAKU OCTATOYHBIX wieHoB. [lpu
3TOM CYIIECTBEHHO TO, YTO OHM OKA3bIBAIOTCS ITPOTHUBOIIOIOXHEI-
mu. Ilycts, Hanpumep, f"(x)>0, B 3ToM ciydae o, 20, B, <0.
Takum oOpa3oM, IS WHTErpana IOJy4aeTCs IBYCTOPOHHSS
OIlIEHKA!

P,<I<T, (45)

Ipu oTpuLiaTeIbHON BTOPO¥ NMpOU3BOAHON f"(x) coxpams-
€TCS ABYCTOPOHHSIS OLIEHKA, HO 3HAKW HEPaBEHCTB (43) MeHSI0T-
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€Sl HA IPOTUBOIONOXHBIE. Takue OLEHKH O4YeHb YHOOHBI, 1MO-
CKOJILKY TIO3BOJIAIOT JIETKO KOHTPOJUPOBATh TOYHOCTh BHIYHCIIC-
HUi: B ciayvae (45) P, u T, naloT 3HaueHue MHTErpaja ¢ Helo-
CTATKOM M H30BITKOM C OIUMOKOM, He mNpeBblIaloei
€, =T, - P,, B IPOTUBOIONOXHOM ciyyae P, u T, MEHSIOTCS pO-
JIIMU.

3akaH4YMBas OOCYXICHME METOIOB MPSAMOYTOJLHUKOB U Tpa-
Meuuii, coenaem cienyioniee samedanue. Gopmynnr (32), (33),
oueHKH (43), (44) MoOKa3bIBAlOT, YTO B C/IyYyae ABAXAbl HEMpe-
puIBHO AuddepeHUMpyeMOi NOABIHTErpabHON (YHKIIMU OCTa-
TOYHBIE YiEeHB O, M B, yb6bIBarOT Kak 7~ 2. OJHAKO €CJIU OTKa-
3aThCS OT 3TOrO TpeGOBAaHUA I71AOKOCTH, TO JAHHBIE PE3yIbTaThl
TEPAIOT cUly. B 3TOM ciydae A MHTErpupyeMbIX QpyHKLIMMA
MOXHO TapaHTUPOBATh CTPEMIICHHE OCTaTOYHBIX WIEHOB K HYJIO,
HO HEJIb3sl YTBEPXKIATh, YTO OHO TIPOMCXOZMUT CO CKOPOCTBIO 712,

MOXHO TOCTaBUTh NPAMO NPOTUBOMOJIOXHBINA BOHOPOC:
HEJIb3s JIY, NOBbIIUAs TpeOoBaHKME IJIAAKOCTH IOABIHTETPAIbHOM
GYHKIIMH, YBEIUYUTL CKOPOCTH CXOAUMOCTH MeTonoB? OTBET Ha
HEro oTpyuareabHbIi. IIpeanonoxeHre o CylieCTBOBAHUM y (YH-
KIMH f(X) yeTsipeX WX HIEeCTH IMTPOU3BOIHBIX HE MOXET UBMEHUTD
dopmynsl (32) 1 (33), MO3TOMY CKOPOCTEL YOBIBAHUSI OCTATOYHBIX
YJIEHOB IPU BO3PACTAHUM 1 OCTAHETCS MpexHei — n~2. B cBsasu
C 9TUM METOIBI NIPSAMOYTOJIBHUKOB U Tpanellnii Ha3biBalOT METO-
aMu BTODOIO NOpPsIIKa TOYHOCTH, NOOABNSAS NPU STOM — IS
IBaXIbl HENPEPHIBHO nuddepeHIUpYeMbIX QYHKLMHA.

3agaua 1. Beiuucaums no gopmyaam npamoyeonbHUKos u mpa-
neyuil npu n =72 uHnmezpan

n/2
I= j sinxdx=1. (46)
0
B nanHOM ciy4ae
Py =" sin®+sin > |=1,026172, (47)
478 8
T, =%(%sin()+sing+%sin%]=0,948059. (48)
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3Hasl TOYHBIA OTBET (46), HAXOAUM TIOIPEITHOCTH:
0, =-0,026172 n B, =0,051941. 49)

Bropasi npousBoxHasg GbyHKUMY sin x Ha otpeske [0, n/2]
OTpHLIATeNIbHA, ¢ MOAYJb HE NPEBBIIAET eAUHULBL M, = 1. Mb
BHIMM, YTO 3HAaKH IOrpeliHocTed o, u By (49) cornacyores ¢
¢opmynamu (40) 1 (41). OHM TPOTHBOMNOIOXHBI, TO3TOMY A
uHTerpana [ cripaBeyMBa NIBYCTOPOHHSAS OLEHKA, aHaTOTHYHAas
(45), Ho Apyroro 3Haka:

T,<I<P, (50)

Benunuyuna norperiHocteit (49) yaoBReTBOPSIET HEPABEHCTBAM
(43) u (44):

/

\3 3
]a2|59—16L125j <0,041, [Ms%(%] <0081 (51)

ITepeiinem x 0O6CYyXIEHUIO OCTATOYHOTO WIEHA Y, B METONE
CuMriicoHa, KOTOpoe NMPOBeIeM IIPHU TIPEAITONIOKEHHU O YEThIPeX-
KpaTHOU HerpepblBHOM AU hepeHIHPYEeMOCTH MOABIHTETPAIb~
HOit pyukuuu f(x). Hamomuum, 910 B MeToxe CHUMIICOHA YUC-
JIO TOUEK BHIGUPAETCS YETHBIM, MOITOMY #/2 ABISIETCH LIETBIM
YLCIOM.

PaccMOTpUM OTpe30K IBOMHON IUTMHBI 2A, pacIiOOXEHHBIN
MEXIY TOYKaMH pa3buenus (6) ¢ YeTHBIMM HOMEPaMHU [Xz j-20 %2 j] ,
1< j<n/2. B Kypce MAaTeMaTHYECKOTO aHATN3a BEIBOAUTCA (Pop-
Myna

sz f(x)ydx=
*2j-2

5
=§{f (x2j-2) 4/ (32 )+ f(ij)}—g—Of(‘” ()

rae n;e [x2 j-0 % j] CyliecTBOBaHHME TaKOW TOUKH rapaHTUPO-
BaHO, HO €€ TOYHOE MOJIOKEHUE HAa OTPE3KE HEU3BECTHO.

(52)
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Cymmupys paBeHCTBa (52) mo j, moay4aeM KBagpaTypHYIO
dopmyny (18) co cnemyroliMM BbIpaXeHMEM JUIsE OCTATOYHOIO
YJIeHA;

5n/2 @ 53
—gajzzlf (n;) (53)

N3 dopmynm (53), ananornunoit dpopmyaam (27) u (28), Mox-
HO BBIBECTH PA3JIMYHBIE TPEACTABNEHMS OCTATOYHOrO WiEHa U
HU3Y4YUTh €r0 CBOMCTBA.

PaccMmoTpuM cymmy

nj/?2
28y £ (n;) (54)

J=1

®Oynxuus f4)(x) npeanonaraeTcsa HeNMpepLIBHON M, ClENOBa-

TEAbHO, HHTErpupyeMon Ha otpeske [a, b]. C yuetoM atoro (54)
MO)lgHO paccMaTpUBaTh KaK HHTEIPATBHYIO CYMMY IUISI UHTETpa-

na f f®(x)dx. Orciona crneayer BHIBOL:
a

lim 2hz f@(n;)= j O (x)dx= f7(b)- f"(a). (55)

N—>oo

ITpenensHoe paBeHCTBO (55) MO3BOJSET 3aIMUCATh OCTATOYHBIA
4YJIeH KBagpaTypHoil ¢opmynsl CumrncoHa (53) B Buae

1
Yn= 7 (C+0,), (56)

4
c=- L -5y (@), 57)

b b
On=" (183) 2h2f(4)( j) ff(“)(X)d"}—m, R 0. (58)

a
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Ota popmyna, KaK 4 ¢opmyiast (32), (33) wig METONOB NMPAMO-
YrOJBbHUKOB U Tpaneunﬂ BBIAEISIET B OCTAaTOYHOM WIECHE 7Y,
raBHoe ciaraemoe C/n?, KOTOpoe CTpeMHTCA K HYJIO Kak n 4,
Koaddpuument C (57) He 3aBUCHUT OT A. JJOmONHHTEIbHOE Ca-
raemoe G,/ n* saBnsiercs GeCKOHEYHO MaJoil 6osee BBICOKOTO
mopsaaka. Ecnu uM npeHe6peys, TO MOIYYHTCH aCHMIITOTAYECKOE
[pPeACTABIEHHE OCTATOYHOIO WIEHA!

=Cn™. 39)

Ero orHocuTenbHAs TOYHOCTH BO3PACTAET C YBEJIHYEHHEM H.

JIpyroe npeacrapjieHUe OCTATOYHOrO WieHa Y, MOXHO Bbi-
BECTH ¢ noMoibl dopMmysiel (39). OHa ro3poisieT 3amucars (53)
B BUAe

(b a) 4
=—> 2 f@(q 60
rae N — Kakasg-To TOYKa oTpeska [a, b]. BelMHCIUTE morpeni-
HOCTb N0 popMmyne (60) HeNb3s, MOCKONBKY NOJMOXEHHE TOYKH

T HEU3BECTHO, HO MOXHO €€ OLeHHMTb. IIycTh l f (4)(x)|sM4,
Torza

(6-a) My
el =508

JaHHas OLIEHKA IO3BOJISIET ONMPEIEINTD, C KAKUM 2 HYKHO IIPO-
BOIHTH BBIYMCIICHHS, YTOOBI MOTPEITHOCTD HE MIPeBLILIAIA 3a0aH-
HOHM TouHOoCcTH €. KpoMme Toro, eciu 4eTBepTas IMpPOU3BOAHAS
dyuxkumu f(x) — 3HakoompeneseHHad, To dopmyna (60) naer
3HAK MOTPEIIHOCTH, YTO TAKXKE MOXET OKa3aThCsl MOJIC3HBIM IIPU
OpraHu3alui BEIYACIICHUIA.

Mertox CuMricoHa aBIseTCsa MeToIOM 60jiee BRICOKOTO I10-
psliKa TOYHOCTH — YETBEPTOro. B 3TOM ero mpeuMyIecTBO Ie-
pen MeTOIaMHM MPSAMOYTOJILHUKOB 1 Tpareuyii. [IpaBna, npuse-
OEHHBIE BBIIIE OLEHKH OCTATOYHOrO 4YJieHa TpeOyloT Gonblieit
[J1alKOCTH MOABIHTErpaibHOW (PYHKUMU — OHA JOJKHA ObITH
YeThIpe pa3a HenpepsiBHO aAuddepeHIMpyeEMa.

(61)
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3anaua 2. Beuucaume unmezpan (46) no gopmyne Cumncora
npun=2.
B naHHoM ciy4ae

S, =%[Sin0+4sin%+sing—)=1,002280, (62)

¥, =—0,002280. (63)

Yerpeprast mpousBogHasi GyHKIMY sin x Ha otpeske [0, n/2] mo-

JIOXUTENbHA M HE NPEBOCXOAUT EAUHUIbBI. TakuM 06pa3oM, 3HAK
TIOTPEITHOCTHU coTjacyercs ¢ popmynoi (60), a ee BenuyuHa —
¢ oueHkoi (61):

3
7] s@lﬁ(;} <0,0034.

4.2.3. AnocrepHopHbie OLEHKH HOTPENIHOCTH
TIPH YHCTEHHOM HHTETPHPOBAHMH

B natuHCKOM sI3BIK€ CYIIECTBYIOT ABa TEPMHUHA — aHTOHU-
Ma: anpuopu (a priori) u anocmepuopu (a posteriori). IlepBblit 03-
HayaeT M3HAYAIbHO, HE3aBUCUMO OT OIIbiTa, BTOPOM — Ha OCHO-
BaHUU onbita. O0a OHM 4acTO UCIIONB3YIOTCS B BHIYMCIUTEIHHOU
MareMaTHkKe, nojapasnesss wHOPMauuIo Ha Ty, KOTOpash U3BeC-
THA 00 Hayajga BHIYUCJICHUIN, U Ty, KOTOpas MOJIY4aeTcs B IpO-
LIECCe BBIYUCIICHUIA.

OLEHKH MOTpelIHOCTH KBaAPATYPHHX (GOPMYIT IIPSMOYTOMNb-
HUKOB (43), Tpanemuii (44), Cumncona (61) Ha3HBAIOT anpuop-
Homu. OHU CIIpaBeUIMBH M3HAYANBHO U IIPEACKA3BIBAIOT TOY-
HOCTBb BBIYHCJICHHS MHTErpaja He3aBUCHUMO OT TOro, OyneM Mbl
(bakTHYECKH ITPOBOAUTL BHIYMCIIEHUS WIM HET. DTH pe3yNbTaThl
MO3BOJISIOT MTOHATh CTPYKTYPY OCTATOYHEIX WIEHOB, OIPENCIUTD
CKOpOCTh UX YOBIBAHUS IIPU BO3PACTAHHH 1.

OnHaxo HeNapoM TOBOPAT, YTO HENOCTATKH SIBJISIOTCS IIPO-
OJDKeHUEM TOCTOMHCTB. TlocTaHoBKa 3a1ayyl YMUCIEHHOTO MHTEr-
PMPOBaHUsI MPEAIOJIaraeT, YT0 U3BECTEH AITOPUTM BHIYMCIICHUS
MOABIHTErpanbHON GYHKUMHK f{X) TIpy J10O00M 3HAYEHUHU apry-
MeHTa x Ha oTpe3ke [a, b]. B ouenxn xe (43), (44), (61) Bxo-
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JAT KOHCTaHThl My U My, MaXXopupylolUMe BTOPYIO M YETBEPTYIO
NMpon3BOAHBIE QYHKUMH f(X) B acCUMIITOTUYECKUE hopmynt (38)
M (59) — 3HayeHUs nepBOH M TpeTheil MPOU3BOMHBIX B I'PaHNY-
HBIX TOYKax oTpe3ka |[a, b]. Takass mHbOpMaUMs BBIXOOHUT 3a
pPaMKH TIepPBOHAYAJIBHOM ITOCTAHOBKM 3a1a4. YToOsl ee MojiyuuTh
M UCMOJNIB30BATh B MPOIECCe BHYUCASHUN, HYXKHO IPOBECTH HO-
MOJHUTEIbHOE UCCenoBaHue QYHKIIMU f(x).

Ecnu dyukims f(x) 3amaHa CpaBHUTENBHO MpocToil popmy-
JIOH, TO Takoe MCCIeNoBaHUE BO3MOXHO, XOTS TpebyeT onpene-
JICHHBIX YCHAMH U BpeMeHU. B ciyyae Xe, Koraa oHa 3agaercs
rpaduKoM, TabuIIel, orpenensieTcsl Kak CJIOXHasl HessBHas DyHK-
UUs M T.J., HA 3TOM TTyTH BO3HHKAIOT OOJBIIME WK JAXE HEIpe-
OJIOJIMMBbiE€ TPYAHOCTU. B CBSI3U © 3TUM nepeitneM K 00CYXIeHUIO
METOIOB OLICHKHW NMOTPCUIHOCTH YHUCJIEHHOTO MHTETPUPOBAHUS,
KOTOpHIE He TPEOYIOT NMPEeABAPUTENBHOTO aHAIM3a IIPOU3BOJHBIX
NOABIHTErpaibHOM (GyHKUMU. OHH OCHOBAHEBI HA COMOCTABICHUH
pe3yJbTATOB BBIYMCICHUH C pa3HBIM YMCJIOM TOYEK # U Ha3bIBa-
10TCSL anocmepuopHsimu (OYKBATbHO — OCHOBAHHBIMH Ha OIBITE,
4YTO B JAHHOM CJIy4yae O3HA4YaeT OCHOBAHHBIMHM Ha pe3yabTaTax
BBIYUCIICHUIA).

HayHeM 00cyxaeHUE HOEH aNOCTEPUOPHBIX OLIEHOK MOrpell-
HOCTH C METOJIOB BTOPOrO TOPSIAKA — IIPSAMOYTOJIbHUKOB U Tpa-
neuuit. Ilpennonoxum, 4TO MBI MPOBEIH PacCyYETHl [0 METOMLY
NPSIMOYTOJIBHUKOB C YHUCJIOM TO4YE€K n/2 (n — 4YEeTHOE YHUCIO), a
IIOTOM C YHUCJIOM TOYEK # U B Pe3ybTaTe MOJYYUIM IBa YUCIA
— P, » n P,. CornacHo dopmynam (9) u (32) aTo mo3BosisieT Ha-
IIMCATh COOTHOLUCHHUS

4 1
1:1;,/2+;2_(A+un/2), I=Pn+;2—(A+un). (64)

Brryurasi Teneps BTOpOe paBEHCTBO U3 MEPBOTO, IMOAyYaeM

(P2 —P,,)+%A+n_12(4un/2 ~i,)=0

WIN

anZ%(A+“n)=%(})n—])r1/2)+§é,t—2(“ﬂh“"/z)' (65)
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IlepBrlif WIeH B MpaBoil 4aCTH ITOTO MPEACTABIEHHUSA OCTATOYHO-
ro WieHa HaM M3BECTECH M3 Pe3yJbTaTOB BRIUMCACHUN. OH ABIA-
eTcs IMiaBHBIM. BTOpoit WwieH HeM3BECTEH, HO OH II0 CPABHEHHIO
C IIEPBBIM IpeAcTaBiBsieT coboi 6eCKOHEYHO Manyr Oosiee BbICO-
Koro nopsaka. Ecnu uM npeHeOpeys, TO IS HOTPEUIHOCTH IO~
JIY4JUTCSE TIpOCTasl acUMIITOTHYecKas dbopMyIa:

1
== 6
3(P ~B, ). (66)
Ee otHOCHTENBHAA TOYHOCTH BO3PACTAET MPH YBEJIUUCHUH A.

AHanoruyHsle (POPMyJIBI HMEIOT MECTO IUISI ITOTPEIHOCTH
MeTOla Tpareuum:

Bn ;(T T/Z) 3:2(Vn—vn/2) ;(T T/z) (67)

Hdns merona CHUMIICOHA, KOTOPHIM SBASIETCS METOHOM 4eT-
BEPTOro nopsnka, GopMyasl HEMHOrO H3MeHSIIOTCs. Tereps co-
OTHOILIEHHUA, aHAJIOTHYHbIE (64), 6YAyT HMETh BHUL

I=8,,)+ 6(C+c,,/2) [=8,+— L 7(C+o,).  (68)

(3mecs yKMCIIO 1 TIPEATIoNaraeTcs KpaTHBIM YETHIPpEM, O3TOMY #/2 —
yeTHoe yucio.) Ilpoeons B (68) BeIMMTAHHE BTOPOM CTPOKHM U3
NIEPBOM, IONy4aeM

ynzn%(CHsn) IIS(S S/z) 1;i4(on—on/2). (69)

3xech ONMSITH MEPBHIA WICH B IIPABOI YaCTH PaBEHCTBA MU3BECTEH
13 BeluMciaeHuit. OH ABAseTCS IJIaBHBIM. BTOpOil WwieH HeusBec-
TEH, HO OH IIPeICTaBIsIeT cOO0M DECKOHEYHO MaIyio Oosiee BBICO-
KOrO HOpSiJKa IO CpaBHEHUIO C nepBbIM. Eciid MM npeHeOpedb,
TO TOJIYYUM ACUMIITOTHYECKYIO (DOpMYyNy Misi NMPUOGIUXKEHHOTO
BBIYMC/ICHUS ITOTPEITHOCTH II0 PE3YNbTATaM IBYX BbIYMCICHUI:

1
E(Sn"Sn/Z)' (70)
Ee oTHOcUTeIbHAA TOYHOCTDH BO3pacTacT ¢ YBCINUYCHUEM H.
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OOBIYHO ANOCTEPUOPHBIE OLEHKHM IOIPEITHOCTU € TIOMOILUBIO
acuMIToTHdeckux opmyn (66), (67), (70) BKIWOYAIOTCI B KOM-
MBIOTEPHBIE TPOTPaMMEI YHCIEHHOTO HHTerpUpoBaHusl. OHH Cily-
XaT KpUTEpUEM IUIS 3aBepIIeHUs BBHIYMCICHUH IMOC/E TOro, KaK
HYXXHasi TOYHOCTh JOCTUTHYTA.

B 3akmoueHHe OoTMeTHM clienytoiiee. MOXHO MONCTaBUTh
MONYyYeHHbIe BbIPAXEHMS /IS OCTATOYHEIX uleHOB (65), (67),
(69) B Mcxonuele KBaaparypubie popmyns (9), (14) u (18). B pe-
3yJIbTATE OHM IPUMYT BU!

4 1 -
I:EPH~§PH/2+0L”, (71)
41 ]
1:§Tn_—3—Tn/2+Bn’ (72)
16 1 -
I:ES”—I—gsn/2+'Yn, (73)

rne @,, B,, ¥, — OCTATOYHBIE YWIEHBI ITUX MOAUGDULIUPOBAHHBIX

dbopmya:

&n::f:?(un_un/Z):O(n_z)’ 74
. 4 ‘
Bn=§’-15(v,,—vn/2)=o(n—2), (75)
- 16

yn=f5?(o-n~0-n/2)=o(n_4)' (76)

®opmynsr (71)—(73), HanmWcaHHBIE IO pe3yAbTaTaM ABYX
pacyeTOB C YMCIIOM TOUEK #/2 U n, ABISIIOTCS aCUMIITOTUYECKH
OoJice TOYHHIMU, YeM HMCXOAHBIEe. B uCxXomHBIX popMynax 1mo-
IPEIUHOCTH YOBIBAIOT COOTBETCTBEHHO KaK # 2, n—2, n~4, B Mo-
JHMULMPOBaHHBIX (HOPMYIIax MOTPEIIHOCTH, coriaacHo (74)—(76),
SIB/IAIOTCS OECKOHEYHO MajibIMU Gojiee BHICOKOro nopsaka. On-
HAKO /ISl UCXOAHBIX (DOPMYII U3BECTHBI OLEHKU IOTPELIHOCTEH
(43), (44), (61). JIna moauduumupoBaHubix GOPMYJ B HauleM
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paCIIOPSIXKeHUM OLEHOK HeT. EC/IM MBI XOTUM MMU I0JIb30BATh-
CsA, TO HYXHO IIPOBECTU COOTBETCTBYIOLIEe HccneaoBanue. Mc-
KITIOUeHHe cocTaBisieT pupmyna (72). CornacHo dopmyne (21) ee
MOXHO TEPEITUCATD b BUIE

1=, +B,, (77)

T.€. MOOU(MUIIMPOBaHHAs (POPMYNa Tpareuil 0Ka3aaach IPOCTO
dbopmynoii CuMricoHa ¢ yXe H3BECTHBIM OCTATOYHBIM 4IEHOM

Yn = Bn‘

3apnaua 3. Bwuucaums no gopmyae Cumncona unmeepan (46)
¢ n=4. Hcnoavzysa pezyabmamsi 3a0a4u 2, Haiimu npUubAIUNCEHHYIO
anocmepuoptyro noepewrocms (70).

B aToM ciyyae

Sy= %(sin0+4sin%+2sin§+4sin%n+sing)= 1,000135, (78)

¥, =-0,000135.

AnoctepropHasi OLEHKa IIOIPEUIHOCTH 10 pe3yabTaTaM ABYX pac-
4eTOB JaeT

Yo~ %(54 ~ §,)=-0,000143.

HecmoTps Ha MaJieHbKOE YHCAO TOYEK, OHA XOPOILIO COIIacyeT-
cs ¢ (aKTUYECKOI NOrpeitHOCTHIO (78), COCUUTAHHOM «B JIOO» IO
HM3BECTHOMY 3HAYEHMIO MHTerpasia (46).

3anaua 4. Hcnoawsys pezyabmame: peuerus 3ada4 2 u 3, no-
cyumame unmeepan (46) no moduguyuposannoii gopmyse Cumn-
cona (73).
B naHHOM ciiyyae

16 1

J=—8, ~——8 =0 2 79
TRATR ,999992, (79)
¥, = 0,000008.
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MoauduuupopanHass ¢opmyna Cumriicona (73) 6e3 HONONHU-
TENBHBIX BRIYUCIEHUHA TIO3BOIMIIA HA MTOPSIIOK YIYYIIMTE pe3yib-
TaT, IMOJYYEHHBIH 110 00BMHOK popmyne CumncoHa. OTMETUM,
YTO ITOTPEIIHOCTY IpH pacyeTax mo dopmynam (78) u (79) ume-
IOT IIPOTHUBOITOIOXKHBIE 3HAKH.

4.3. KBAIPATYPHBIE ®OPMYIJIbI IT'AYCCA

4.3.1. 3azaga mocTpoeHHs ONTHMAJBHBIX
KBaApaTypHuIX topMya

TouyHOCTE KBagpaTypHOR (HOpMYyIbl ONpENeasicTCsl BRBIOOpoM
Y3710B 4 BecoBBbIX Koaddunuenros. Hanipumep, ¢hopMynsl Tparne-
uuit ¥ CHMIICOHA MMEIOT OMIMHAKOBBIE Y3J/IBI, HO pa3jIMYHbIC Beca
U, KaK CJIENCTBUE, UX TOYHOCThL OKa3bIBacTCs pasHoOU. B cBsi3u ¢
3THUM, €CTECTBEHHO, BOZHHMKAET 33ja4a NOMCKA HaWwlydlllel KBajg-
paTypHOI (hDOPMYITEI C 3aIaHHBIM IHCIOM y310B 1, O6CcynuM no-
CTAHOBKY M pellleHWe Takod 3amauu B dopmynupoBke [aycca:
MOCTPOUTEL KBAaAPATYPHYIO QOPMYIY C YUCIOM Y3JIOB M, KOTOpast
SIBSIETCS TOYHOM JUISL M060ro rmojuHoMa crenedu (2n — 1) wiu
Hirxe. Takasg MoCTaHOBKA 3a4a4M BIIOJIHE OIIPaBAaHa: KBaIpaTyp-
Has GopMylia, TOUHAS VISl TOJIMHOMOB, DyleT XopoIio padoTaTh
IS Tagkux HyHKIIHA.

Tlepexons K pemeHuo 3a1a4u, moctarneHHon ayccom, Oy-
IIEM CYUTATh, YTO MHTErpal MpeIBAPUTEIbHO IIPUBEICH K CTaH-
JapTHoil ¢opme, xoraa ob61acTbi0 UHTETPUPOBAHUS SIBISIETCS
orpe3ok [~1,1]. C yyeToM 3TOro 3aMevyaHusl 3alUIIEM UCKOMYIO
KBaapaTypHylo GOpMYyNy B BUIE

1 n ,
[r(x)ax=3cf(x)+8, (80)
-1 i=]

rae x; — Y3Jbl, X;€ [-1,1]; ¢; — BeCOBbie KOabduLUUEHTH; O, —
oCTaTOYHBIN wied. s moboro moaunHoMa crereHd (2a — 1) oc-
TaTOUHBINA YjeH B popmyne (80) gomkeH ObITh paBeH Hynw. Ha
MPOTSKEHUM ITOTO Taparpada Kaxabiii pa3, korzna 0yneMm roo-
PUTH O MPOU3BOJIBLHBIX NTOJMHOMAX KaKOW-HUOYAb CTENEHHU, BCe-
rna OyaeM BKJTIOYAThL B UX YUCIO TMOAMHOMbI OOJiee HU3KUX CTe-
feHeil, He oropapusas 310 0C060.

9 BBOAHBIC JEKIMH MO MUCTIEHHBIM METOOAM 129



IMonaras mocaexoBatensHo f(x)=1, x, x2,..., x2*~1 u npu-
HMMasi BO BHUMaHUe, YTO it 3TUX QYHKUMH, COINIacHO Tpe6o-
BaHUIO 'aycca, OCTATOYHBIN WiEH JOJDKEH PABHATHCS HYIIO, TO-
yyaem

1
j x"Mdx =
-1

1 S i
(m+1){1+(_1) }—i_ZICixi , 0sm<2n-1. (81)

CootHomeHus (81) npeacTapasaoT coboit CUCTEMY 2n HEJTMHEM-
HBIX YPABHEHMH C 2n HEM3BECTHBIMH, B KAY€CTBE KOTOPHIX BBIC-
TynaloT y3/bl x; M Beca ¢; (1<i<n).

Yparuenue (81), cooTBercTByIOLIEe HHIEKCY m = 0, maeT

=2 (82)

n
i=1

Takum 006pa3oM, cyMMa BECOBBIX KO(DOMHUIIMEHTOB B KBAAPATYP-
Hoit popmyne Iaycca npu m000M n paBHA JBYM.

3anaga 5. Cocmasump u peweums cucmemy ypasnenuii (81) das
xeadpamyproii opmyave Taycea ¢ o0num y3nom.

B aTOoM cniyyae B 3amave IOMIEXAT OIpeNEIeHUIO IBa I1apa-
METpa: y3es X; M BECOBOH K03 duuMeHT ¢;. CrcTeMa ypaBHEHUIA
U1 ux onpeaeneHus noaydaercss us (81) npuy m=0u m=1:

Cl = 2,
Ee pemenne umeer Bua x; = 0, ¢ = 2, I03TOMY MCKOMasl KBaJl-
parypHas GopMysia 3arUIIeTCs CIeIYIOIUM 00pa3oM:

1
[ f(x)de=27(0)+8,. (83)
-1

Bri6Gop B KauecTBe eMUMHCTBEHHOIO y3ja CpeaHel TOYKHU OT-
pe3ka [—1, 1] BBIVBIAMUT M0 COOOPAXKEHMAM CUMMETPHH BIIOJIHE €C-
TecTBEHHO. TpeboBaHue, YTOOB CYMMa BECOBBIX KO(PHUIIUEHTOB
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paBHsUTach AByM (82), onpenessieT B JAHHOM CIy4Yae €AWHCTBEH-
HBII BecoBoi koaduLumeHT c;. KBanpartypHas ¢opmyna (83) ss-
JISIETCS TOYHOM Ut J1I060i uHelHoi dyHkimu Q) =4q) +agiX.

4.3.2. Ilomuomwm Jlexkanapa

Mbpr peuminu cucreMy ypasHenui (81) mpu n= 1. OgHako
pelIHTh ee «B JIoO» B 0bilieM ciiydyae [IpH IIPOM3BOJIBHOM 71 CIIOXK-
Ho. IlosToMy MBI 6yIeM BBEIHYXAEHBI BOCIIONBL30BAaThCs 00XO0M-
HBIM IyTeM. ISt 3TOH Leu HaM MOHAL0OsITCS MOJIMHOME Jle-
XaHApa, ¢ KOTOPHIMH BBl YX€ BCTPEYANUCh B Kypce JUHEHHON
anredpsl. OHu onpenensiorca GopMynoi

_ 1 dh o gy
P (x)= 2nn!ﬁ(x -1 (84)
BainuieM, HCIOAB3YA 3Ty (DOPMYITY, HECKOJIBKO IEPBHIX ITOJH-
HoMoB JlexaHapa:

3 1
B(x)=1 B(x)=x B(x)=3x2-3, B(x)=

53 3

—x’-=x. (85
3% =5 (85)
Honunomsr Jlexanapa o6manaroT CIEAYIOIIUMI CBOHCTBAMMU:
1. HHonmunom Jlexauapa P,(x) HOMEpa 1 SBASETCA MONAUHO-

MOM h-# cTereHH, o6JagalolMM TOMH Xe YETHOCTHIO, YTO H A:
B, (=)= (-1)" P, (x). (86)

2. lomunomsr Jlexanapa P, (x) B TouKax x=zx1 npuHuma-

0T CJIICAYVIOIIHUE 3HAYCHUA:
P(D)=1, P (-1)=(-1)".

3. llonunom Jlexanapa F,(x) uMeer Ha unrepsaie (-1,1)

n IPOCThIX KOpHeH. B cuny cBoiicTBa 1 KOpHM pacrnonararrcs
CUMMETPUYHO OTHOCUTETBHO TOUKHU X = 0.
4. JloGoit nonnHom @, (x) creneHn m < n OPTOTOHANEH K

nonuHomy Jlexannpa P, (x) Ha cermenTe [-1,1]:
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1
[ O (x) B, (x)dx=0. (87)
-1

HoxaxeM rmepeducaeHHEIE CBOMCTBA.
1. CpoiicTBO 1 HalpgIMyI0 ClenyeT 13 dopmyiasr (84).
2. IlpencrasumM BhIpaXeHHE (x2 —1) B BHAE NIPOU3BEIAECHUS
2 n n n
(x —1) =(x+1)"(x-1)" u BBImONHUM n-KpaTHoe AuddepeH-
upoBaHue. B pesyiabrate momydum

1 & n
P(x)=2,,n!gb(c,’;)2n!(x+1) k(x-1k. (88)

n

Bce uneHH 3TOH CyMMBI, KPOME HYJEBOrO, COAEPXAT MHO-
KUTEIH (x—l)k , 1<k<n, u npu x=1 obpamawTcsa B HyJb, a
HyJEBOH 4eH JaeT HyxXHoe paBeHcTBo P, (1)=1. Bropoe papeH-

cTBO caenyer us (86): P, (-1)=(-1)".

h
3. Oyuxuus (xz—l) oOpalaeTcsl Ha KOHIIAXx OTpe3Ka

[-1, 1] B nyns. CornacHo teopeMe Pomns, ee mepsasi MPOM3BOA-
Hasg JOJDKHA UMETh IO KpaliHell Mepe ONUH HyJIb Ha UHTEpBAJIE
(-1, 1). Kpome Toro, npoussoxHas oGpalaercsd B HyJlb B Ipa-
HUYHBIX Toukax X =*1. IIpuMeHss TakuM Xe 06pa3oM Teopemy

o . 2 n ’
Ponnsg xo BTOpo#l npou3BOAHOH (x —1) , ybexmaemcs, 4To

OHa uMeeT Ba HyJg Ha unrteppaie (-1, 1) u obOpalaercsi B Hyjib
B FPAaHUYHEBIX TOYKax x==%1.
Bynem nponosxars 3TOT mpoiuecc, ToKa He JoHaeM 10 n-#

- n
MPOU3BOJHOU BBIPAXKEHHUS (x2 —1) . DTa MpoU3BOIHAS ONpene-

JisgeT nojuHom Jlexanapa ¢ TOYHOCTBIO 10 MHoxuTtessi. OHa
JIOJIKHA UMETh # KOpHeid Ha uHTepBane (-1, 1). ITockonbKy yuc-
JIO KOPHEW paBHO CTeNeHU NMOJAMHOMA, BCE OHU JOJKHBI ObIThb
npocteiMK. KopHH, KaK MBI YK€ OTMEUasId BbIILE, pacriojaraior-
cs Ha unTepBaie (-1, 1) CUMMETPUYHO OTHOCUTENBHO €0 Cpel-
Hell Touku x = 0.
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4. TlogctaBuM B uHTerpan (87) npeAcTaBlICHUE MOJHHOMA
JHexanapa (84) ¥ npounTerpupyeM mo dactsMm. B peaymbrarte
TONYINM

n
d (x2-l)ndx=
i
YL, (x) @t

2””’ O ( )dx” 1( 1) _1‘_lexn—l

(x2-1)" dx

IoncraHoBKK Ha XoHIIax oTpe3ka [-1,1] obGpamalorcsa B HOMb,

2 n
MOCKOJIBKY CTEINCHB 71 Y BRIPAXECHUS (x —1) Goisuie (n—1)-ro
nopsiixa IMpor3BOAHOM.

BhInoHAS npolieypy HHTETPHPOBAHUS 110 4acTsaM m+1<n
pas, nomyJyaem

1
1 ‘[ dm+1Qm (x) dn—m—l

m+1
J=(-1) Iyl el gen-m-1

n
(¥2-1) dx=0.
37ech OA 3HAKOM MHTErpasa B KAaYeCTBE MHOXHUTENS CTOMT
(m+ 1)-1 npousBogHas OT nmosuHOMa m-¥ crenenn @, (x),

TOXJAECTBEHHO paBHasi HyJ1i0. OpTOroHAIBHOCTD A0Ka3aHa.
3ameuanne. CoOTHOUIEHHE OPTOrOHAIBHOCTH (87) cripaBeUTMBO, B
4aCTHOCTH, B CiydYae, KOraa B KadecTtBe nondHoMa Q,,(x) npu m<n

B3sT nonuHoM Jlexauapa £, (x)
j P, (x) P, (x)dx

DaxkTUYeCKH B 3TOM YCIOBUM OPTOrOHaNBHOCTH HE BaXHO, KaKOH
HMEHHO M3 ABYX UHICKCOB — m WIM # — GOJIbILE, a KAKOM MEHBLIE.
BaxHOo nuiub, yTo OHM He paBHbl. Takum obpa3omM, M3 CBOWMCTBA ye-
TBIPE BBITEKAET CJIENACTBHE.

Cnencteue 1. [Hosunome: Jlexcandpa obpasyrom cucmemy no-

AUHOMO8, OPMOZOHAABHBIX Ha ompeske |1, 1]
j P (x)P,(x)dx=0, m=n.
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W3 nuHelHOW anreOphl U3BECTHO, YTO CUCTEMA MOJMHOMOB, Op-
TOTOHAIBHBIX HA HEKOTOPOM MHOXECTBE, ONpeleneHa OHO3HAY-
HO C TOYHOCTBIO 10 MHOXUTeNned. [loaToMy cnenctBuio 1 Mox-
HO COMOCTaBUTH 00paTHOE YTBePXACHHUE.

Caencrsue 2. [Tycmy Q, (x) — noaunom n-ii cmenenu opmo-
eoHansublil Ha ompeske [—1, 1]k arobomy noaunomy cmenenu m < n,
mozda ¢ MO4HOCMbIO 00 MHONCUMEAR OH AGAAEMCA ROAUHOMOM

JMexcangpa Q,(x)=A,P,(x) .

4.3.3. VYaunl n BecoBbie KOI(D(PUIHEHTH KBAAPATYPHBIX

¢opmya I'aycca

H3y4uB cBoiicTBa monuHOMOB JlexaHapa, mepeiigeM K perie-
HHIO OCHOBHOM 33a1a4y — OIIPEIENEHHIO Y3I0B H BECOBHIX KO-

dunneHToB KBaaparypHbeix ¢opmyn aycca. CoctaBUM NOJUHOM
n-y CTEIeHU

0n ()= (x)(2-3)...(x-%,) ©0)

rge Xx; — UCKOMBIE y3nbl. Bo3pbMeM NpPOM3BOJIBHBIN MONMHOM
Q,,(x) crenenu m < n, IOMHOXHM €ro Ha IOIHHOM ®,(X) M
MPOMHTErPUPYEM IIpOM3BeNeHue 1o oTpe3ky [—1, 1] ¢ moMomisio
kBaapatypHo#l dopmynsl (80). IlockonbKy 3TO npousBeneHUe

MpeACTaBAIET COOOM MOAMHOM CTEIeHH m+n<2n-1, popmyna
I'aycca nomxHa OBITH JUIA Hero ToyHoM. B pesynwTare, coracHo
(90), noayuyum

1 n
.[Qm (x)mn (x)dngciQm (xi)mn (xi)=0' 91
-1 i=

Kak BuauM, OIMHOM ©, (X) OPTOrOHaJIEH K JHOOOMY TOTHHOMY
crerieHd m < n. COrIacHO CNEICTBUIO OH ¢ TOYHOCTBIO IO MHOXM-
TeNIsl COBNANAET C n-M monuHoMoM Jlexaumpa: , (x)=4,P, (x).
OTcrona ciaeayeT BBHIBOI: Y3/l KBaapaTtypHo#t dopmynsl [aycca
ABNIAIOTCSA KOpHAMM nonunHoma Jlexanapa P, (x). Hanomuuw,
4TO KOPHH ToauHoMa JlexxaHapa paclosaraloTcs Ha MHTepBae
(-1, 1) cumMMeTpUYHO OTHOCHTENILHO €ro cpelHeil Touku x = 0.
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st Toro yToOBl MOACYUTATh BECOBBIE KOIMOHULIUEHTH ¢;, BBE-
JeM s m = 1,...,n crielidajbHbie oJuHoMbl THIA (14) u3 ra. 3:

(=% ) (=X 1) (X = Xy )+ (%= %)
Xm = X1 )(xm —Xm-1 )(xm - xm+l)"'(xm - xn)
Kaxnpiit M3 HUX SIBJISETCS TIOTMHOMOM cTereHu (n—1). B uuc-
JIATENIE Y HETO CTOUT IOJIMHOM ®, (X) C ONMYLIEHHBIM MHOXMTE-

. (92)

Qn—l,m (x) = (

JIeM (x—xm), B 3HaMeHaTeJe — 3HAaYeHUE YUCTUTENS B TOUKE
X =x,. B pesynabrate Takoi CTPYKTYpHl NOIHHOM @, |, (x) B
TOYKaX X; YAOBJIETBOPSIET COOTHOLIEHHUSM

0, izm,

Qn—-l,m (xi ) = {1’

Hnsa nomunoma Q, . (x) xBanpatypHas ¢opmyna I'aycca
nosixHa 6piTh ToUHOH. C yueToMm (93) aro maer

93y

i=m.

1 n
J‘ Qn—l,m (x)dx = 2 ciQn—l,m (xi ) =Cpy- (94)
-1 i=1

B pesynbpraTte moaydaeM cleayroilliee HHTETpaibHOE BhHIpAXEHUE
JUIsl BECOBBIX K03 du1iMeHToB KBagpaTypHoit dopmynsl I'aycca:

1
Cn = I Qn—l,m (x)dx:
il

b)) ) 9

-1 (xm _xl)'”(xm _‘xm—l)(xm _’xm+l)"'(xm "xn)

4.3.4. HWccaenopanue KBajaparTypHoi ¢opmyni

Ham ocrtanoch peltiuThb INOCAEAHUA BONPOC — A0OKA3aTh, YTO
KBazpaTypHas ¢opmyna, y KOTOpo# B KadecTBe y3/10B x; 6epyT-
Csl KOpHHU rmosrMHoMa Jlexanapa, a BeCOBblE KOIQOMUUHMEHTEI C;
BBIYUCIISIOTCS ITO (hopMyiaM (95), IeMCTBUTENRHO peliaeT 3aaa-
yy l'aycca, sIBIsChb TOYHOH AA8 M0OOro MOJMHOMA CTEIeHHU
(2n—1).
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IIpoBenem moka3aTensCTBO B ABa aTana. CHayana JOKAXeM,
41O JaHHas (opmyna SBAgeTCA TOYHOM ANg J000ro NoIrHOMA

Q,_1(x) crenenu (n—1). Takoit NOMTMHOM MOXHO IPEICTABUTD
B BHIE CYMMBI CIEUHAIBHBIX ITOJUHOMOB (92):

Qn—l (x) = i Qn—l (xm)Qn‘—l,m (x) (96)
m=1

CrnipaBe/UITHBOCTD TAKOTO Pa3iOXEHHUS BBITEKAET U3 CACHAYIOUINX
coobpaxeHuil. 3nech jeBasd M IIpaBas YaCTH PaBEHCTBA COBIIAJA-

I0T B n TOYKax X;,1<i<n. Ho ecnu aBa monuHoMma (n—1)-i

CTENEeHU COBIIAJAIOT B # TOYKAX, TO OHM TOXIECTBEHHO PAaBHBI.
HUnterpupys paseHcTBO (96) mo otpesky [-1, 1], momydaem

anl(x)dx EQ_I IQ,,I,,,(x)dx }:c Q,,1 = ).(97)

Wrax, mnsa nonuHoMoB (1 — 1)-if cTenenn yreepxaeHue JoKasa-
HO.

Teneps paccMOTpMM NpOU3BOJbHBIN nmoguHoM O, ;(x)
creneHu (2n —1). PazgenuM ero ¢ ocTaTKoM Ha noauMHoM Jle-

xanzapa P, (x) ¥ TpeaCTaBUM B BHAE
Qo1 (%)= B, ()1 ()47, (%), ©8)

rae g, 1(x) u r,_;(x) — nomHoMsl crenenu (n —1). IIpoun-

TEerpupoBaB paBeHCTBO (98) mo otpesky [-1, 1], Oynem uMeTts
1 1
_[ Q2n—l (x)dx= j {Pn (x)qn—l (x)+rn—1 (x)}dx=
-1 -
1
J‘ 1 (x)dx= Zcr i =
-1

Zici{P( X;)dp 1 (x;) (x)}= ZCQan i)

i=1

(99

136



TlosicHUM BBITIOJTHEHHEIE TIpeoOpa3opauusa. UHTerpan

1

an (x)g,_;(x)dx onymeH, nockonbKy noauHom JlexaHapa
-1
P,(x) oproronaieH mobomy noauHoMy (n — 1)-it crenenn. Oc-

TABUIMHCS MHTErpajl 0T NOJUHOMA r, (x) BBIYHCIICH C TIOMOIBIO

KBagpatypHoi opMyisl (97). Breillie yxe qoKazaHo, YyTo A I10-
JIMHOMOB cTeneHH (» — 1) oHa sBnsiercs TO‘iHOI‘/’I Hocnennuii ne-

peXoJ 3aKJII0YAETCS B TOM, YTO B CYMMY 2 ¢t (%) nobapme-
i=1
bl cnaraembie P, (x;)g,_; (x;). OHM He MEHSIOT 3HAYEHUS CyM-

MBI, TOCKOJBKY BCE PaBHBI HYJIIO: Beldb y3JaMM KBaIpaTypHOH
bopMynbl SIBNIAIOTCS KOPHU NoauHOMa Jlexanapa P, (x).

Hrax, nocrpoeHHas KBaaparypHas ¢opmysia JeHCTBUTEIBHO
SIBJISIETCS TOYHOH st M000ro MmojJMHoMa crenedu (2n— 1), T.€.
3anava [aycca pemena. Ha oneHke mOrpeiiHOCTH KBalpaTypHBIX
dopmyn I'aycca octaHaBIUBaThCS He OyIeM, OOHAKO 3ajJayH, K
pa3dopy KOTOPBIX MBI IEPEXOIHM, TOKA3BIBAIOT, YTO 3TH (hOpMY-
JIBI 00eCIIeYHBAIOT Al IAAKUX PYHKUMH O4YeHb BBICOKYIO TOY-
HOCTb.

3anaua 5. Hocmpoums keadpamypuyro gopmyay laycca ¢ dey-
M U mpems y3aamu.

BriBeneM cHayasia KBaIpaTypPHYIO (GOPMYIY C ABYMS Y3JIaMH.
VY3161 ONPEnesIIOTCS KaK KOPHU BTOpOro nojuHoMa JlexaHapa,
BhIpaXXeHHe JUIsE KOTOPOro MBI BBITMCHIBaNY Bhille [cM. (85)]. B
JAHHOM Cllyyae UMeeM

x =-1/43, x,=1/V3. (100)

VY3J1bl pacnoioXeHbl CUMMETPUYHO OTHOCUTENLHO TOUKM X = 0.
BecoBble k03 GUIIHEHTH pacCUUTHIBAIOTCH MO ¢GopMyJie
(95):

jﬁﬁdx: }i‘;LL‘de:L

Ci =
: 1% ) -2J3

(101)
‘l[x xl _J- —Ll/\/—

Gy =
1
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OHH paBHH MexXay coboil, a UX CyMMa, B COOTBETCTBHHU C 00-
UM cooTHOIeHWeM (82), paBHa XBYM. B peaynbrare HcKoMmas
KBaJpaTypHas ¢opMyna MPUHUMAET BUX

1
[ f(xyax=f(-1/3)+ £ (1/3)+38,. (102)
e

OHa sBnseTCs TOYHOM AN 11060TO TIOJIMHOMA TPEThell CTEIICHH.

Tlepeitnem Temepr K BEIBOMY KBanparypHoi dopmynsl I'aycca
¢ TpeMs y3naMu. CorjaacHo dopmyne (85) miId TpeThero moiu-
HoMa JlexaHzpa ee y3l1aMu SIBISIIOTCS YMCA:

xlz—J%, x, =0, x3=\/3/_5. (103)

Ocraercs IMOACYUTATL BECOBHIE KO3 DUIIMEHTEL:
L x(x-35) 5
A BATEA Y
| (x+35) - 35)
fl( _3)55 d":g’
oo} T s
BT

B pesynerare kBampatypHast ¢opmyna I'aycca ¢ TpeMst y3namu
3aMMIIEeTCs B BUAE

(104)

1
jf(x)dx:gf(-\/%)+§f(0)+§f(,/3/5)+53. (105)
-1

OHa siBiisieTCcsl TOUHOM 115 IIOOOTO MOJIMHOMA IISTOM CTENeHH.
3anaua 6. Bouucaums no gopmynam Cumncona u Taycca npu

1
n=72 unmezpan J e*dx = 2shl =2,350402. Cpasnums pesyavmamol

YUCACHHO20 UHME2PUPOBAHUA C MOYHbIM 3HAYEHUEM UHMe2paia u
Mexcdy coboii.
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®opmMyas CuMIicoHa ¥ 'aycca aaioT B paccMaTpUBaeMOM
clydae CIEeAyIOIMINe pe3ylbTaThi:

1, 4 2 .
Sz=§(e +4+e)=§+§ch1=2,362054,
v, =-0,01165;

a1/ L ol/VBY 9en L :
G, (e +e ) 2ch 5 2,342696;

8, =0,007706.

Kak sunum, gaxe ¢ aBymsi yanamu ¢dopmyna I'aycca aaer
xopourii orBer. Ero TOYHOCTH BEILIE TOYHOCTU OTBETA, ITOIYyYEH-
Horo 1o ¢opmyne CHUMIICOHA.

3ameyanue. HecMOTps Ha BHICOKYIO TOYHOCTh KBAIpaTypHBIX Gop-
My T'aycca, 1Ip¥ KOMITBIOTEPHBIX pacyeTaxX MMM ITOJb3YIOTCS CPAaBHH-
TENBHO peako. Jlesao B ToM, uTo AN npuMeHeHHs MeTona laycca Hyx-
HO 60 BBECTH B KOMIIBIOTED N0 HAyajaa PacyeTOB KOPHHU ITOJHHOMA
JlexaHnapa u Becosble K03GUIHMEHTEI, THO0 COCTABUTD CIICIMANBHYIO
MOAIMPOTrpaMMy [UIS HX BHIYHUCAEHHMSI. B pe3ynsraTe moTepH 4enoBeyec-
KOO M MAIIMHHOTO BPEMEHM Ha MTOATOTOBKY IPOTrpaMMbI K OCHOBHO-
MY pacyeTy, CBA3AaHHOMY C BBIYHCJIIEHHEM HMHTEIpaja, MOTYT HE OKY-
NMUATHCA TOYHOCTHIO MeToaa I'aycca. Beiyucnenue uHterpana no Gonee
npocroii cxeme Meroma CHMIICOHA MMEET C 3TOM TOYKH 3PeHHs Npe-
HMYIIECTBO.

4.4. TIOCTPOEHUE IIEPBOOBEPA3HOM
C IOMOIbIO YUCIEHHOTO
MHTETPUPOBAHUSA

®opmynst Helorona-Jleit6ruia (1) mo3BonsieT BHIPa3UTh
3HAYEeHUE ONPENEIEHHOr0 UHTerpaia oT PyHKIUM f(X) yepes ee
nepsoodpasnyo F(x). B MaTeMaTH4eCKOM aHaAIM3€ YCTAaHABJIHU-
BaeTCs U MPSAMO MPOTUBOIOIOXKHASA BO3MOXHOCTE: ITEpBOOOPa3-
Hasa GYHKUHMHM f(X), HelpepbIBHON Ha oTpe3ke [a, b], MOXeT
OBITh 3amTMcaHa B BUIE OITpeNeSIcHHOTO WHTErpasia ¢ NepeMeHHEBIM
BEPXHUM MPENCIOM:
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F(x)= ]‘f(r)dt. (106)
X

3nech xp, X — IABe TOYKHM OTpe3Ka [a, b], IpuyeM HUXHHUH IIpe-
I€J1 MIHTEIPMPOBaHMA X TpeanoaraeTcs (PUKCHPOBaHHBIM, BEpX-
HUIA X — NMEpeMEeHHBIM. B ciiydyae HenmpepblBHON ¢(yHKUUU f(X)
dyaxuusa F(x), onpeneneHHas ¢ MOMOIIbIO HHTErpana , AB/IIETCH
nuddepeHuupyeMot ¥ ee IPOU3BOAHAN paBHA f(X):

Fo=L | ra = 1(x) (107)

®opmyina (106) B coyeTaHuM ¢ Kakoi-HUOYIb GOpMyI0ii YyKC-
JIEHHOr0 MHTEerpupoBaHus, HapuMep CHUMIICOHA, NPEACTABISIET
0001 YHHBEPCANBHBIN ANITOPUTM NOCTPOEHHUSA MEPBOOGPA3HOMK.
IpuBeneM aBa NMpUMepa, UWITIOCTPUPYIOLIHAE 3TOT AITOPUTM.
@®ynkuus f(x)=sinx/x HempephiBHa M, CIEIOBATEILHO,
uMeeT repBoobpasHbie. OHM He MOryT OBITH BEIpaXEHBI 9epes
3jIeMEeHTapHbIe (GYHKIIMK, HO MPEeACTABICHNE B BUAE MHTErpaia
¢ HepeMeHHBIM BEPXHUM ITPENEioOM Uit HUX cripaBeanuso. OaHy
U3 MepBOOOPA3HEIX MBI MOJYYMM, BEIOMpass HUXHUU mpenen
MHTerpupoBaHus x; = 0. Ee Ha3pIBaloT MHTETPAJbHBIM CHHYCOM

X
1 obo3HavalT Si(x)= J' (sint/t)dt .
0
WnTerpanbHblit CHHYC OMpe/iesieH Ha BCE YHUCIOBOM Mpsi-
MO, ABASAETCS HEYEeTHOM (YHKLIHMEH X, UMEET KOHEYHbIE Ipe-

IesbHBIC 3HAUYCHMs Ha OeckoHewHoctd lim Si(x)=zxn/2. Co-
X—>Foo

rnacHo (107) Si’(x):sinx/x. ITo 3HaKy NpoOU3BOJAHON NErKo
ornpeaenuTs 06;1aCTH BO3pacTaHus U yObiBaHMS QYHKUMU, pa3-
AE€NICHHbIE TOYKAMKU 3KCTpeMyMa x;, =kn, k=%1,%2,... MeTo-
Jbi YUCHEHHOTO MHTErPUPOBAHUS IO3BOJISIOT BBIMUCIUTE 3HAYE-
Hust Si(x) npu mobom x. [paduk WHTErpaIbLHOrO CUHYCA NpU

x>0 npuseneH Ha puc. 4.3.
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Puc. 4.3. Ipagux unmezpassnoeo cunyca

B kayecTBe BTOPOrO MPUMEpPa PACCMOTPUM (DYHKIIMIO OLIM-

ook erf(x), UrpaIOILYI0 BAXXKHYIO POIb B TEOPUU BepOSATHOCTU. Ee
0003HaYeHHEe 00pa30BaHO C [TOMOIIBIO MEPBLIX OYKB aHIIMICKOTO
Ha3BaHusd QYHKUMHU omuboK — error function. [TogobHo MHTET-
PAIBHOMY CHUHYCY, PYHKIIMS OLUMOOK BBOAUTCS B BUAE UHTErpa-
Jla ¢ MEPEMEHHBIM MPENeIOM OT (DyHKUUU e“"z, KOTOpasi He
HMeeT TepBOOOPA3HBIX B KJIACCE DIEMEHTAPHBIX QYHKIIMA;

®Oyuxiusa omuboK onpeje/ieHa Ha BCeil YMCTIOBOU IIPSMO,
SIBJISIETCST HEYETHONH (PYHKUMEN X, UMECT KOHEYHBIC MPEeNebHbIC
3HauYeHUs1 Ha ODeckoHeuHoCTHU, paBublie + 1. Cormacuo (107)

d 2
" (erf(x))— ﬁe .

X
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Dta NpoU3BOAHAA BCIOAY HOJIOXUTENbHAS, CIeNOBaTeaIbHO, PyH-
KIIMs omMO0K MOHOTOHHO Bo3pacrtaer. Ee rpaduk mpuBeaeH Ha
puc. 4.4.

erf x

1~

0,5

-2 -1,5 -1 ~0,5 0.5 1 1,5

-0,5 —

-1 -

Puc. 4.4. I'paduk dyHkuum onmrmbok

CymecTByeT psifi IPYrUX CIIELMANbHBIX (QPYHKIIUI, KOTOphIE
BBOJSATCS KaK WHTErpaibl ¢ NIepeMeHHBIM BepXHUM Iipenenom. He
6ynem OCTAaHABAMBATHCS HA MX OMUCAHWM, OTMETHUM JIMIIb, YTO
pasoOpaHHbIe TPUMEPBI TT0KA3BIBAIOT, HACKOJIBKO YCJIOBHO Hefie-
Hue QYHKIUI Ha 371eMeHTapHble U HeaneMeHTapHseie. [1o cyme-
CTBY, YTOOH paboTaTh ¢ KaKOU-HUOYOb PyHKIMEN, HYXHO 3HATh
€€ CBOMCTBA U MMETh aJITOPUTM BBIYHCJICHHS IIPU JIIOOOM 3Ha4e-
HuM apryMeHTa. C 3TOi TOYKH 3PEHHs IIPUMECHEHNE HHTETpalb-
HOTO CUHyca UIY (YHKIHUM OMIUOOK HUYEM HE OTIMYAETCH OT
ITPUMEHEHUS IMPUBLIYHBIX HAM 3JIeMEHTApPHbBIX QYHKIIMH.
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I'iaBa 5.

YUCJIEHHOE UHTETPHMPOBAHUE
OBBIKHOBEHHBIX
TAOOEPEHIIMATTBHBIX
YPABHEHUM

Haub6onee YHUBEPCANBHBIMH METOAAMU YUCIICHHOTI'O pelle-
HHS OOBIKHOBEHHBIX AU depeHIMaIbHBIX YPABHEHUH SBASIOTCS
pasHocTHble. OHM OCHOBaHH Ha 3aMeHe IIPOU3BOAHBIX B AU de-
pPEHIMAJIBHOM YPAaBHEHHH Pa3HOCTHBIMM OTHOLICHUSIMHU. B pe-
3yAbTaTe UCXOMHOE MubbepeHINATFHOES YPAaBHEHUE CBOAUTCS K
CHCTEMe aTeOpalyecKuX YpaBHEHUH, KOTOpbIe HA3hIBAIOTCS pa3-
HOCTHBIMH. PellleHue 3TOH CUCTEMBI HaeT NPUDIHKEHHOE pelle-
HHE UCXOIHON 3amayu.

5.1. PASBHOCTHAA AIIIITPOKCHUMAIINUA
ITPOU3BOJHbBIX

5.1.1. Cerounbie GyHKUHH

IIycTe Ha oTpe3ke [a, #] 3amaH HaGoOp TOYEK
a=Xy <X <Xy <--<X, | <X, =b )]

BYJICM Ha3bIBATH €ro cerkoil. YToOnl He YCJIOXHATH U3JTIOXKCHUA,
YCIIOBHUMCH CUUTATh CCTKY paBHOMepHOﬁZ

X, —%=h=(b-a)/n, 0<i<n-1. 2)

i+
TTycTs KaXIOM TOUKE CETKM X; COMIOCTABJIEHO I10 OTIPEAEIEHHO-
My 3aKOHy 4ucro y; COBOKYIHOCTB 9THX uucen Y ={yg, Yjs--, ¥, } =

={y,~}, 0<i<n, HazoBeM cemounol ¢ynkyueii. CeTouHble PyH-

KW, ompeacieHHble Ha ceTke (1), obpasyiotr (n + 1)-mepHoe
JIMHEHHOE MTPOCTPAHCTBO.
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YT10OBI UMETH BO3MOXHOCTH CPABHMBAThH CETOUHBIE (HYHKIIUU
Mexny coboi, TOBOPUTH 00 UX OJIM30CTH, HYXKHO BBECTU B 3TOM
MPOCTPAHCTBE HOPMY. B 3T0if riaBe OymeM IONB30BaTECS HOP-
Mol C, KOTOpasi OonpeesiaeTcs CASNYIOUUM 00pa3oM:

¥, = max |y, (3)

DT0 OomnpesieeHUe 3aKOHHO, MOCKOJIBKY YIOBIETBOPSET TPEM aK-
CHOMAaM HODMBIL

1. Hopma neotpuuatensHa: [y| 20, mpuuem paBeHCTBO
HYJII0O MMEET MECTO TOJBKO IS HYJIE€BOTO 3JEMEHTA.

2. Moay/b YMCIOBOTO MHOXWTEISI MOXHO BHIHECTH 33 3HAK
HopmL: [Joy]l, =|of]y] -

3. Hepasenctro Tpeyronsuuka: [y +2], <[y, +]2.

CHpaBCJIHI/IBOCTb MMOCJHCIHETO YTBEPXKXICHUSA BBITCKACT U3 CBOH-
CTBa MakKCHUMyMa:

Iyl +Z;| S max [y. + max lzil.

O<l< 0<i<n 0<i<n

5.1.2. Pa3docTHas annpoXCHMANSH NEPBOH NMPOM3BONHOMN

Jnst ceToyHBIX QYHKUMHA HENb3s BBECTH OOBIYHOE ITOHATHUE
IMIPOU3BOJHOM, BKIIIOUYAIOUIEE ONMEPALMIO IPEleIBHOTO Nepexoaa
npu Ax — 0. BMecTo Npou3BOAHOI 31€Ch BBOAATCS PAa3HOCTHBIE
OTHOLIEHUS:

L [3]= 221, 0sisn-t, 5)
L;,[yi]zzi—-——h})i—_l—, l<i<n (6)
L0 [y]= 22 iign-l. (7)

OTHolleHue (5) HA3BIBAOT NMPAaBOM Pa3HOCTHON MPOU3BOI-
HO, oTHOLIeHUe (6) — JIEBOI pa3sHOCTHON MPOU3BOIHOU U OT-
HouieHue (7) — LEeHTPaJIbHON Pa3HOCTHOU TIPOU3BOAHON.
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YT106BI YCTAHOBUTD CBSA3b PA3HOCTHBIX OTHOIIEHUH (5)—(7)
¢ OOBIYHOM MMPOU3BOAHOM, IIPEAIIONIOXKM, YTO Ha OTpe3Ke [a, b]
omnpeneneHa nuddepeHiupyemas QyHKIMS y (X), 3HAYCHUS KO-
TOpO#t B TOYKax CeTKK (1) paBHBEI 3HAaYE€HHUSIM PacCMaTPUBAEMOM
CETOYHOM PYHKUMHU: y; = y(x;). BEIYMCIUM NEPBYIO MPOM3BOX-
Hy!0 QYHKUHUH y (X) B TOYKAX X; ¥ COIIOCTaBUM C Pa3HOCTHBIMM
oTHoiueHUsIMHU (5)—(7):

=L [y ]-¥ (%) 0<i<sn-1 8)
; =L;[yi:]-—y’(xi), 1<i<n 9)
WO = I0[y,]-y (%), 1sisn-L (10)

DTH BEeAMYHHBI NPEACTABIAIOT COGOH MOrPEIIHOCTH alIIPOKCH-
MallMK MPOU3BONHON C ITOMOIIBIO PA3HOCTHBIX OTHOINEHHH (5)—
(7) B TOUKE X,

IIpeanonoxuM, yTo GyHKUMSA y (X) ABAXKABl HEMPEPHIBHO
nuddepenuupyema Ha orpeske [a, b], u 3amuieM s Hee ¢op-
myny Teitnopa ¢ OCTaTOYHBEIM WieHOM B ¢opme Jlarpanxa:

, 1,
yi+1=y(xi+h)=yi+y(’9‘)"*5}’ (x; + ;1) 42, (11)
rae 91' — KaKO€-TO HCU3BECCTHOC HaM YHMCJIO MECXKAY HYJIEM U €U~

Huuel. [Noacrapnsg pasnoxenue (11) B hopmyny (8), monxyya-
eM

v =%y’(x,-+9,-h)h. (12)

AHanoruyHoe npeACTaBACHHE MOXHO MOAYYUTh 1 Y (9):

v; =——%y (x; —6;h) R (13)

®opmyiel (12) u (13) He MO3BOALIOT BHIYHCAUTE COOTBETCTBYIO-
IIME [MOTPEINHOCTH, HO JAIOT BO3MOXHCCTh UX OLeHUTh, DyHK-
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s y”(x), Mo IpenIoNOXEHUIO, HENpePbIBHA Ha oTpe3ke [a, b]
4, C/IeIOBaTe/IbHO, OTPAaHHUYEHA:

V' (x)|<M,, a<x<b. (14)

B pesynbrare mony4yaem

[w,[ 5 Mot Iw,|< M,h. (15)

Ouenku (15) 9BIAI0OTCS paBHOMEPHBIMM, ITOCKOJIBKY HE 3a-
BUCSAT OT MHIEKca i. TakuMm o6pa3oM, JIEeBOE M IIPaBOE pa3HO-

CTHBIE OTHOLIEHHMS AIIPOKCUMUPYIOT IIPOU3BOAHYI0 ¥'(X)C mep-
BBIM TIOPSIKOM TOYHOCTH OTHOCHTENBHO A.

Ans oneHKH \|J°) (10) npennmonoxuM, 4to GyHKUUsS y (X)

TPH pa3a HenpephBHO nuddepeHIpyeMa Ha oTpe3ke [a, b], u
Npomo/XuM pasznoxenue (11) elne Ha OIMH WIEH:

1 . :
Vi =Vi+Y'(x )h+2y (x x; )2 +-6-y (xi+91,,:h)h3,
, . 1. (16)
Vi1=Vi—y (x,-)h+%y (x; )2 s (x,- —92,,-h)h3.
IoncraBnss pasnoxenus (16) 8 dopmyny (10), 6yneM uMmets

WO =l (3 4 0y) + 7 (3 - 0, )2 a7

ITo mpeanonoxenuio ¢pyHkuus y~(x) HenpeprlBHA M, CIENOBa-
TeJIbHO, OTpaHHUYeHa Ha oTpe3kKe [a, b]:
" (x)|< M3, a<x<b. (18)

B pesynbrate U3 paBeHcTBa (17) MONYYHMM OLEHKY

1
w§°>|ng3h2. (19)

Ouenka (19), kak u panee (15), He 3aBUCHT OT MHJAEKca i, OHA
sIBNIsieTCSl paBHOMepHOM. TakuM 06pa3oM, LieHTpanbHasl pa3Ho-
CTHas MPOM3BOIHAA AaeT OoJjiee XOPOUIMI pe3y/abraT: OHa allll-

POKCHMUPYET MPOU3BOIHYIO y'(x,-) CO BTODBHIM IOPSIAKOM TOY-
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HOCTH OTHOCHUTEJIBHO A AN (PYHKIHHA, TPUXKAH HEIPEPHIBHO
IuddepeHIMpYyeMBIX Ha OTpe3ke [a, b].

3apaua 1. Paccmompems gynxyuro y=1/(1-x) na cemxe
X =-0,1; x,=0; x,=0,1 (20)

Buwucaums 6 mouke x; =0 npaeyro, ae6yro u ueHmpasshyr pas-
HOCMHble NPOU3BOOHbBIE, HALIMU NO2PEUHOCMU ANNPOKCUMAYUU NPO-
uzeoonoii y'(0) =1, cpasnume ux ¢ anpuopHsiMU OyeHKamu no ¢op-

myaam (15) u (19).
B nanHOM cayuae

. 1/0,9-1 _
Lh[yl:|=—0—l———=1,111111,

yi =0,11111];

- 1-1/1,1

y; =-0,090909;

0 1/0,9-1/1,1 :
L<,,>[y,]=__-ﬁ——=1,010101,

w9 =0,010101,

IlepeitnemM K alpMOpHOM OLIEHKE MOrpelrHOCTH. Bropas u
TPEThbs MPOU3BONHEIE PACCMATPUBaeMoOl QYHKUMH y (X) UMEIOT
BUA

6

(1-x*

y(x)=

(1 —x)3; Y (x)=

Ins Hux #Ha orpeske [-0,1;0,1] cnpaBedUBHl OLIEHKUA

<9,3.

<2,8; [y"(x)]:

Y (x) <

(0.9)° 0.9)*
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IToaromy HepaBeHcTBa (15) 1 (19) 3amUIIyTCS CAEOYIOUIAM
obpa3zoM:

vi|<0.14 |vi]<0,14; [{®|<0,016.
OHHM BHINIOTHSIOTCS.

5.1.3. Pa3znocTHas annpoKCHMAIMsi BTOPOi TPOH3BOTHOIM

71 pa3sHOCTHOM aInnpOKCHMAIIAM BTOPOI MPOM3BONHOM CO-
CTaBMM Pa3HOCTHOE OTHOLIEHME IMepBEIX Pa3HOCTHHIX MPOU3BOI-
HBIX:

L[y]= e 20l ; =)k _ Yo~ 2;;' /Y

(21)

YT106bl YCTAHOBUTH CBSI3b BRIpAXEHHUS (21) CO BTOpOI IPOM3BOA-
HOM, NPeanojgoXuM, YTO Ha OTpe3Ke [a, b] onpeneneHa aBaxasl
HENpephiBHO nuddepeHiupyemMast GyHKIMA y (X), 3HAYEHHUS KO-
TOpPO# B TOYKax ceTKH (1) AAr0T 3HAYEHUS] CETOYHOU (PYHKIIMHU
;- BeIYMCIMM €€ BTOPYIO MPOM3BOIAHYIO B TOYKAX CETKH X; M CO-
CTaBHM Pa3HOCTH

Wi:Lh[yi]—y'(xi), I<ig<n-1. (22)

OHa npeacraBiseT coboil MOrpenrHOCTh alPOKCHMAIIMK BTOPOM
MMPOU3BOAHON C NMOMOIIBIO PAa3HOCTHOIO OTHOIIEHHS BTOPOrO
nopsnka (21).

OueHMM BETMYUHY MOTPEUIHOCTH MPU NPEANOIOXEHHH, YTO
dysKIMA y (X) YeThIpe pa3a HenpepbiBHO AuddepeHInpyeMa Ha
oTpe3ke [a, b]. DTO mpeAnonsoXeHUE MO3BOASIET HAMUCATL pa3-
noxenus Teitopa:

Vier =¥ (X + )=y + Y (x;) b+
+1y’(x,-)h2 +%y"(xi)h3 +iy(4) (x,- + el,ih)h“,

2 24
Yiey =y (% —h)=y; =¥ (x;)h+ (23)
1., 1 . 1
+3V (xi)h2~€y (xi)h3+ﬁy(4)(xi—92,ih)h4.

148



[Toacrasngs ux B hopmynsl (21), (22), nmonydaem

vy =g [ (x40, )+ 19 (3, -0, )2 9

MpI He MOXeM BBIYHCJIMTh IIOTPEHIHOCTH [0 3TOH dopmyle,
IIOCKOJIbKY 3HAYeHWs apryMeHToB v dyHKuun y4 (x) Ham He-
M3BECTHBI, HO MOXeM ec¢ oueHuTs. Pynkuus y*) (x) HempephIB-
Ha M, CJeJ0BaTeJIbHO, OrpaHMyYeHa Ha OTpe3ke [a, b):

Y@ (x)|< My, a<x<b. (25)

B pesynbrate us dopmynst (24) nonyuaem
! 2
w;| <35 Mah?. (26)

Taxum o0Opa3oM, pa3HOCTHOE OTHOIIeHHEe (21) annpoOKCUMMU-
pyeT BTOPYIO MPOU3BOAHYIO CO BTOPBIM TMOPSAKOM TOYHOCTH OT-
HOCMTENBHO A Ansg QYHKIIMH, MMEIONIUX YETHIPE HENPEPbIBHBIC
MpOU3BOAHBIE HA oTpe3ke {a, b}. CoBeplIEHHO TaK X€ MOXHO
CTPOMTDb Pa3’HOCTHBIE aHANOTH MPOU3BOIHLIX 00Jee BLICOKOIO MO-
psiaka.

3anava 2. [Jaa gynxyuu y=1/(1-x) evuucaums na cemxe
(20) emopyro pasnocmuyro npoussodnyio 6 moyke x;= 0. Haiimu
nozpewrHocms GRRpoKcuMauyuu emopoi npouseodwoii y'(0)=2 u
cpasrums pesyasmam ¢ anpuopHoii ouenroii (26).

B nanHoMm ciy4dae

1/1,1-2+1/0,9 ,
L[y )=~ = 2,000

w; =0,020202.

Yerpepras pou3BoAHas pacCMaTpUBaeMoOi QYHKLINY y (X) U Ma-
XopaHTa Juist Hee Ha otpeske [-0,1; 0,1} umeroT Bux

<41,

¥y (x)= ,y(4) (x)l <

(0,9

(1-x)
a HepaBeHCTBO (26) naer |y,;|<0,034. Ono BhIIONHsETCS.
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IIpy 4UCICHHOM HHTErpUPOBAHHU TUPDEPEHIIHMATBHBIX
VYpaBHEHHMH NMPOMU3BOAHBIE B HUX MPUOIMXKEHHO 3aMEHSIOTCS CO-
OTBETCTBYIOIUIMMH PA3HOCTHBIMH OTHOIUEHMSIMH. B pesynprate
3a31a4a CBOOUTCS K CUCTEME Pa3HOCTHBIX YPAaBHEHUMH, KOTOPHIE
pEUIaoTCsl Ha KOMITbloTEpe. B KavuecTBe oTBETA NOJyJaeTCs ce-

TOYHas (PYHKIHUA {y,- }, 0<i<n. Ilocne 3TOTO BCTAET BONPOC: B

KakoH CTEIEeHH M C KAKOM TOYHOCTBIO €€ MOXHO PACCMATPUBATH
B Ka4yecTBe NPUOIMXEHHOrO perueHus ucxonHon 3anaun? Hyx-
HO MMETh B BHIY, YTO NPSIMOE CpaBHEHHUeE peleHus AuddepeH-
LUAIBHOTO YPaBHEHUS ¥ (X) U PACCUMTAHHOU CETOYHOMN DYHKIINU
HEBO3MOXHO: OHHM IIPUHAJUIEXKAT pa3HbIM IIPOCTPAHCTBAM U UX
IIPEXAE BCEro HYXXHO CBECTH B OJHO MPOCTPAHCTBO. DTO MOX-
HO CAENATh IBYMS CIIOCOGAMH.

Bo-nepBeix, 110 ceTOYHOM (DYHKUMHK C [OMOIIBI0 METOIOB
HUHTEPIIOJIMPOBAHUS MOXHO TOCTPOUTH (DYHKIIMIO HENPEPHIBHO-
IO apryMeHTa y (x) ¥ OLeHUTH pasHocTh Z(x)=y(x)-u(x), Ha-
npuMep, B Hopme C:

2], = max [y (x) -u ().

Bo-BTOpHIX, HaobopoT, peumeHU AUddepeHINATEHOTO
YPaBHEHHUST MOXHO COIIOCTaBUTh CETOYHYIO (HYHKIHUIO {u,- = u(x,- )}
U CPaBHHTb Mexy coGoii 1Be ceTounsie pynkumu: {y;} u {y;},
COCTaBMB HMX Pa3HOCTb Z; =Y; —U;. IIpy 3TOM NMOrpeuIHoOCTb Npu-
OJVDKeHHOro peleHus 3amadd OylIeT XapaxTepu3oBaTh HOpMa
pasHocTH 2], = maxl yi—ul.

Haub6onee HOCHC}IOB&TC]‘IBHI:IM SIBJISIETCS TIEPBBINA Cr1ocob, HO
0OBIYHO BHIOMPAIOT GOJice MPOCTOW — BTOPOIA.

Janee paccMOTpUM 4HCIIEHHOE pellieHHE C TTIOMOIIIBI0 METO-

Jla KOHEYHBIX pasHocTeil 3amayu Koy U KpaeBoit 3apayu s
JTMHEeHOro nuddepeHIHATBHOIO YPABHEHHS BTOPOro HOPS/IKA.

5.2. YUCJIEHHOE PEHIEHMUE 3AJJAYHY KOHIN

PaccmotpuM 3anauy Koumm s auddepeHUMaNbHOro ypas-
HEHMS NEPBOro HOPSIKA:

u'=f(x,u), 27
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u(xy)=uq. (28)

Eciu dynkuus f(x,u) HenpepsiBHA U yIOBJIETBOPSET YCAOBHIO
JMmMua mo apryMeHTy ¥ B HEKOTOPOM OKPECTHOCTH HaYanbHOIM
TOYKH (X, U) ), TO MOXHO YKA3aTh TAKoi OTPE3oK [a, b], a<xy<b,
Ha KOTOpOM pelieHne 3agadu (27), (28) u(x) cymiecTByeT U SB-
JsieTcsl eOUHCTBEHHBIM, OGCYIUM YUCIEHHBIE METOIB €€ pellie-
HUSL.

5.2.1. Mertoa Diinepa

ITycTh HaM HYXHO IIOCTPOMTH peinenue 3amadu (27), (28) Ha
oTpe3Ke [xo, Xy +l] JUTHHB! /. BO3bMEM HEKOTOpPOE LIEJ0e YHCIIO
n, BBeeM IHar A =J/n u o6pasyeM Ha OTpe3Ke CETKY

X;=xy+ih, 0<i<n. (29)

ComnocTtasuM 3anave (27), (28) Ha oTpe3ke pa3HOCTHYIO 3a-
navy

(a1 =~ ¥:)/h=f(%.%), 0<i<n-1; {30)

Yo =y 31

3nech npoussonHas u’(x) B ypaBHeHuM (27) 3aMeHeHa IPaBoOi

Pa3sHOCTHO IMPOU3BOMHON U COXPAHEHO HEM3MEHHBIM HAYATbHOE
yciosue (28).

YpasHenue (30) apasieTcss pa3HOCTHBIM YpaBHEHUEM II€PBO-
ro HOpsgKa, KOTOpOe IPHHSITO HA3BIBaTh cxemol Fiisepa. Ero
MOXHO I€PEelHCcaTh B BUJE PEKYPPEHTHOTO COOTHOLIEHUS:

Yis1 =yi+hf(x,~,y,-), O<ign-1. (32)

DTO MO3BONSAET MTOC/IENOBATE/IbHO PACCUUTATh BCE 3HAYEHUS Ce-
TOYHOH PYHKIUH {y,-}, pemuB TeM cambiM 3amavy (30), (31). Ta-
KYIO Pa3HOCTHYIO CXeMY Ha3bIBalOT A6HOI.

IlepeitneM Teneps K 0OCYXIEHUIO IJITABHOTO BOIMPOCA: C Ka-
KOW TOYHOCTBIO pacCUMTaHHasl CeToYHast QYHKIHs {y,-} JaeT pe-
weHue ucxonHou 3amaun Kowmm u(x)? JIas oTBeTa Ha Hero pac-
CMOTpUM peleHue 3anaium (27), (28) B Toukax cetku (29), 006-
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pa3oBaB u3 d)yHKumI HEMPEPBLIBHOTO apryMeHTa CETOYHYIO (DyH-
K10 {u ~u } U CPaBHUM €€ ¢ PacCYUTAHHOH CETOYHOMH

dbyHKUMEH {yi}. st aToro obpazyeM nBe CeTOUHBIE PYHKIUHM —
Z, ¥

;= (g ~ )R~ f(xu), 0<i<n-1. (34)

Cwmeicn nepBoit dyukiuun (33) oueBugeH. OHa xapakTepu3yeT
Pa3sHMIly MEXIY PaCCYMTAHHBIMU YMCIAMU y; U PeLIEHUEM U(X)
3anayM (27), (28) B Toukax CeTKM X; B COOTBETCTBUM C 3TUM cCe-
TOYHYIO (DYHKIIMIO Z HA3BIBAIOT NMOZPEUHOCMbIO PelueHuUs.

Oyukius y (34) noayyaeTcs B pe3yibTaTe NOACTAHOBKY pe-
meHus nudpdepeHdanbHOro ypaBHeHus: (27) B pa3HOCTHOE
ypaBHeHue (30). Eciu Ob1 3TH ypaBHEHMA COBIIANAIM, TO MBI I10-
nyyuny 6u1 Hyns. Ho OoHU pa3nu4aioTcs, U HyJsl Mbl HE TIOJTY-
yuM. CeTouHyo GYHKUHUIO ¥, XapaKTepU3YIOIIYIO CTeeHb ONu-
30CTH JuddepeHIIMAIBHOTO H PA3HOCTHOIO YPaBHEHHI, Ha3bIBa-
10T HOZPEWHOCMbI0 ANNPOKCUMAKUY CXEMBI Ha PElIeHMH.

YCTaHOBUM CBSI3b MEXIY CETOYHBIMU (YyHKHUAMHA Z U . C
oot nensio U3 Gopmyns (33) Haiinem

Vi=u+zg (35)
W HNOACTAaBMM B pa3zHOcTHoe ypaBHeHue (30). B peayﬁmare mo-
Jy4uM
(21 =2/ + (g ~ 1) [ = f (% + 7;)
YU
(21— %) k=
={f (o + ;) 4 )= {(iy =)= f (o)} (36)

3xech B 0b6e purypHsie cKoOKM obaplieHa BeIUYUHA [ (x,-, u,-).

HobapieHHbIe YWIEHBI BXOASIT B COOTHOIIEHHE (36) C IPOTHUBOIIO-
JIOXHBIMM 3HAaKaMu U Oiarojapsi 3TOMy HE HApyllaloT paBEHCTBO.
ITocne takux npeobpa3oBaHUil BO BTOPBIX PUIYPHBEIX cKOOKax

MOJIy4aeTCsl BETUIMHA ;.
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B mepBbix GUTYpHBIX CKOOKAaX CTOUT PA3HOCTh 3HAYCHUU
GYHKUMKA f IPY OAMHAKOBOM ITEPBOM apryMeHTE X; U Pa3HBIX
3HAYEHHUAX BTOPOTC apryMeHTa. BTy pasHOCTh C OMOLIBIO0 (Gop-
MyJibl JlarpaHxa MOXHO TIPEIACTaBUTh KaK

9
f(x.4 + )~ f(%,4;)= aj; (x4 +6,2,);

u 3amucaTh ¢opmyiay (36) B BUiEe peKYPPEHTHOTO COOTHOIIEHMS:
1en L (x h, 0<i<n-1 37
G = Lo (X 04 02;) 12~ wih, 0<isn-1. (37)

CormacHo (28) u (31) ero ciaenayeT AONOJIHUTH HYJIEBHIM Ha4alb-
HBIM YCJIIOBHEM

2 =0. (38)

B otnunune ot (30), (31) popmynst (37), (38) He MoryT OBITH
HCIIOJIb30BaHbl VIl BBIYMCIEHUS BEIMYHH Z; B HUX BXoaAT He-
U3BECTHBIE BEIMUUHBI V;, i, 0; . OnHaKO U3 3TOH CHCTEMBHI pe-
KYPPEHTHBIX PABEHCTB MOXHO IIOJYYUTH PEKYPPEHTHBIE HEpa-
BEHCTBA.

BBeneM 1151 OLIEHKH CETOYHON (PYHKUUM Y €€ HOPMY:

vl = max |, mpu stom |w;}< v, (39)

0<isn-

of .
[Mpeanonoxum nanee, 4to GyHKIMS —a;(X, u) B uHTEpecyoe

Hac 00JiIacT U3MEHEHHS €€ apryMeHTOB OI'DAHHUYCHA.

lg—i(x, u)|<C. (40)
STO TIO3BOJIACT HAIMCaTh OLEHKY
l+hgf( x40z ) <s1+Chee =g, g1 (4)
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C yuetoM (39) u (41) u3 dopmymasl (37) crenyioT peKyppeHTHbIE
HEPaBEeHCTBA

|241] < alz] +wl, A (42)
KOTOPBIC IIOPOXIAAIOT LECITOYKY OLECHOK:
=0,
|a| <fwl. &
22| < (1+9)|wll, 2
|23 < (1+ 4+ %)l 1 43)

|z,,| < (1 +q+g’+-+gm! )"\y"c h.
CornacHo (41) ¢ > 1, noaTomy

l+q+q2 +,,.+qn——1 <ng" =nelhn,
DTO MO3BOJIAET 3aMEHUTh HHAMBUAYAIBLHBIE OLIEHKY (43) yHUBeEp-
CaJIbHOM OLICHKOH

|z;| < nhen |y, 0<isn (44)

HepaseHcrBa (44) cripaBeUTHBHI IIPU TIOGOM i, B 4aCTHOCTH
TIpY TOM, IIPH KOTOPOM | Z;| OCTHraeT CBOEro HauGoJIbIIero 3Ha-
YEeHHUS U OIpenesieT TeM CAMBIM HOPMY CETOYHON (DYHKIIUM
[ z|l.. B pe3ynsrate oueHKa MOrPEIIHOCTU PELUEHMs] IPUHUMAET
BUAA

Iz}, < 7e . , (45)

rae / — nMHA OTpe3ka, Ha KOTOPOM PacCMaTpUBAeTCs peLIeHHE
HUCXOAHOH 3anauu (27), (28).

Mpbl HONYYMIIM BaXHBIM Pe3yJbTaT: OLIEHKY MOFPEITHOCTH
peLIEHHUS Yepe3 OLEHKY IMOrpeHIHOCTH ANMPOKCUMAMXA CXEMBI C
k03¢ dUIIMeHTOM, KOTOPBHIA He 3aBHCUT OT iara A. Yem Jyydiie
Pa3HOCTHOE YpaBHEHHUE alpoXKCUMupyeT nuddepeHIMaNIbHOE,
TEM MEHbIIE MOrPEeUIHOCTh PelIeHUS.
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Yto6hl 3aBEPLINTh HCCIEAOBAHHE METONA Ditnepa, OLIeHUM
HOPMY [IOrPEIHOCTH AlMPOKCUMALWN YPABHEHUS “‘l’“c Ipen-

NOJIOXUM, YTO PYyHKUHUA f(X, u) MMEET B PACCMaTPUBACMOM
06J1aCTH U3MEHEHMS apI'YMEHTOB HEIPEPHIBHEIE U OTPAHUYCHHBIC

IepBBIE YACTHBIE TIPOU3BONHBIE Of /ox U df /du. DTo obecneun-

BaeT CyLIeCTBOBaHMe Yy peuteHus 3anauyu (27), (28) HenpepbiBHOR
H OTpaHHYEHHON BTOPOH NMPOU3BOIHOMN

(x)— (x u)+—(x u) f(x,u). (46)

3anumem JUis ¢)YHKLII/II/I u (x) dopmyny Teitsiopa ¢ ocTaTou-
HBIM WIeHOM B popme JlarpaHxa:

u(x,-+h)=u,-+u’(xi)h+%u’(x,-+9ih)h2. (47)

IMoncrapnss pasznoxenue (47) B dopmyny (34) nyis morpeutHoc-
TH AMIIPOKCHMAUUU YPpaBHEHMS, TTOIydaeM

=

1 »
Y =5 (x; +6;h)A. (48)

CornacHo ¢opmyre (46) GyHkuMs u”(x) HenpepblBHA M Orpa-
HHYEHA:

lu’(x)lst, X Sx<xy+1 (49)

DTO MO3BOASET HANMMCATH OLEHKHU
[l S-— 1, <M e (50)

Hepasencrtsa (50) nokassiBaoT, 4To Npu A — 0 MOTPEIIHOCTH
aNMNPOKCUMALMY YPABHEHUS M CBSI3aHHAsI C HEHl HEPABEHCTBOM
(45) norpetIHOCTE PEIEHHS CTPEMSITCS K HYMIO CO CKOPOCTHIO A.
B c¢Bs3u ¢ 31UM MeToq Ditxepa HA3BIBAIOT MemodoM nepeozo no-
pAdKa moyHocmu OTHOCHUTEJILHO A.

3anpaua 3. Paccmompems 3adayy Kowu

, 1
= —l+ s
W=Sutx (51)
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u(0)=0. (52)

Ilocmpoums ee wucaennoe pewernue na ompeske [0, 2] no cxeme Jii-
nepa ¢ wazamu hy = 0,25, hy = 0,05, h; = 0,01. Cpasnums pesyas-
mambl pacuemog Mexcoy coboll U ¢ QHAAUMUMECKUM DelleHueM 3a-
dayu

1
u(x)=-2(x+2)+4e2". (53)
Pe3ynbraThl pacyeToB IpUBeAeHH B Tabiu. 5.1.
Tabnuua 5.1
x; h =025 hy=0,05 h3=10,01 u(x;)
0,00 0,000000 0,000000 0,000000 0,000000
0,25 0,000000 0,025633 0,031182 0,032594
0,50 0,062500 0,120338 0,132903 0,136102
0,75 0,195313 0,293193 0,314530 0,319966
1,00 0,407227 0,554466 0,586674 0,594885
1,25 0,708130 0,915776 0,961355 0,972984
1,50 1,109146 1,390270 1,452190 1,468000
1,75 1,622789 1,992821 2,074604 2,095501
2,00 2,263138 2,740255 2,846068 2,873127

3neck B MepBOM CTOJNOIIE BRIMMCAHBI 3HAYCHUS HE3aBUCHMOM
repeMeHHON x ¢ maroM Ay = 0,25, B Tpex cienyomux crojabuax —
peLleHNs Pa3sHOCTHOM 3a0a4u C Laramu hy, h,, hy. Ilpu saToM pe-
3yJIBTAThl PACYETOB C IIaraMu 4, U h; B IPOMEXYTOYHBIX TOYKAX
X; , KOTOpBIE HE BOLUIM B EPBbIiA cTonbew, onymeHsl. B mocnes-
HEM IISTOM CTOJIOLE NMPUBEIEHBI U1 CpaBHEHUS 3HaYyeHUs QyH-
kuud u(x) (53), mamomel aHATUTHYECKOE pelncHue 3anauu. U3
TaONULB BUAHO, KK IO Mepe YMEHBIIEHUS 1Iara roBbILIaeTCs]
TOYHOCTb. B TO Xe Bpemsi cliefyeT OTMETUTh, YTO JAaXe IpU Ma-
aeHbpkoM 1are hy = 0,01 MeToq He MOXeT 06eCIIeYnTh XOPOLIYIO
TOYHOCTh pelIeHUs: OIMUOKa B NOCHAEIHEN TOUYKE X = 2 COCTaB-
nster z = —0,027059.

PesynbTaTsl IpOBEIEHHBIX PACUETOB MPEACTABIECHBI TAKXKE HA
puc. 5.1. Ha HeM npuBeneHbl TpPU KPUBBLIE, COOTBCTCTRYIONIUE
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Puc. 5.1. 3asucumocme mounocmu uucrennozo peuwernus 3adauu Kowu
(51), (52) no cxeme Diinepa om waea h. Junuu I, 11, 11T coomeem-
cmeyiom wiaeam h; = 0,25 h,= 0,05, h3 = 0,01. Hpu embpannom
maciumabe aunua TIT npakmuvecku cosnadaem c epaguxom anasumu-
yeckoeo pewenus 3adauu (53)

4YHMCJIEHHOMY PELICHHIO 3aJa4d I10 cxeMe Disiepa ¢ araMu Ay,
hy, hs. I1pu BeI6GpanHoM MacwTabe kpusas I npakTryecku cos-
nagaer ¢ rpaduKOM AHAUTHTHYECKOrO peHieHHs 3azauu (53)
(1utpuxoBas AMHUA). PUCYHOK HarlsiiHO ITOKAa3bIBAET HOBBILIE-
HHE TOYHOCTH HPUOIMXEHHOTO PELIEHUS 10 MEPE YMEHBIICHHUS
wara A.

Mmu noapobHo pasobpanu MeTon Diliepa, NOCKOJLKY Ha
[pAMeEpe TPOCTON Pa3HOCTHOM cxeMbl (30) OH IO3BOJIAET MOCTa-
BHUTb M OOCYRUTh BCE OCHOBHBIE BOMPOCH YHCJIEHHOIO PEIeHHs
3anayd Kown MeToIoM KOHEYHBIX pasHocTeH. OnHaKo ciaemyer
OTMETHUTB, YTO TIONYYEHHBIE B 9TOM pa3ieie pe3ybTaThl IIpel-
CTaBJSIIOT TIPEXIE BCEro TeopeTHdeckuii uHTepec. [lna perueHus
peayiibHBIX 337a4 Pa3HOCTHYIO CxeMy Diffiepa 0OBIYHO He IIpHMe-
HSAKOT U3-3a €6 HU3KOU TOYHOCTH: ITOTPEUIHOCTh ¢ YMEHbIUECHU -
eM h ybpiBaeT xkak O(h). B ciaenywouiux pasgenax Mbl 00CyauM
MIyTH TMOCTPOEHUS Pa3HOCTHBIX CXxeM 0o0jiee BHICOKOTO MOpSAAKa
TOUHOCTH.
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5.2.2. IloBblmeHue TOYHOCTH PAZHOCTHOTO METOJA

OLeHKa MMOTPEITHOCTH pelleHus Yepe3 MOrpeIHOCTh allil-
DPOKCHUMALIMM YpaBHEHHs B MeTtoae Ditnepa (45) npuBoauT K
BIIOJIHE €CTECTBEHHOMY BBIBOIY: YTOOBI ITOBBICUTH TOYHOCTb Me€-
TOAA, HYXXHO YJIYYIUUTh alMpoKcuMauuio nuddepeHIUaNTbHOIO
YPAaBHEHMs] Pa3HOCTHBHIM. PacCMOTpUM BO3MOXHEIC YT PeaTu-
3allMU 3TOU UIEH.

IpeanonoxumM, uyro pemenne nugpdepeHIIMATBEHOIO YypaBHe-
HUS u(X) UMEeT IPOU3BOIHBIE JIOCTATOYHO BHICOKOTO MOPSAIKA,
Y HamWIeM JUIS1 Hero pasnoxeHue mno ¢popmyne Teinopa:

7 =u(x,- +h)=y +u'(xl-)h + %u'(xl-)h2 +%u’(xi)h3 +... (59

Ecnu ero obopsaTek Ha 4ieHe NMOpsaKa 4 ¥ MONOXUTE B COOTBET-
ctBuM ¢ muddepenumansabv ypasHeruem (27) u'(x; )= f(x,u;),
TO IpUAEM K cxeMe Diiiepa.

CrenaeMm cnexyommii mwar. ObopseM pasnoxenue (54) Ha
WieHe MOPSAKA A2 U BOCTIONB3yeMCS Ui BRIYUCICHUS TIPOU3BOI-

Ho u”(x;) opmysoit (46). B pesyisTate mONydMM HOBOE pe-

KypPEHTHOE COOTHOIIeHUE, 60ee caoxHoe, yeM (32):

_ UEARVE PSR
i =0+ S (e 3L )+ L () £ ) 2, 59

KOTOPOE€ MOXHO TAKXKC 3allMcarb B BUAC Pa3HOCTHOIO YPaBHCHHA!

-y 1(2 .
_yiﬂh—y_l=f(xi’yi)+E{%(Xi’yi)+%(xi’yi)f(xi’yi)}h' (56)

3aech, KaK ¥ B IpeabIOylleM paszesie, Mbl 0003HAYMIN HC-
KOMYI0 (DYHKIIMIO B pasHOCTHOM ypasHeHuH (56) OyxBoit y, a He
u, 4TOOBI OMYEPKHYTh, 4TO (27) u (56) — 3TO IBa pa3HBIX ypaB-
HEHHUS.

VYpasHenue (55), nonosiHeHHOe HaYaIbHBEIM yCjioBHeM (31),
JaeT SBHYIO Pa3HOCTHYIO CXeMY YMCJIEHHOIO pellleHus] paccMar-
puBaemoit 3agauu Komu. ITo pexyppentHoit dpopmyne MOXHO
NIOCENOBATELHO PACCUYMTATE BCE 3HAYEHUS CETOUHON QYHKLUMHU
¥;; 0<i<n u nomy4uth, TaKMM o6pa3oM, NpUOIIKEHHOE pellle-
Hue 3amaum (27), (28). Uccrnenosanye moKa3biBaeT, YTO TakKasi yc-
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JIOXHEHHAasl CXeMa UMEET BTOPOU MOPSIOK TOYHOCTH OTHOCH-
TEJNBbHO A KaK /IS allPOKCUMALIMK YPaBHEHMS, TaK M Ui IO-
IpelIHOCTH pemieHusi. CyIlECTBEHHO TO, YTO OCHOBHAS UIes 5TO-
ro Nnoaxoaa JOMYCKAaeT AajbHeiuee pa3sutrue. Ecnu obopBaTh
pasnoxeHne (54) Ha wiene mopsinka 43, A* u T.1., To monMyyarcs
Pa3HOCTHBIE CXEMBI TPETHETO, YETBEPTOTO M DOJIee BBICOKUX IO-
PAIIKOB TOYHOCTH.

OxHako y JaHHOTO TIOIX0Aa €CTh CYHIECTBEHHBINH HEI0CTa-
ToK. Ilpu pacduerax mo cxeMe Diinepa TpeOGyeTcsl BHIYHUCIATH

TOJBKO 3HaueHust GyHKumu f(x;,y;). B cxeMe xe (55) Ha Kax-
JIOM 11are MPUXOAUTCS BBIYMCISITH HE TONBKO (YHKIUHMIO f, HO U

of

of
ee MepBhIe MPOU3BOIHBIE g;(xi, ¥;) u —é;(xi,yi). Eciu, ocTaBus

B pasIoxeHuH (54) wieHs! 1o A* BITIOUNTENBHO, TOCTPOHTD CXE-
MY YETBEPTOIO TOPSAKA TOYHOCTH, TO HA KaXKIOM IUare NpHIAETCs

BBIYMCIIATh JECATh BEJIWYMH: QYHKIUIO [ (xi, yi) , ABE €€ IMEepBhIX
NPOU3BOAHBIX, TPH BTOPHIX MPOM3BOIHBIX U YETHIPE TPETBUX
TMPOU3BOIAHLIX. JTO CYIIIECTBEHHO YCIOXHUT pa3paboTkKy Ipo-
rpaMMbl ¥ HAPYIUMT BAXHBIA NPUHUMAI BHIYMCIUTEIbHONH MaTe-
MAaTHMKM — KUCIOJB30BATh B pACUETaX TOJIBKO T€ BEJIMYMHBI, KO-
TOPBIE 3aaI0TCA YCJIOBHAMM 3amgadyu. PopMynmHpOBKa 3agadu
Koiu mpenmonaraer, 4To U3BECTEH AJITOPUTM BRMUCICHHS QYHK-
MY f(x, u) Mo 3HAYEHUSAM €€ apryMeHToB. EC/IM 3TOT alrOpUTM
CBOIHUTCSA K pacyeTy 1o IIpocToi (opMysie, TO BBIMHCICHHE IIPO-
U3BOAHBIX HE COCTaBasAeT TpyAa. OXHAKO CYIIECTBYIOT M TaKHe
BapUaHTHI NPEICTABACHMUSI AITOPUTMA, [IPH KOTOPBIX BEIYUCTUTE
Mpou3BOAHbIE GYHKIMH f(X, ¥) TMOO OYEHD CIIOXKHO, MO0 MpaK-
TUYECKU HEBO3MOXHO. IToaToMy npu pa3paboTke pa3sHOCTHHIX
CX€M BBICOKOTO IOPSIKA TOYHOCTH CTPEMSITCA 3aMEHUTEH BBIYHC-
JIEHHE MPOH3BOAHEBIX (GYHKUMH f (X, ¥) HAXOXIACHUEM caMoiil ¢yH-
KIIMM B HECKOJBKHUX TOYKax. B ciaenylomux pasaenax Mbl pac-
CMOTDHM, KaK 3TO YIAeTCs CAENaTh.

5.2.3. Meroa Pysre-Kyrra

PaccMoTpuM mpaBylo YacTh pa3HOCTHOTO ypaBHeHUS (56),
COIEPXAIIYIO TIEPBLIE MPOU3BOAHBIE OT GYHKIMU f(x, u). [nas-
Hast uiaess Metoaa PyHre-KyTra COCTOUT B TOM, YTOObi ITpUGIuU-
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KEHHO 3aMCHUTb €€ Ha CYMMY 3HayeHM# PyHKUUH f B ABYX pa3-
HBIX TOYKAX C TOYHOCTBIO O WIEHOB ropsinka A2. C 310 LieTbio
TIOJIOXKMM

119 )
70 3 Z o)+ L o) o) -
=Bf (x;3;)+ o (x; +yh,y; + 3h)+ O(h?),
rae o, B, v, & — deTnlpe cBOOOIHEIX IapaMeTpa, KOTOPhIe HYX-

HO 1oa06paTh TaK, YTOOKI NpaBasi 4acTh PABHSUIACH JIEBOI C HyX-
HOM CTENEHBIO TOYHOCTH.
Paznoxum GyHKImMoO [ (x; +vh, y; +8h) 1o cTenensM h:

f(xi +Yh,y; +8h)=

=f(xi’J’i)*'{Y%(Xf,y,-%ﬁ%(xi,yi)}h+0(h2), (58)

(57)

MIOACTaBUM pasnoxeHue (58) B dopMyny (57) ¥ ipUpaBHSIEM cie-
Ba ¥ CIpaBa Yi€HBI, HE COIEpXaLIue h U comepXamue h B ep-
BOM cTenieHU. B pesynbTaTe moaydymM IUis YeTHIpEX ITapaMeTpoB
TPH YpaBHEHUSA:

1 1
a+ﬁ=15 (X’Y=§, as:if(xisyi)' (59)

OHu NO3BOJISIIOT BHIPA3UTH NapaMeTpHl P, y, 6 depes o.:

1 1
= 1-—- ) =, 8 = isYi )
B=l-o, y=5-, 8=—-f (%) (60)
3ameHss ¢ moMotwio (57) neByio yacTh ypaBHeHus (56) U
oT6pachiBas wieHsl nopsaka O(h2), nonyyaeM ogHONAPaAMETPH-

YecKOoe CeMENCTBO pa3HOCTHBIX cxeM PyHre-Kyrra:

&Ll}l:ﬁ:(l—a)f(xpyi)*af(xi+%’yf+§}1&f(xf’yi)J' 6

YpaBHenue (61), xkak u (30), MOXHO 3anmucaTh B BUAe yA0OHOro
IUTSI PACUYETOB PEKYPPEHTHOI'O COOTHOIEHNS:
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Yi1 =Y +I:(1—a)f(xi’yi)+af[xi +%’yi +£f(xi’yi)ﬂh' (62)

Haub6omnee ynoOHbIe pa3HOCTHBIE CXEMBI 3TOro ceMelcTBa
COOTBETCTBYIOT JABYM 3HA4€HMSM IrapaMmerpa o: o =1/2 u
o =1. Ipu o =1/2 pexyppentHasa ¢opMmy.a (62) npuHuMaeT
BUX

Vit =yi+g{f(xi’yi)+f(xi +h’yi+hf(xi’yi))}‘ (63)

Ona omnpenensger caeayloLyIo Npoleaypy paciera ;,;. CHaya-
na genaercst mar k no cxeme Jitiepa U BRIYUCISIETCHS BEJIUYMHA

Vi =¥+ f (% 3;)h. (64)

3aTeM HaxoOUTCst 3HAU€HHE (PYHKIUM [ B TOUKE (x,- 10 Vi +1), co-

CTaBJIsIeTCS MOJIYCYMMa [ S () + (%1701 )] /2 ¥ IIPOBOJMT-
Csl OKOHYATEe/IbHBIH PacyeT BETHYMHBI

yi+l=yi+f(xf’yi)+£‘('xi+l’yi+l)h' (65)

Takas cxeMa BBHIYMCIICHUH HA3BIBAETCS <«IIPEAUKTOP — KOPPEK-

TOP» WIH, OYKBAIBHO, «IIpeCcKa3aHue — UCIIPABJICHUE». BIYUC-

nAeHue J;,; no cxeme Biutepa (64) — ato rpyboe mpeiackazaHue

pe3yiabTata. BropudHbii pacuer (65), coenaHHbBIA Ha OCHOBAHUH

IIepBOTO, ABISICTCS YTOUHEHUEM pe3yabTaTa, ero KOppeKIluen.
IIpu o =1 pekyppeHtHas ¢opmyina (62) uMeer BT

h h
Yis1 =i +f[x,- +5Y +5f(x,-,yi))- (66)

31ech cxeMa pacyeTa 3akioyaeTcs B ciaenylomeM. CHavana ne-
JlaeTcsl TOJOBUHHBIN 1ar A/2: o cxeme Dilnepa BHIYUCASETCS
BEeJIUYUHA

h
=y,~+~2~f(xi,y,-). (67)
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3aTreM HaxOAMTCA 3HA4YeHME PYHKIHH f B TOYKE (x,-+1/2,y,-+1/2).

Ono omnpenenseT no Gopmyne (66) ouepenHoe 3HaUEHHE Y, 1.

Crenyer 3aMeTUTD, YTO NPOLEAYPa pacyueTa NpUOTHXKEHHO-
ro pemenus 3agauyu Komwu (27), (28) mo cxeme (61) mmo cpaBHe-
HUIO CO CXeMOM Diiepa yCIOXHSIETCSA: TEMEPh HA KaXIOM Ilare
byukuio f(x, ¥) IPUXOLUTCS CUUTATh HE OJIMH, a JBa pasa.
OnHako TaKoe YCIOXHEeHHME OKa3bIBaeTCs ONpaBIaHHBIM 6iaro-
napst 6onee BHICOKO# TOYHOCTH MeToaa. K mcciemopanuo npo-
OMeMBl TOYHOCTH MBI TEHEPh U ITEPEXOHM.

BBeneM, Kak U B IIpEABIAYINEM pa3fese, IB€ CETOUHbIE GyH-
KUHUH: IMOrPeIIHOCTD penieHus z (33) U MOrpeuIHoCTb alllIpoOKCH-
MaiMy CXeMHBI Y. B paccMaTpuBaeMoM ciiydae OHa OIpelesser-
cs popMynoi

v, = U1 7% _
! h

_[(l—a)f(xi,u,-)+of(xi +%, y; +%f(xi,ui))],

Bripazum y; o ¢opmyne (35) yepes u; U z; ¥ TIOACTaBUM B
pa3sHocTHOe ypaBHeHHe (56). B pesynprare moayquM

(68)

S TS I e 5 By
h h

- h h
=(1_°‘)f(xi’ui+zi)+°f(xi+$’ “i+Zi+%f(xi’”i+zi))-

(69)

®opmyny (69) MOXHO IIEpENUCATh B BUJE
Ziv1 7% _
h

={[(1—a)f(x,.,ui +zi)+af(xi +5h&,u,. +3 +§%f(xi,ui +z,-))}_
—[(l—a)f(xi’”i)*’qf(xi +‘2‘h&’ U; +_2%f(xi’ui)):|}—

_{“f+1h—”i —[(1—0t)f(xp“i)+ cxf{xi +§%, u; +§haf(xi’ui)]]}'
(70)
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3neck wieH (u;,; ~u;)/h TEPEHECEH ClIeBa HATIPABO M B KAXI0€
M3 IBYX BBIpAXeHUH, COOpaHHBIX B QUIYPHBIX CKOOKaxX, 100aB-
JIEHO OJHO U TO Xe ciaraeMoe. I1oCKonbKy Mexy QUrypHBIMU
CKODKaMH CTOMT 3HAaK MHUHYC, 3HAYCHHUE IIPaBOi YyacTH Gopmy-
a6l (70) B uenoMm mpu 3ToM He MeHsAeTca. OnHako 6maromaps
TaKUM MpeoOpa30BaHUSIM MEI COOpaTH BO BTOPBIX (PUIYPHBIX
CKOOKaX YIeHBbl, KOTOpbIE JAI0T MOTPELIHOCTh AMIPOKCUMALIUMN
cxeMsl y (68).

IepetineM Kk mnanpHelIIeMy UCCIENOBAHHIO COOTHOIUEHUS
(70). PaccMoTpuM HyHKIIAIO

20

BripaxeHue, cTosiiee B AepBbiX QUIYPHBIX CKOOKax Gopmyint
(70), MOXHO 3aImicaTh KaK pa3sHOCTh 3HAYeHUH 3T0il GyHKIMHU
IpU V=u;+2; U V=1U W Ipeobpa3oBaTh 3Ty Pa3HOCTh C ITIOMO-
L0 (OpMYIbl KOHEYHBIX NpupameHuit Jlarpanxa:

Fu+2; )= F(u;)= F'(u;+6;2;)z;, 0<6; <1, (72)

F(V)=(l—a)f(xi,V)+af(x,. +5"—, v+if(x,.,v)j. (71)
[0

rae
F)=(1-a)L (x,0)+

of h h h of (73)
+a$(xi +—2—O—(,v+£f(xi,v)][l +£5;(xi,v)).

ITogcTaBuM TOyYEHHBIE BhIPAXEHHUS VIS OTAENBHBIX Cllara-
eMmbix B (hopmyny (70). B pesynbTate oHa NPpUMET BUI PEKYPPEH-
THOM (hOPMYJIBI

G ={l+hF (4, + 8,7 )}z, —y;h, 0<isn-), (74)

KOTOPYIO HYXHO MOTIOJHUTH HYJIEBBIM HAaYaTbHBIM YCIOBUEM
(38). Ucnons3oBath 3Ty GOPMYIY st TIOCAEA0BATEIBHOTO BHI-
YUCIIEHUS 3HAYSHU CeTOUHOU (DYHKIIMU Z HEeAb3s. B €¢ TIPaBYIo
4aCTb BXOASIT HEU3BECTHbIE apryMeHTH V;, 4;, 9;. OxHako a1y
CHCTEMY PEKYPPEHTHBIX PaBEHCTB MOXHO 3aMEHHTh CUCTEMOM
PEKYPPEHTHBIX HEPABEHCTB AJS MOCIEAYIOLIEH OLIEHKH Z;.
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IIpeamnonoxum, Kak U IIpU UCCACAOBAHUM MeToaa Diepa,

e .,
YTO YACTHASt MPOU3BOAHA" 5ji(x,u) B MHTEpeCylollel Hac obia-
u
CTH M3MEHEHHUs ee 2 TyMeHToB orpanudeHa (40). Torma ¢ yde-

ToM ¢opmyinsl (73) wis npoussoaHoit F'(v) monyuum

]I+hF’(ui+6,-z)lsl+Ch+%C2h2<eCh=q, g>1. (75)

C y4yeToM 3TOro peKyppeHTHEIE paBeHCTBA (74) MOXHO 3aMEHHUTDb
PEKYPPEHTHBIMH HEPAaBEHCTBAMM

21| < alz]+ Il (76)

KOTOpBIE IOJHOCTBIO COBIANAIOT C HEPAaBEHCTBAMU (42) nmpenbl-
Jyuiero pasnena. Mpl yxe 3HaeM, 4TO U3 HHUX CIelyeT OLEHKa
HOPMBI ITOTPEIIHOCTH PeIleHUs Y€pe3 HOPMY MOTPELTHOCTH all-
[IPOKCUMALIUY YPaBHEHUS

2], < 7€ v, - (77)

Teneps HYXHO OLUEHHUTh HOPMY TOTPEIIHOCTH ANTIPOKCHUMA-
uuu ypasHenus (68). ITpeanonoxum, yro GyHKUMA f (X, U4) UMe-
eT B HHTepecyloueil Hac 00IacTH W3MEHEHHS CBOMX apryMeHTOB
HeIIpEPbIBHBIC BTOPEIC IPOM3BOMHBIE U, CJIEI0BATEILHO, PEIICHUE
nuddepeHUHANBHOTO YpaBHEeHUS U (X) TPHUXIBI HEIIPEPHIBHO
nuddepeHIUpYyeMO. DTO MO3BONAET HAMKUCATD CIENYIOLINE pa3-
noxenus Teitnopa:

w =u(x;+h)=u+u'(x)h+ %u’(xi)h2 +éu"(fi)h3, (78)

h h

h [of of W2
=f(xi:ui)+Z{s‘;(xi,ui)+a—u(xi,ui)f(xi,ui)}+.§a_2x
oxdu

x{%i—z]i(ii,ﬁi)+2 2/ (ii’ﬁi)f(ii’ﬁi)+a27f(ii’ﬁi)f2 (ii’ﬁi)}’
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pi (]
e - 5 h
X =X +Gih, X =X +6;— 20 u, =U; +6; Tf(xi’ui)’

0<8 <1, 0<f;<1.

3nech mocAeqHUE cnaraeMble B 000OMX Pa3/IOXEHHUSIX MPEACTaBsA~
10T coBoif ocTaToyHble WieHHl B (popMe JlarpaHxa, KoTophle Oe-
pYTCS B HEM3BECTHBIX HaM ITPOMEXYTOYHBIX TOYKAX.

IMoncrasuM pasnoxenus (78), (79) B bopmyny (68) mwis mo-
I'PEIIHOCTH ANMPOKCUMAUUU ITH((epeHIINaATEHOTO YPABHEHHUS
(27) ¥ nMp¥MeM BO BHMMAaHHE COOTHOUIEHHS, BBITEKAIOIHAE M3
3TOTO YPaBHEHMUSI:

w(x)=f (x.u),
” ) )
w ()= L () L ()1 (o) (80)

bnaronaps (80) 4ieHB HYJIEBOro ¥ MEPBOro MOPSAKOB OTHOCH-
TEJIBHO A COKPAIlalOTCS M OCTAIOTCS TOJABKO WIEHBI BTOPOro MO-
psnKa, 00si3aHHbBIE CBOMM ITPOMCXOXIECHUEM OCTATOYHBIM YIeHaM
B pasnoxeausax (78), (79). B pesynpraTe moay4yaeTcs CIEoyIOLICE
MpeACTABNEHHE IS [OTPEIIHOCTH AIMNPOKCUMALMM YPAaBHEHUS

1 ooy 1]0%f,. -
-l )] 2L o)

0%f 1o o\ pre o~ O e N2 (81)
+2axa (%8 )f(xi’ui)+_au2 (%8 ) £ (%8 ) |-
(DYHKI_[I/II/I, BXOIAUIME B MIPABYK 4YaCThb 3TOr0 COOTHOLUCHUSA, IO
NPEeAINOJI0XEHHIO HEOPEPHIBHAI H OTPAHHYEHBI B MHTEPECYIOLIEH
Hac o0nacTH U3MEHEHUS CBOKUX ApryMCHTOB. DTO MO3BOJsAET 3a-

MEHHUTDh paBeHCTBO (81) HepaBeHCTBOM
il <lhwl, < MR2, (82)

rae M — KOHCTaHTa, MaXOpUpYyIoilas BhipaXeHHe B QUTYPHBIX
ckobkax ¢opmyinnl (81). IToncraensas oleHKy (82) B HEpaBEeHCTBO
(77), nony4aeMm
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Iz, < MieCln2, (83)

Taxum 06pa3oM, rIpu /1 — () TOTPEITHOCTD ANMPOKCUMAIIH

YPaBHEHHMS U, KaK CJIEICTBHE, TIOTPEUIHOCTb PeleHUsI CTPEMSAT-
cs K HYJIO CO CKOPOCTBIO A2, DTO 03HAayaeT, 4TO Pa3sHOCTHOE
ypaBHeHue (61), nomyyernHoe no cxeme Pynre-Kyrra, uMeer BrO-
PO#i MOPSIIOK TOYHOCTH OTHOCHTEJIBHO A.

Bropoiif MopsAgoK TOYHOCTH Jiydllie, YeM IEepBHIH, OJHAKO
MpaKTHKa ITOKA3BIBAET, YTO 3TOMH TOYHOCTU TAKXKE HENOCTATOY-
HO. Hauboiiee 4acTO MpU NPOBENCHUH PEATbHBIX PacueTOB HMC-
roJs3yercs cxeMa PyHre-KyTra 4eTBepTOro Hopsiika TOYHOCTH
CIeyIOIIEero BUIA:

yi+1h‘yi =%(k1+2k’2 + 2Ky + ky), (84)

rae

k= f{(x.9;), k2=f(xi+g’yi+_}21'kl J

k; =f(xi+g,yi+gk2j, ky = f (% +h,y; +hk;).
Ecnm B cxeme BTOpOro IOpAAKa TOYHOCTH Ha KaXIoM Iuare ¢yH-
KUUIo f(x, y) IpUXOOUIOCH BHIYMCIATH ABAa pa3a, TO 34eCh —
YyeThipe pa3a. OIHAKO 3TO YCIOXHEHME CXEMBI pacyeTa OKYTIaeTCs
BEICOKO# ToYHOCThIO. Ha GoJee moxpoOHOM 00CYXACHHM CXEMBbI
(84), (85) ocranaBmuBaThCs He OyneM U OTPaHUYUMCS KOHKPET-
HEBIM TIPHMEDPOM.

3anawa 4. [Jocmpoumsb pewenue 3adavu Kowwu (51), (52) na
ompeske {0, 2] ¢ wazom h= 10,25 no cxeme Pynze-Kymma emopo-
20 nopaoka muna <npeduxmop — xoppexmop» (65) u no cxeme Pyu-
2e-Kymma uemeepmozo nopadka (84), (85). Cpasnums pesyabma-
mbi pacuemog mexcdy coboll U C QHANUMUYeCKUM pewenuem 3a0a-
yu (53).

PesynbTaThl pacyeToB IO 3TOM 3amadye IpUBEICHBI B
Tabs. 5.2. B nepBoM cTonbue AaHbl 3HAYESHUS MEPEMEHHOM X;, BO
BTOPOM W TPETHEM CTOJIOIIAX — Pe3y/IbTAThl PACYETOB IO CXEMaM
Pynre-KyTra BTOPOro ¥ 4eTBEPTOrO MOPSIKOB, B YETBEPTOM M
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Tabnuua 5.2

PesynbTaThl pacyeToB o cxeMme

x; Pynre- Kyrra » AmMca u(x;)
2 mopanka | 4mopanka | 2 mopsaka | 4 mopsanka
0,00 | 0,000000 [ 0,000000 | 0,000000 | 0,000000 | 0,000000
0,25 | 0,031250 | 0,032593 0,031250 0,032593 | 0,032594
0,50 | 0,133057 | 0,136099 0,130859 0,136099 | 0,136102
0,75 | 0,314791 | 0,319962 0,309692 | 0,319962 | 0,319966
1,00 | 0,587068 | 0,594879 0,578331 0,594826 | 0,594885
1,25 | 0,961913 | 0972975 | 0,984662 0,972847 | 0972984
1,50 1,452948 1,467988 1,434141 1,467772 | 1,468000
1,75 | 2,075605 | 2,095486 2,050001 2,095159 | 2,095501
2,00 | 2,847365 | 2,873107 2,813492 2,872644 | 2,873127

MSATOM CTONGLAX — Pe3yJAbTaThl PACyeTOB I10 PAaCCMOTPEHHOMY
HIXe MeTony Anamca. B mociexHeM IIecToM CTOIOLE MPHUBE-
JeHbl 3HAYEeHUS aHATUTHYECKOTO penieHus (53) B y3nax ceTKH.

CpaBHeHHe pe3yJbTaTOB BTOpOro crojibna tabu. 5.1, paccyu-
TaHHBIX IO MeTony Ditepa ¢ maroM A= 0,25, ¢ pe3ynbraTaMu
BTOPOT'O U TPEThero CTOJOLOB Tabn. 5.2 noka3siBaeT Kak YMeHb-
1IaeTCs MOTPEeNIHOCTh NMPH GHKCHPOBAHHOM IlAre A 1o Mepe Ie-
pexona K 6ojee TouHsIM MeTomaM. Tak, MeTon PyHre-Kytra uer-
BEPTOTO MOPAINKA, HECMOTPS Ha JOCTATOYHO KPYIHBIN IIar, naer
norpemHocTs petenus [z, =0,00002 . 3to HamHoro Ay4Ime, YeM
IIpU pacyeTe Tmo cxeme Ditrepa ¢ maroM #= 0,01 (cM. yerBep-
THX cronben B Tabn. 5.1). B To Xe BpeMs IIpM pacyeTe IO CXe-
Me Bitnepa 6BUIO CENIaHO ABECTH IIAT0B C ONHOKPATHBIM BBHIYMC-
nenueM GyHKIKMHU f(Xx, ¥) HA KaXIOM lare, a Ip¥ pacyeTe 1o
cxeme PyHre-KyTra — BoceMb 1IaroB ¢ 4eTHIPEXKPATHHIM BBIYHMC-
neHueM GyukiuM f(x, y) Ha KaxmoM miare. Takum obpasoMm,
0oJiee CIOXHBIM, HO ¥ 00Jiee COBEPIUEHHBIH METON IO3BOJISET
TIpA MeHbIlIeM 00heMe BHIYMCICHUH MONMyYUuTh 60siee TOUYHBIN pe-

3yJbTAT.
3ameuanHe. ATIpMOPHEIE OLIEHKH HOTPEILHOCTH HO cxeMe Ditiepa
(50) unu Pyure-Kyrra (83) npeacTaBisioT TEOpEeTUYECKUH HMHTEpEC.
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OHM OIpelesaoT CKOpPOCTb, C KOTOPOH MOTrPEIIHOCTb CTPEMUTCS K
Hynio Mpu A — (0. OgHaKko Ha NPaKTHKE OLEHKH MOJOOHOro THIA He-
3t dexTHBHDI, TOCKOILKY COOEPXAT NIPOU3BOAHLIC MICKOMOIO PELICHMS
u(x). OGBIYHO TOYHOCTh YMCICHHOI'O PELICHHS 3aJa4Yy YCTaHABIUBAIOT
C IIOMOIIBIO alIOCTEPUOPHBIX OLIEHOK, OCHOBAaHHBIX Ha CPABHEHUU pE-
3yJIbTaTOB pacyeToB C wwaramMu A v A/2. IIpouenypa ux BbIBOAA U IIpH-
MEHCHHUs ObUIa OIMCaHa B IN1. 4 B CBA3M C 3afadeli YUCIECHHOrO MHTer-
PUPOBAHUS.

5.2.4. Meton Anamca

AnaMc — aHrimiickuit actpoHoM M MareMatHK XIX Beka,
KOTOpHIH MHOTO 3aHUMaJicsl HebecHoM MexaHuKou. IIpu usyue-
HMHY TPAEKTOPUH IUIAHET €MY MOCTOSSHHO NMPUXOAMIOCHh YMCIICH-
HO UHTErpUpOBaTh YPAaBHEHMS MX IBIDKCHHUA. Xejlas MUHHUMH-
3UpOBaTh 00BEM BBEIYMCICHUM, AlaMc pa3paboTai OOUH M3 Hau-
fonee IKOHOMHMYHBIX METOJOB YHUCJIEHHOrO pELICHUS
auddepeHIMANBHBIX YPaBHEHUH, K 06CYXAEHUIO KOTOPOTO IIe-
peuhaem.

Ilycte u(x) — pemenue nuddepeHIHANbHOrO ypaBHEHUS
(27). Jna npou3BOAHOM 3TOM PYHKIMU UMEET MECTO PABEHCTBO

W (x)=f(x,u(x))=F(x). (86)

I/IHTeI‘pHp)’H €ro MEXny AByMsd TOUKaMH CCTKH, ITOJYYACM COOT-
HOIIICHHUC

Xis]
Uy =+ j F(x)dx. (87)

X;
MBH HE MOX€EM HCIIONB30BaTh 3TO COOTHOIIIEHHE HENOCPEICTBEeH-
HO JUIS MIEpeXola B IPOLIECCE PELISHUS 3aJa4H OT i-H TOUKH CeT-
KU K (i + 1)-#, mockoneKy ¢yHKImMsa F(x) HaM HeusBecTHA. UYTo-
OBl crienaTh CACAYIOUIMM 1Iar, HyXHO NPUOIHXEHHO 3aMEHUTh
3Ty QYHKUMIO HAa TaKyl0, KOTOPYIO MOXHO BBIMHCIUTE. OmuIiemM,

Kak 3Ta mpobyieMa pemaercs B MeToie Anamca.

IlycTs B mpolecce YHMCICHHOrO peIIeHHs 3alladM pacdeT
NOBENEH 10 TOYKH X;. B pesysibTaTe pacyeToB CTaaM M3BECTHBHI-

MU BETMYMHBI y; U f(xj,yj), 0<j<i. Bo3pMeMm HeKOTOpOE
(DUKCUpPOBaHHOE LIEJIOE YUCIO M <i W ITOCTPOUM HMHTEPIIOJSIIIU -
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OHHBIIt MHOTOYWIEH m-i cTeneHy P, (x), IPUHAMAIOIUMH B TOY-

Kax x;, (i-m)<j<i 3HaYeHHUs f(xj’yj)I
Pm(xj>=f(xj,yj), i-m<j<i. (88)

Ero moxHo 3anmucats no gopmyne Jlarpanxa:

Pm(x)= i f(xj:yj)Qm,j(x), (89)

j=i-m

rae 0, ; (x) — crmeuuanbHBle MHOTOWIEHB BUAA

(x“xi—m)"'(x‘xj-l)(x‘xj+1)'“(x"xi)

% =% ) (% =%, (% = % ) (3 -x)

Qm,j (x)= ( (90)

KOTOpbIEe paCCMaTPUBAINCH B I1I. 3.

I'maBHas uges MeToma AJaMca 3aKilio4aeTcs B TOM, YTOOBI
Uil pacdeTa y;,; ucroab3oBath ¢dopMyny tuna (87), npubau-
XKEeHHO 3aMeHsis B Hell pyHkuuwo F(X) Ha MHTEPIOJASIIMOHHBIA
MHOrowIeH P, (x), cocTaBleHHBIH, cornacHo (89), mo pesynbTra-
TaM OPEeNbIAYIIMX BBEIMHCIIEHUH. DTO PUBOAUT K PEKYPPEHTHOMU
dopmyne

Xis] i
Vi =Vi+ j P, (x)dx=y;+ 2 ajf(xj,yj), 91)
X j=i-m
rie

X1

a;= | O (x)dx (92)

xi
PaccMoTpuM Gosiee NoapoGHO TaHHYIO CXEMY YMCIIEHHOTO pe-
weHua 3anadx Komm B mpocreitimx cnydasx m =0 1 m = 1, Kkorna
TEXHUYECKHE TPYTHOCTH HE 3aCJIOHSIOT MPO3PAYHYIO MACIO METONA.
Ipu m =0 mnst anopokcuMaruu GyHKUMY F(X) ucnonbayercs no-

JIMHOM Hy/IEBOM CTeNeHH, T.e. nocrostiHas F(x)= Py = f(x,-,y,-)-
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B 3TOoM cnywae ¢opmyna (91) nepexoqUT B peKyppeHTHYIO Gop-
Myly meTtona dinepa y,,; =y, +hf(x;,y;), obecneuusaioyio
MEPBBIA MOPSIIOK TOYHOCTH. Takoi pesynprar cam no cebe tpu-
BUAJIEH U IIPUBEIEH 31€Ch TOJIBKO IS TOTO, YTOOBI TOKA3aTh, 4TO
IUist MeToAa Anamca, Kak ¥ Juist Metona PyHre-Kyrra, ucxogHo#
TOYKOH SIBASIETCS CxeMa Dilnepa.

IlepeiineM K ucciesoBaHMIO BapuaHTa m= 1. B atoMm cruy-
yae [yis annpokcumauuu ¢yHkuun F(x) ucrionblyeTcsl 1OJIMHOM
[IEPBOM CTEINEHHU, MTOCTPOCHHBIH MO 3HAYCHHSIM QYHKUMU f B

JIBYX TOYKaxX — (x,-_l,yi_l) u (xi,.Vi):

X—X_q X—X;
Pl(x)=f(xi’yi)__h' ‘f(xi—l’yi-l)—h -
Iloacrasnsig ero B dopMyny (91) u nposonst MHTErpUPOBa-
HHE, ToJIyYaeM

Yin =¥ +{%f(xi’yi)“%f(xi—l’yi—l )}h 93)

OTMETHM CIIEOYIOIYI0 0COOEHHOCTh PeKyppeHTHOH dhopMy-
net (93). Ing pacyera ogyepeaHoro 3HadeHUs CeTOYHOM GYHKIMHU
¥;;] HYXHO 3HaTh €€ 3HAYCHUS B [IBYX NpPEAbIAYLIUX TOYKAX —
y; v Y;_;. Takxum obpasom, ¢opmyna (93) HaynmHaeT paboTath
TOJILKO CO BTOPOW TOYKHU. BBIYUCIHTB IO HEHl y; Hesb3s. ITO
3HAaYeHUE PEIICHUSA Pa3HOCTHOM 3a1ayM TIPUXOIUTCA BHIYUCIATH
KaKMM-HUOYIb NPYTUM METOIOM, HallpuMep MeTonoM PyHre-
Kyrra.

PexyppeHTtHyio dopMyny (93) MOXHO 3armucaTh B BUAE pas-
HOCTHOTO YPaBHEHUS:

—————”lh : =Ef(xi,yi)'if(xi-l’yi—l)' 4

TToacuuraem s Hero OOrpC€IIHOCTh allIPOKCHUMAIIUHU CXCMBI:

wf='@h:ﬁ_{%f("f’”f)“%f(xf-l’”"—l)}:
i+l — i 3 L, ©)
: p : _{5” (x;)-5u (x"‘l)}'
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[IpennonoxuM, yto QyHKUMS f(Xx, ) UMEET B UHTepecyoIleh
Hac 00JIaCTH H3MECHEHUS apryMEHTOB HEHpPEePhIBHAIE BTOPHIE IPO-
H3BOJAHBIE, TOrAA pelLIeHHE 3aMayM u(Xx) TPUXIHl HENPEPHIBHO
nudgepeHMpyeMo. 3anuuieM pasnoxeHus Teiinopa:

u, =y +u’(x,.)h+%u’(x,.)h2 +1u"(xi +8,h)R3,

6
(54 =1 () (o e (- B ) 36)
Iloncrapnss ux B ¢popMyny (95), nonygaeM
v, = {éu’(xi + éih)+£u”(xi - ’é,.h)}h2. 97)
Orcroaa MOXHO JaTh OLIEHKY
il <. < %Mﬂ’z’ (98)

rae M3 — 1mocTrosiHHas, MaXOpHUPYIOIIas TPETIO POU3BOIHYIO
byHKUNM u(X):

‘u”(x)‘sM3, XgSxX<x5+1 (99)

Mpsl BUAMM, 4YTO pa3HOCTHOE ypaBHEHHME MeTona Alamca,
COOTBETCTBYIOLLEE caydalo m = 1, armmpokcuMupyeT nuddepeH-
LHAIbHOE ypaBHeHHe (27) CO BTOPBIM MOPSIAKOM TOYHOCTH OT-
HocutenbHo h. Kak u B cnydyae metona PyHre-Kyrtra, ato obec-
TIEYMBAET BTOPOM MOPSIOK TOYHOCTH IJIST TIOTPEITHOCTYA PEIICHUS
|z, ipu mpeamonokeHuu, 4TO 3HAUCHHE y;, KOTOPOE PACCUM-
TBIBAETCS] HECTAHIAPTHO, BBIYUCIIEHO CO BTOPBIM TOPSAKOM TOY-
HOCTH.

IIpouecc nmocTpoeHust Gojree TOYHBIX CXEM MOXHO MPOIOJI-
KUTB 32 CUeT yBeJmdeHus m. [Ipu m = 2 nonydaercst cxema Tpe-
TBETO NOPSIAKA TOYHOCTH, MPU m = 3 — yerBepTOoro u T.1. Cxe-
Ma YETBEPTOTO ITOPAIKA, KaK U B Metoae Pyure-Kyrra, sBageT-
¢ HamboJiee yroTpeSUTETbHOM, [T09TOMY KOPOTKO OCTAHOBUMCS
Ha €€ BBhIBOJIE K OOCYKACHHUU.
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Ecny HanucaTs MHTEPIIONSIIIMOHHBIN TIOJIMHOM TPEThEH CTe-
neHu P;(x) (89) Ha ceTKe U3 4eThIpeX TOYeK X;; X;_1, X;_9, X;_3
M IIPOBECTH MHTerpupoBanue (92), To peKyppeHTHas popmyna
(91) npumeT BUA:

55 59

37 9 (100)
53 f(%2:¥%:2)~ *2‘3f (%i_3: Y13 )}

IIpusenem eme onHy GopMy 3amucH 3ToH GHOPMYABL 4epe3 Tak
Ha3bIBa€Mbl€ KOHEUHbIE PA3HOCTH:

Vil = y,+hf+ h2A1f+ h3A2f+ h4A3f, (101)

Tac
fi= (%),
Alf; "_{f( X 9) = (% 15vic1)}

Af, =;l‘z“{f(xi’yi)“zf(xi—l’yi-l)+f(xi-2’yi—2 )b

(102)
A3fi =i3{f(xi’yz f( Xi_1:Y;- 1)

31 (%_0o¥i_0)~F (%i_3-¥i3)}-

Ilepsas, BTOpas v TpeThbs pasHocTH (102) npUbIMXKEHHO COOT-
BETCTBYIOT MEpPBOM, BTOPOH ¥ TpeThe#l IMPOU3BOAHON DYHKUMHU
F(x)= f(x,u(x)). DxsusanentHocTs hopmyn (100) u (101) ser-
KO IpoBepuTh Hernocpeacrsento. Gopmyna (101) uHorna Gonee
yaoOHa IJIsi OpraHU3allMyi BEIYHCAUTENBHOTO IIpouecca U KOHT-
pOJISI TOYHOCTH.

OcobeHHoCTh MeTOna Anamca npossnsercs B dopmyre (100)
elle CuiabHee, ueM B ¢opMyiie (93). 3mech 115 pacyeTa ouepen-
HOTO 3HAY€HMUs Y;,; HYXHO 3HATb 3HAUEHMs y B YETHIPEX MpeE-
ABIOYUIMX TOYKAX: Vi, ¥i_i» Vi_2, Yi_3. 1akuM obpasom, popmy-
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na (100) HaumHaeT paboTaTh TOJABKO C YETBEPTOM TOUKU. Bhrumc-
JMTB 110 Helt ¥y, ¥;, Y3 HENb3sl. DTU 3HAYEHMS PEILICHUS PA3HO-
CTHOMH 3aJa4yu NPUXOTUTCS PACCYNTHIBATh APYTUM METOIOM, Ha-
npuMep MetoaoM Pyure-Kyrra.

Iepeiinem k obcyxueduo TouHoctu cxeMsl (100). Ecam
dyHkiud f(x, u) UMeeT HellpepBIBHEIC YETBEPTHIE TIPOU3BOJHLIC
110 CBOMIM apryMeHTaM B MHTEpECYIoNeH Hac 00acTu UX U3Me-
HeHUs, T.e. pelnleHyue 3a1ayn u(x) ISTh pa3 HelpepbuiBHO qudde-
PEeHLIMPYEMO, TO pa3HOCTHoe ypaBHeHue (100) annpokcumupyer
nuddepenumnansHoe ypaBHeHUe (27) ¢ 4EeTBEPTHIM NOPSIKOM
TOYHOCTH OTHOCHUTENbHO A. JI0Ka3aTeIbCTBO 3TOIO YTBEPXKIEHUS
MPOBOAUTCS TaK Xe, KaK U JUISI CXeMBbI BToporo nopsaxa (93),
TOJIBKO TEIEPh B Pa3oXeHHAX THIA (96) HYXHO yIEepXHBAThH
fonplie wieHoB. YeTBepThiii NOPAAOK TOYHOCTH IIPH AIIIPOKCH-
MalliM ypaBHeHHUs 00ecIieYMBaeT YETBEPTHIN MOPAIOK TOYHOCTH
VIS TIOTPEILHOCTH PeLIeHusI || Z ||, Ipy [pemoNoXe !y, 4To Ha-
YajbHble 3HAYEHUSA LISl METOAa AlaMca yy, V), ¥3 BRIYHCIEHBI C
TaKO# X€ TOYHOCTHIO. OHY pacCUMTHIBAIOTCS HE3AaBUCHMO, W MPH
3TOM BAXHO, YTOOBI HAYAILHBIA 3Tan BEIMUCIAMTEIILHOIO MIPOLIEC-
€a He BHEC TaKylO IOrpenIHOCTh, KOTOPAsk MCKA3HT BCE ITOCIEmY-
IOILME PE3YJILTATBL.

Janaua 5. [locmpoums pewenue 3adauu Kowu (51), (52) na
ompeske [0, 2] ¢ wmazom h=0,25 no cxeme Adamca emopozo (93)
u ywemaepmozo (100) nopsadxos. Cpasnumbe pezyabmambul pacuemos
mexcdy coboii, ¢ pezyavmamamu pacsemoe no cxeme Pynee-Kym-
ma u ¢ aHaAumu4YeckKuM pelteruem 3a0ayu.

PesynbTaTel pacdyeTOB IPHUBEJACHBI B YETBEPTOM H ISITOM
cronbuax taba. 5.2. B cooTBeTCcTBUU C 3aJaHHEM HYXHO CpaB-
HUBATh YETBEPTHINA CTOAOCL CO BTOPHIM M IUECTHIM, a NATHIA —
C TPETHUM M IIECTHIM. HamOMHKM, YTO B WIECTOM CTOJIOLIE TIpU-
BEeEHO aHAJIUTHYECKOe peuieHne (53) paccMaTpuBaeMOH 3aJayu,
TIO2TOMY CPaBHEHHE C HUM ITO3BOJISIET CYIUTh O TOUHOCTH IpH-
OJMKeHHOro penieHus 1o cxeMaM Pynre-Kyrra u Axamca.

Pacuer mo cxeme AnaMca BTOpOTo IOpsAAKA TOYHOCTH Ha4yH-
HAeTCsl C y,, YETBEPTOTO — C y4. 3HAUCHHUE Y| B YETBEPTOM CTONO-
L€ U Yy, Vp, Y3 B IITOM CTOJIOHE PACCUMTHIBAIUCKH 110 cxeMe Pyn-
re-KyTra coOTBETCTBYIOLIErO MOPSAAKA, ITO3TOMY B TAOIMIIE OHH
0Ka3bIBAIOTCA OHUHAKOBBIMU C COOTBETCTBYIOIMMM T2HHBIMH
BTOPOTO U TPETHEro C¢TCI0110B. CpaBHEHUE PE3YJIBTATOB IPOBC-
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JEHHBIX PacyeTOB ABYMS METOAAMU C aHATUTHYECKUM PEIICHU~
€M 3aJauyy I0KAa3bIBaeT, YTO UX TOYHOCTH IIPUMEPHO OJUHAKOBA.

CpaBHHMM CXEMbI Y€TBEPTOrO MOPSAAKA TOYHOCTH B METOAAX
Pynre-Kyrra (84) u Anamca (100) ¢ TOYKH 3peHMST OpraHU3aLuK
BBIYUCIHTENBHOrO npouecca. YTobbI cliesaTh OAUH 1UAr 10 Me-
tony Pynre-Kyrra, HeoGxoaumo BIYUCIUTD GYHKUHUIO f(X, ¥)
yeThIpe pa3a (85), a B MeTole AxaMmca TOJLKO OOUH pa3. B Tpex
NPEAIIECTBYIOMMUX TOYKaX QyHKUMA f (X, y) ObUIA yXe BBHIYHUCIIE-
Ha Ha NpeabIAYLIUX LIarax, 4 BEIYUCIIATE €€ CHOBA HET HEO0X0-
IuMocTH. B 3TOM 3aKioyaercsi IIaBHOE JOCTOMHCTBO METOHa
AnaMca, KoTopoe 0COGEHHO BBHICOKO LIEHHIOCH B JOKOMITBIOTED-
HOE BpEMsI.

Kaxk oTrMeuwanoch Beille, [IaBHBIH HENOCTATOK METOAA AlaM-
Ca B TOM, YTO [IPY €ro NPUMEHEHHUU TEPBBIC ATH MPUXOAUTCS
JeJIaTh ¢ MOMOIUBIO Apyroro Merona, Hanpumep Pynre-Kyrra, u
TOJIKO TOTZIa MOXHO IMEPEHTH Ha pacyer 1o cxeMe Agamca. Ta-
KUM 00pa3oM, ImporpaMma pelleHHUs 3amayd Komu 1o mMeTony
Anlamca JOJKHA BKIIOYATh B ce0d KaK 2JIEMEHT IIPOrpaMMy Me-
Tozia PyHre-KyrTa mns pacyera HayaabHOM CTaauy BHIYMCAUTEIIb-
HOTO IIpornecca.

C 3rToit 0coOOEeHHOCTBIO MeTOa AllaMca CBs3aHa €LIE OJHA
npobnema. Ilpu yuciaeHHoM uxTerpupoBaHun nucddepeHHaNb-
HOTO YpaBHEHHMS 4acCTO IPUXOTUTCS MEHSTh mar A. B Mmerone
Pynre-Kyrra 310 He coctasnsger Tpyaa, MOCKOMbKY KAXKABIU 1Iar
[enaeTcsl He3aBUCUMO OT Ipenpiayuiero. B Metoae Anamca cu-
Tyalusl HHasl. 30ech HYXHO M160 M3HAYAIBHO NPOrPaAMMHUPOBATh
BeCbMa CJIOXHBIE (POPMYJBI pacdyeTa ¢ IepeEMEHHBIM 11aroM, Jubo
IOCJIe KaXJ0W CMEHH 11ara 3aHOBO IPOBOJMTE PAcYeT MEPBBIX
Tpex Touek no merony Pynre-Kyrra. TosbKo 11ocjie 3T0ro Mox-
HO TIEPEeXOANTh HAa CTAHAAPTHHINA CYET 1O MeTomy Anmamca. OTu
HEIOCTATKUA PHUBOISAT K TOMY, 4TO CETOMHS MPU KOMITBIOTEPHBIX
pacyeTax NMPeANOYTeHHUE JaCTO OTHaeTcs 6onee yaoOHOMY METO-
ny Pynre-Kyrra.
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5.3. YUCJIEHHOE PEIIEHUE KPAEBOHU
3AJAYHA I JUHEHAHOTO
TUOPEPEHIIUMAJIBHOTO YPABHEHUA
BTOPOI'O ITOPSJIKA

PaccMmoTrpuMm creayionnyio 3amauy Ui nuHeiinoro auddepeH-
UHABHOTO YPaBHEHHUS BTOPOTO IOPSIIKa:

u'—q(x)u=-f(x), a<x<b, (103)

u(a)=uy, u(b)=u,. (104)

3nech [Ba NOTIOJIHUTENbHBIX YC/IOBHS 3alaHBl B IPAHUYHBIX TOY-
Kax orpeska [a, b], moatomy 3amauy (103), (104) Ha3wIBaIOT Kpa-
esoll.

Mycts dyukumu f(x) 1 g (x) HelpepbIBHLI Ha OTPE3KeE [a, b],
[pu4eM

g(x)=qy>0. (105)

[IpH cheaHHBIX MPEAIIONOXEHHUAX, KAK H3BECTHO U3 Kypca nud-
(hepeHUMANBHBIX YpaBHeHWH, pemedye 3agaqyud (103), (104) cy-
HIECTBYET U SABNSETCH ©AHHCTBEHHBIM,

Ilepeiinem K 0OCYyXIeHHIO BOIPOCOB, CBI3aHHBIX C €TI0 pac-
YeTOM C NIOMOILbI0 YHC/IEHHOro Merona. Bo3sMeM HekoTOpOE
LeJI0e YUCIO 1, BBeaeM Lar A = (b — a)/n 1 MOCTPOUM CETKY

x;=a+ih, 0<i<n. (106)

3ameHuM nuddepeHuaibHoe ypaBHeHue (103) ero pa3HOCTHBIM
aHaioroM. B pesynpTare moayyMM CAEOYIOLIYIO 3aJ1a4dy:

(i1 =2+ v/ WP - qy; =—f, 1<i<n-1, (107)

Yo=Hp Yy, =Up- (108)

3neck g;=q(x;), f;=7(x;), rpannunsie ycnosus (108) mus ce-

ToyHOH byHKuMy {y;} B3ATHI TakMMM Xe, 4TO M B AUDPepen-

LMalbHOM 3a1aye.
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PazHocTHEIe ypaBHeHHUs (107) MOXHO mepenucaTh B BUIE

Vi =(2+ah? )y, + v =—fh2, 1<isn-1. (109)

MBI TONYyYUIN TMHERHYIO CUCTEMY U3 (n — 1)-TO ypaBHEHUS

¢ (n—1)-M HEU3BECTHBIM y;, 1<i<n-1. 3HayeHUs y, U y, He-
HM3BECTHBHIMU He SIBJITIOTCS: OHHU 3aJal0TCsl TPAHUIHBIMH YCIOBH-
samu (108).

Mexny pa3sHOCTHBIMM CXeMaMH yIg 3amad Kommu u KpaeBoi
€CTh CYLIECTBEHHOE pa3nuuyue. B nepBoM ciydyae sl onpenese-

HHS CETOYHOM (HYHKIIMH {yi} MEI UIMeNIY PEKYPPECHTHEBIE COOTHO~

IICHHUA, KOTOPLIC ITO3BOJISJIM MTOCICHOBATEALHO PACCUNUTATE BCE €€
3HaueHMs. Takue Pa3HOCTHBIC CXEMbI HAa3bIBAIOT ABHBIMU. B Kpa-

eBoit 3anade (107), (108) cerounas dyukuus {y;} onpenenser-

CS U3 pelieHHs CUCTEMBI JTMHEWHBIX alreOpanmdecKuX ypaBHEHUH.
Takas pasHOCTHasi CXeMa Ha3bIBAETCH HESIBHOM.

W3 3anmucu pa3HOCTHHIX ypaBHeHMH B dopme (109) BugHo,
YTO MBI MTOJAYYMIU CHUCTEMY YPABHCHHUIA, COMEPXAILMX TpeXaUa-
FOHAJILHYIO MaTpPHULy, C NAMATrOHAIBHBIM [peobJafaHueM. TUaro-
HaJbHBIN 3JIEMEHT (2+qih2) 6oJIbllle CYMMBI IBYX OPYTHUX 3Jie-
MEHTOB TOM Xe CTPOKM, paBHOU aByM. CHCTEMBI TaKOTO THUIIA
yXe BCTPEYaIuCh B IJI. 3 B CBI3U C 3afavyeil HHTEPIOISILIMH Ky-
OUUYECKUM CIUIaiiHOM. /IMaroHaibHOe npeodnagaHue rapaHTUpyeT
CyIeCTBOBAHUE W eIMHCTBEHHOCTD PEIIEHUA CUCTEMBI, KOTOPOE
MOXeT OBITh HOCTPOEHO METOJOM IIPOTOHKH.

IepeitneM K obCYyXOeHUIO OCHOBHOI'O BOIPOCA: ¢ KAKOH TOY-
HOCTBIO CeTouHas (yHKIIUA {yi}, MoJAy4eHHasl B pe3yjIbTaTe pe-
menud 3agayu (107), (108), npubnuxaer pelneHHe KpaeBoi 3a-
ma4guy (103), (104)? TlycTe u(x) — pelieHre UCXOOHOM KpaeBOH 3a-
nayn. Obo3HaYMM yepes u; =u(x,-) €ro 3HaYeHUd B y3J1aX CETKU

M BBEIEM JABe CETOYHbIe (DYHKIMYU — [OTPEUIHOCTh PEIEHMS U
[OrPEUIHOCTh ANMPOKCUMALIMYM YPABHEHUS:

=y~ 4, 0<i<n, (110)

\y,-:(u-_l—2ui+ui+l)/h2—qiui+ 5, l<i<n-l (111)

2
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Bripasum y; B cootHouteHuu (110) yepes u;, z; M NoACTaBUM
B paszHocTHoe ypaBHeHHe (107). OcTaBuUM YNEHBI, COAEPXalIUE
Z;, CJIEBa, a OCTAJIbHbIE WIECHEI [TEPEHECEM HamnpaBo. B pesyibra-
TE TTOAYYUM

41 =24 + 3y —g.z =
h2 ™
(112)

U, —2u +u. )
=~{—’i——712’————’—’i-qiui+fi}=—\yi, 1<igsn-1.

I'panruHbie ycnoBus B auddepeHIHAILHON H PAa3HOCTHOH 3a/1a-
4ax COBIAJAIOT, 03TOMY 3HAYEHUS] CETOYHOM (PYHKLMH Z; B Tpa-
HUYHBIX TOYKAX OyIyT HYNE€BBIMHU:

29 =2,=0. (113)

[TorpeuiHoCTD {zi} HeNb3d PacCYMTaTh, pelas samauy (112),

(113), mockonbKy B IpaBble YacTH YpaBHEHUM BXOOST HEM3BECT-
Hble BeIWYUHBL ¥; U ;. OpHako 3ana4a (112), (113) nossonger
OLIEHHUTD 3Ty ITOIPEITHOCTS.

IMycTe MakcHManbHOE 110 MOIYNIO YUCIIO Z; COOTBETCTBYET
HHOEKCY I =/

Izl =|z;|2|x], 0sisn (114)
B rpanununsix To4kax z; obpauaercsa B Hyab [cM. (113)], nmoato-

MY MHIEKC j He paBeH HU HYNIO, HH #. PACCMOTpHUM ypaBHEHHE
(112) nis 3TOTO 3HAYEHUST UHAEKCA M 3alHUILEM €ro B BUAEC

(2+g;h%)z; =2, ) +2;,, +v h (115)

Bo3nMmeM Moayib OT 00eHX YacTeil paBeHCTBA M OLIEHUM IPABYIO
JacTbh CBEPXY

(2+4,7%)2|=

= (24, )lal, <[] +|epa| + vy |1 < 2el, + vl 22
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WIn

1
<. 116

3nech MBI COKPATWIM OJMHAKOBBIE WICHBI CJIeBa U CIIpaBa, pas-
Jenauny obe 4yacTh HepaBeHCTBA HA MHOXHTENb qjh2 U 3aMeHU-
J¥ g; B 3HAMEHATe/Ie HA MHHUMAILHO BO3MOXHOE 3HaYeHUe QyHK-
uuM ¢(x) Ha ortpeske [a, b], paBHOe gy (105). Takum obpasom,
HaM YIaJoCh OLEHUTH IOTPELIHOCTb pelleHus |z, yepes mo-
IPELIHOCTh ANIPOKCHMMALUH ypaBHeHHS |y,

s OLEHKH TOTPeHIHOCTH ANIIPOKCUMAIIMH ypaBHEHUS
NPEAIIOIOXUM, YTO GYHKIMH f(x) B ¢ (X) KBAXIbl HENIPEPHIBHO
nuddeperuupyeMsl Ha orpe3ke [a, b]. B aToM ciyyae ypaBHe-
Hue (103) momyckaer AByxkpaTHoe muddepeHIIMpOBaAHKE, YTO
obecIieurBaeT CylleCTBOBAHME Y pelieHUs KpaeBoi 3amayu (103),
(104) yeTbipex HENpPEpPHBHBIX NPOU3BOAHBIX W ITO3BOJISIET HAIHU-
CaTh Pa3OXEHM:

1

, . 1
Wy =U—u (’%)’”5” (%) -

1 ., ~

i (x,-)h3 + ﬁu(‘*) (xi - Gih)h4,

lu"(xi)h3’ + 2—1411(4) (xi + 6ih)h4.
(117)

Iloacrasnsisa ux B ¢popmyny (111), nonyuyum cnenyoniee BHI-
paxeHue:

Ui =Y +u'(xi)h-&~lu’(xi)h2 +

2 6

. h? - 2
v, ={w'(x;)-qu +j}}+§2{u(4) (x; - 8;h)+u® (xi+9ih)}. (118)

BripaxeHue B MepBBIX (PUTYPHBEIX CKOOKAaX paBHO HYIIO B CHJIY
nuddepenuuanbHoro ypasHenus (103). B pesynbsrare B nmpasoi
yactu Gopmynsl (118) ocTraercsd TOJABKO BTOpAas rPyIiia WIEHOB,
00s13aHHAasI CBOUM ITPOMCXOXICHUEM OCTATOYHBIM WICHAM B pas-
noxenusx (117). OueHum ee cieayoluM obpaszoM. PyHxius
u® (x) HempepsIBHA W, ClleOBATeNbHO, OTPAHUYEHA HA OTPE3-
ke [a, b}. Tlycts

u® (x)| <My, asxss, (119)
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torna u3 ¢opmyn (116) u (118) momyqaem

(120)

vl <

Mpet BuuM, yro pasHoctHas cxema (107) obecreuriBaeT BTOpPOM
MOPSA/IOK aNTPOKCUMAIIHU YPaBHEHUA U, KaK CIAeICTBHE HEPaBeH-
ctBa (116}, BTOpO#i MOPSIAOK TOYHOCTU AJISI IIOTPEITHOCTH perile-
HMUS.

3amava 6. Paccmompemv Ha ompeske [-1,1] kpaegyw 3adauy
U -u=-1, (121)

u(-1)=u(1)=0. (122)

Buinucamo u pewiums COOMEEMCMEYIOULYI0 PAZHOCMHYIO 3a0a-
uy ¢ wazom h =0,5. Cpagnums pewerue paznocmuoii 3a0a4u ¢ ana-
AUMUHECKUM DeUleHUueM

u(x)=1-—7—. (123)

CucteMa Tpex ypaBHEHHMI OTHOCUTEIBHO Yy, V3, Y3 C YYETOM HYy-
JIEBBIX TPAHUYHBIX YCAOBUA UMEET BUI

2,25y, +y, =-0,25,
-2,25y,+y; =-0,25, (124)
¥, —2,25y; =-0,25.
Pemienue cucreMsl (124), Kkak U pellieHrMe MCXOIHOH auddepeH-
UMAIBHOM 3aMauy, CHMMETPHUYHO OTHOCHUTENIEHO CPEAHEN TOUKH,
No3ToOMy Uy = uz. C y4eToM 3TOM ocobeHHOCTH cucTema (124)
CBOJHTCS K CHCTEME ABYX YpaBHEHUH C IIBYMS HEHM3BECTHBIMM:
~2,25y; +y, =—0,25,
2y, - 2,25y, =-0,25,

pelleHue KOTOpO UMEET BU]L

0,8125 1,0625
— = L8125 4 965306, 5, = 20022
Y1737 30625 Y273 0625

=0,346939.
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B Tabn. 5.3 npuBeneHBl 3HA4YEHUSI X;, COOTBETCTBYIOLIHE Y3-
JlaM CETKHM, pellicHHE Pa3HOCTHOM 3alayH y;, aHATUTUYECKOE pe-
wenuve (123), BHIUKCIEHHOE B y3llaX CETKH u; = u(x;), rorpew-
HOCTh pewieHMst z; (110) ¥ nmorpemiHocTb anmpoKCHMaluy ypas-
HeHus y; (111). CornacHo nByM MocjaeJHUM CTOIOLaM

“z"c =0,005007, u\u“c =0,015352. (12%)
Tabnuua 5.3
X Vi u(x;) 4 Vi
- 1,0 0,000000 0,000000 0,000000
~0,5 0,265306 0,269237 —0,003931 | —0,015352
0,0 0,346939 0,351946 —0,005007 | —0,013614
0,5 0,265306 0,269237 —0,003931 | - 0,015352
1,0 0,000000 0,000000 0,000000

IlorpemHocTh anmpoKCHMALIMH YpaBHEHHS y ompejesecHa
TOJBKO JIJISS BHYTPEHHMX TOYEK CETKH, MO3TOMY IlepBas U IoC-
JIeJIHSIS CTPOYKM MOCJIEIHETO CTONOUA OCTANUCH He3alOMHEeHHbI-
MH.

Tenepb o6paTUMcHd K TEOPETUUYECKOM OLIEHKE INOTrPEUIHOCTH
pellieHHs] M MOTPEIIHOCTH anmpoKcuMauuu ypasHeHus (120). B

nanHoM ciydae u*) (x)=-chx/chl, mosTomy ‘u(“) (x)l <M,=1.B

pe3ynsTare oueHkU (120) ¢ yyetoM Toro, uto g = 1, paior

025

I, <22 925 _ 4 020833.

<=22=0,020833, |y, <

310 cornacyercs ¢ GaKTUYECKUMHU 3HAYEHUSIMHU TOrpelIHOCTH
(125), moacyuTaHHBIMM HEMOCPEJCTBEHHO 1O U3BECTHOMY pellie-
HMIO KpaeBoil 3axauu (123).
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